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Statistical Mechanical Approaches to Deep Learning
Lecture 1 (Module I, part 1): the approach, the toolbox, and the kernel limit

Zohar Ringel
The Hebrew University of Jerusalem

Fields Institute mini-course, October 2, 2026

Abstract
The first hour sets out the approach of the course and a minimal toolbox: statistical mechanics
read as probability theory, Gaussian and path integrals, and Langevin dynamics as a way
of sampling Gibbs distributions over weights. The second hour introduces the first universal
phenomenon, generalization despite interpolation, and treats it in the limit where it is most
puzzling — infinitely wide networks. The equilibrium of noisy training is a Bayesian posterior
over weights. A functional delta function moves it to function space, where the weights enter only
through a functional prior. At infinite width this prior is a Gaussian process, and the trained
network is described by a Gaussian field theory whose predictor is Gaussian-process regression.
A curve-fitting example at vanishing ridge shows double descent: the danger zone is a number of
parameters close to the number of data points, and adding many more parameters is harmless.

Contents

About these notes 2

Hour 1: The approach and the toolbox 2

1 The approach 2

2 Statistical mechanics as probability theory 3

3 Gaussian integrals and path integrals 6

4 Langevin dynamics and equilibrium 9

Hour 2: Generalization despite interpolation, and the kernel limit 11

5 The first universal phenomenon 11

6 The Bayesian perspective in function space 13

7 Problems (optional homework) 16

1



Statistical Mechanical Approaches to Deep Learning — Lecture 1 Draft, October 2, 2026 (v2)

About these notes

These are notes for the first lecture of the mini-course. The first two lectures (Module I, infinite-width
networks) follow, to a large extent, the review of Ringel et al. (2025), referred to below as the
Review; pointers such as (Review §2.1) refer to its sections. We assume fluency with training neural
networks and no background in statistical physics.

Status labels. Physics derivations and theorems look alike on the page, and the audience is mixed.
Key results therefore carry one of four labels: Exact an identity derived in these notes; Theorem a
rigorous result in the literature, cited; Controlled: small parameter exact in a stated limit, with corrections
that are computable in principle; Approximation an uncontrolled step, supported by numerics or by
rigorous results in special cases.

Homework. Optional problems are collected in Section 7; those marked (∗) are longer or compu-
tational.

Hour 1: The approach and the toolbox

1 The approach

1.1 Universal phenomena

Deep learning is, for now, an experimental science. Its most useful empirical regularities are those
that recur across architectures, datasets and optimizers. Borrowing a term from critical phenomena

— where the same exponents describe a magnet and a liquid regardless of microscopic details — we
call such regularities universal. The program of this course is to identify universal phenomena and
then explain them, preferably with theories that are themselves insensitive to microscopic details.
Examples:

• Generalization despite interpolation. Networks with far more parameters than training
points, able to fit random labels, generalize well on real labels, and often improve as parameters
are added (Neyshabur et al., 2014; Zhang et al., 2017; Belkin et al., 2019; Nakkiran et al.,
2020).

• Spectral (simplicity) bias. Smooth, low-frequency components of a target are learned first
(Rahaman et al., 2019) and from fewer samples (Canatar et al., 2021; Cohen et al., 2021).

• Feature-learning transitions. Abrupt changes in what a network represents. In grokking,
generalization appears long after the training set is fitted (Power et al., 2022), as Fourier-feature
circuits form (Nanda et al., 2023); in simple settings this is a first-order phase transition
(Rubin et al., 2024).

• Scaling laws. Test loss falls as a power law in data, parameters and compute (Hestness et al.,
2017; Kaplan et al., 2020).

• Hyperparameter transfer. Optimal hyperparameters — learning rate, initialization scale,
batch size — follow simple scaling rules as models grow, so values tuned on a small model
carry over to a large one. The rules are stable across compute and data scales and, mutatis
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mutandis, across architectures (Yang et al., 2022; Bordelon et al., 2024; DeepSeek-AI, 2024;
Bjorck et al., 2025).

1.2 General formalisms first, toy models second

In condensed-matter physics one rarely builds a bespoke theory for each material. One starts from a
general formalism — statistical field theory — and specializes it to toy models (the Ising model, ϕ4

theory, and so on) chosen to isolate a mechanism. The formalism carries information that no single
toy model does: which symmetries matter, which approximations are controlled, which details are
irrelevant. As a result, theory can surprise us by predicting phenomena that were not put in by
hand, rather than only rationalizing what has already been observed.

Physics has many examples. The Aharonov–Bohm effect was derived from the Schrödinger
equation with electromagnetic potentials (Aharonov and Bohm, 1959) before it was observed:
electrons passing on either side of a solenoid acquire a relative phase although the magnetic field
vanishes everywhere along their paths, and the phase depends only on how many times a path
winds around the solenoid. This and many other topological effects were first understood through
formalism — Schrödinger’s equation, field theory and algebraic topology. Topological insulators, for
instance, were predicted (Kane and Mele, 2005; Bernevig et al., 2006) before they were observed
(König et al., 2007). Black holes came out of the equations of general relativity (Oppenheimer
and Snyder, 1939) decades before astronomers found them. Elementary particles are organized by
representation theory: Wigner identified particles with irreducible representations of the Poincaré
group, labeled by mass and spin (Wigner, 1939), and the SU(3) classification of hadrons predicted
the Ω− baryon before its discovery (Barnes et al., 1964). Representation theory returns in Lecture
2, where it organizes the eigenvalues of kernels.

A general formalism has a second advantage: it gives theorists a common language in which
tools and ideas can be shared, instead of being rediscovered under different notations. The effective
ridge of Lecture 2 is a case in point (Review §2.4.3).

In this course the formalism is statistical field theory for the distribution of a network’s outputs
f(x) (the Review), and the toy models are architectures and data distributions for which the
resulting field theory is tractable: fully connected networks on the sphere, permutation-symmetric
sequences, modular arithmetic, and others.

1.3 Timescales

We assume we have of order ten years to develop this science. If the relevant timescale is much
shorter, the leverage lies in policy and governance rather than in the slow accumulation of scientific
understanding.

2 Statistical mechanics as probability theory

2.1 Boltzmann distributions

A statistical-mechanical system consists of microstates s (discrete or continuous), an energy function
E(s), and a temperature T > 0. In equilibrium the probability of a microstate is

P (s) = e−E(s)/T

Z
, Z =

∑
s

e−E(s)/T , (2.1)
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with sums replaced by integrals for continuous s. Nothing here is specific to physics: any distribution
with full support can be written this way, with E = −T logP + const. For instance, a Bayesian
posterior P (θ | D) = P (D | θ)P (θ)/P (D) is of the form (2.1) with T = 1, E(θ) = − logP (D | θ) −
logP (θ), and Z = P (D), the evidence. In Section 4 the correspondence becomes dynamical: noisy
gradient descent samples such distributions.

2.2 Partition functions and probabilities

Z is more than a normalization constant. Let m(s) be any function of the microstate — a macroscopic
observable, or macrostate. Its distribution is a ratio of partition functions,

P (m) = Z(m)
Z

, Z(m) =
∑

s

δm,m(s) e
−E(s)/T , (2.2)

with the Kronecker delta replaced by a Dirac delta for continuous m. We will use (2.2) repeatedly
with the weights θ of a network as microstates and its outputs f as the macrostate: the delta
function turns a distribution over weights into a distribution over functions (Sections 3.5 and 6).

2.3 Sources, expectation values and cumulants

Add source terms Ji coupled to observables Oi(s):

Z[J] =
∑

s

exp
(

− E(s)
T

+
∑

i

JiOi(s)
)
. (2.3)

Differentiating the logarithm generates expectation values and correlations:

∂ logZ
∂Ji

∣∣∣∣
J=0

= ⟨Oi⟩,
∂2 logZ
∂Ji ∂Jj

∣∣∣∣
J=0

= ⟨OiOj⟩ − ⟨Oi⟩⟨Oj⟩, (2.4)

and in general the n-th derivative is the n-th joint cumulant (in physics language, the connected
n-point function). Equivalently,

logZ[J] − logZ[0] = log
〈
e
∑

i
JiOi

〉
(2.5)

is the cumulant generating function (CGF) of the Oi under the Gibbs measure; for probabilists,
the log-Laplace transform, hence a convex function of J. The inverse temperature is itself a source,
coupled to −E: with β = 1/T ,

−∂ logZ
∂β

= ⟨E⟩, ∂2 logZ
∂β2 = Var(E). (2.6)

2.4 Free energy and entropy

The free energy is
F ≡ −T logZ. (2.7)

Start from Shannon’s definition of the entropy of the Gibbs distribution,

S = −
∑

s

P (s) logP (s), (2.8)
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and simply track the formula. By (2.1), − logP (s) = E(s)/T + logZ, so

S = ⟨E⟩
T

+ logZ = ⟨E⟩ − F

T
⇐⇒ F = ⟨E⟩ − TS. (2.9)

The thermodynamic definition of entropy gives the same object. Since ∂T logZ = ⟨E⟩/T 2,

−∂F

∂T
= logZ + T ∂T logZ = logZ + ⟨E⟩

T
= S. Exact (2.10)

Two limits are worth keeping in mind (for a finite set of microstates). As T → ∞, P is uniform
and S = log(number of microstates). As T → 0, P is uniform on the minimizers of E, and
S → log(number of minimizers). The second limit is the relevant one for overparametrized networks:
very many weight configurations reach zero training loss, and the question becomes which functions
— macrostates, Section 2.5 — they realize most often. (For continuous microstates the T → 0 limit
also weighs each minimizer by the curvature of E around it, favoring flat minima; see Section 4.3.)

2.5 Macrostates: energy versus entropy

Suppose the energy depends on the microstate only through the macrostate, E(s) = E(m(s)). Then
(2.2) gives Z(m) = Ω(m) e−E(m)/T with Ω(m) the number of microstates realizing m, and

P (m) = e−F (m)/T

Z
, F (m) = E(m) − T S(m), S(m) = log Ω(m). Exact (2.11)

This is consistent with the previous subsection: conditioned on m, the microstates are uniformly
distributed over Ω(m) states, and the Shannon entropy of that conditional distribution is log Ω(m) =
S(m). The most probable macrostate minimizes F (m). Energy favors macrostates of low E; entropy
favors macrostates realized by many microstates; the temperature sets the exchange rate between
the two. For continuous microstates with a reference measure ρ(s) ds, Ω(m) =

∫
ds ρ(s) δ(m−m(s))

is a volume (a density in m) and S(m) its logarithm. Problem 1 works this out for n spins in a
magnetic field.

Dictionary

Statistical mechanics Probability This lecture

microstate s outcome weights θ
reference measure ρ(s) base measure weight prior π(θ) (weight decay)
energy E(s)/T − log density (+ const) data loss/T
temperature T — gradient noise = ridge κ2

partition function Z normalizer evidence P (D)
logZ[J] cumulant generating function generating function of output

statistics
macrostate m(s) pushforward variable network outputs fθ(x)
entropy S(m) = log Ω(m) log-density of the pushforward log of the prior over functions
F (m) = E(m) − TS(m) −T log (marginal) −T log (posterior over functions)
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3 Gaussian integrals and path integrals

3.1 Multivariate Gaussians

We write N [µ,Σ; w] = (2π)−d/2 det(Σ)−1/2 exp
(

− 1
2(w − µ)TΣ−1(w − µ)

)
for the density of w ∈ Rd

(Review §1.3). The one identity to remember is square completion:∫
ddw N [0,Σ; w] eJTw = e

1
2 JTΣJ, Exact (3.1)

which follows from −1
2wTΣ−1w + JTw = −1

2(w − ΣJ)TΣ−1(w − ΣJ) + 1
2JTΣJ and a shift of the

integration variable (a shift of contour for complex J). In the language of Section 2, the CGF of
a centered Gaussian is exactly quadratic: the mean vanishes, the covariance is Σ, and all higher
cumulants vanish. Conversely, a random vector is Gaussian if and only if its CGF is quadratic.
With J = it we get the characteristic function e− 1

2 tTΣt. For an unnormalized Gaussian,∫
ddw e− 1

2 wTAw+JTw = (2π)d/2 det(A)−1/2 e
1
2 JTA−1J. (3.2)

Differentiating (3.1) four times at J = 0 gives the Wick (Isserlis) theorem,

⟨wiwjwkwl⟩ = ΣijΣkl + ΣikΣjl + ΣilΣjk, (3.3)

and in general a 2n-th moment is the sum over all (2n− 1)!! ways of pairing the indices.

3.2 Marginals and conditionals

Marginalizing a Gaussian keeps the corresponding sub-block of the covariance. Conditioning is
the formula behind Gaussian-process regression: for a centered Gaussian vector (u,v) with blocks
Σuu,Σuv,Σvv,

u
∣∣v ∼ N

[
ΣuvΣ−1

vv v, Σuu − ΣuvΣ−1
vv Σvu

]
. Exact (3.4)

(Problem 3: derive this by square completion.)

3.3 From vectors to functions

A Gaussian process f ∼ GP(0,K) is a random function such that for every finite set of inputs
x1, . . . , xn the vector (f(x1), . . . , f(xn)) is N [0,Kn] with (Kn)ij = K(xi, xj). For any symmetric
positive semi-definite kernel such a process exists (Kolmogorov extension theorem). Theorem

Physicists write the same object as a path integral (Review §1.8),

P [f ] = e−SGP[f ]

Z
, SGP[f ] = 1

2

∫
dµx dµx′ f(x)K−1(x, x′) f(x′), Z =

∫
Df e−SGP[f ]. (3.5)

Here dµx = p(x) dx is a probability measure on inputs — later, the data distribution — and K−1

is the inverse of K as an operator on functions, defined below. A path integral is shorthand for a
limit of finite-dimensional integrals, obtained by cutting off the number of degrees of freedom. Two
cutoffs are natural here.

(i) A grid. Place n points x1, . . . , xn distributed according to µ. The field on the grid is a vector
with law N [0,Kn]. Since 1

n

∑
i →

∫
dµx, one finds (K−1

n )ij ≈ n−2K−1(xi, xj), and 1
2 fT

n K
−1
n fn

tends to SGP[f ] as n → ∞ (Review §1.8).
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(ii) A mode cutoff. View K as the integral operator (Kg)(x) =
∫

dµx′K(x, x′)g(x′) on L2(µ). By
Mercer’s theorem (K continuous and positive semi-definite, µ a finite Borel measure with
compact support; the expansion converges absolutely and uniformly on suppµ× suppµ, and
in general only there) Theorem∫

dµx′ K(x, x′)ϕk(x′) = λkϕk(x), λk ≥ 0,
∫

dµx ϕkϕq = δkq,

K(x, x′) =
∑

k

λkϕk(x)ϕk(x′).
(3.6)

Keeping the modes k ≤ Λ, f = ∑
k≤Λ fkϕk, the action becomes SGP[f ] = 1

2
∑

k≤Λ f
2
k/λk,

with K−1(x, x′) = ∑
k λ

−1
k ϕk(x)ϕk(x′) and Df = ∏

k≤Λ dfk. The Gaussian process becomes
a product of independent one-dimensional Gaussians, fk ∼ N [0, λk] (the Karhunen–Loève
expansion). The quadratic form ∑

k f
2
k/λk is the squared norm ∥f∥2

K of f in the reproducing
kernel Hilbert space (RKHS) of K. It does not depend on the choice of µ among measures
with the same support (Review §1.6), as befits a prior.

In physics the cutoff is usually placed in Fourier space, as in (ii). It is an empirical observation
that for “good” theories — ones in which nothing too pathological happens at high frequencies —
reasonable observables become cutoff independent as the cutoff goes to infinity, and that carrying out
the computation directly in the path integral leads to the same asymptotic results. For the Gaussian
process this can be checked by hand: with the mode cutoff, ⟨f(x)f(x′)⟩ = ∑

k≤Λ λkϕk(x)ϕk(x′) →
K(x, x′) by Mercer’s theorem, which is what the continuum computation of Section 3.4 gives directly.
Not every quantity is a reasonable observable: the action itself, evaluated on a typical sample, grows
with the cutoff, ⟨SGP⟩ = Λ/2, and its continuum value is infinite.

For mathematicians: what is rigorous. Gaussian theories are on firm ground. A Gaussian
process is a Gaussian measure on a space of functions, and the RKHS of K is its Cameron–
Martin space: shifting the measure by h gives an equivalent measure if h lies in the RKHS, and
a mutually singular one otherwise (Bogachev, 1998). The RKHS itself has measure zero: typical
samples have SGP = ∞, which is the divergence of ⟨SGP⟩ = Λ/2 seen above. So e−SGPDf has
no meaning on its own, but ratios do. A source tilts the measure into the same Gaussian with
mean m =

∫
dx′K(·, x′)α(x′), an RKHS element, and logZ[α]/Z[0] = 1

2∥m∥2
K . With finitely

many data points, the posterior has density ∝ exp
(

−
∑

µ(f(xµ) − yµ)2/2κ2) with respect to
the prior, so Bayes’ rule over functions is rigorous (Stuart, 2010).
Interacting theories are harder. Constructive field theory built ϕ4 in two and three dimensions
(Glimm and Jaffe, 1987); in four, the scaling limits of lattice ϕ4 are Gaussian (Aizenman and
Duminil-Copin, 2021), and four-dimensional Yang–Mills theory remains open. One productive
recent route is the idea of Section 4: stochastic quantization (Parisi and Wu, 1981) realizes
e−S/Z as the stationary law of a Langevin equation for the field, and the theory of singular
SPDEs (Hairer, 2014; Gubinelli et al., 2015) controls that equation, yielding, for instance, a new
construction of ϕ4

3 (Gubinelli and Hofmanová, 2021). A probabilistic construction of Liouville
conformal field theory, based on Gaussian multiplicative chaos, has been carried as far as a
proof of the DOZZ formula for its three-point function (Kupiainen et al., 2020).
In deep learning the cutoffs are physical — finite width, finite data — so the finite-dimensional
integrals always exist, and the questions concern their limits.
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3.4 Sources and functional derivatives

Add a source α(x) coupled to the field through the plain measure dx,

Z[α] =
∫

Df e−SGP[f ]+
∫

dx α(x)f(x). (3.7)

Since
∫

dxα(x)f(x) is a Gaussian variable with variance
∫

dx dx′ α(x)K(x, x′)α(x′), (3.1) gives

Z[α]
Z[0] =

〈
e
∫

dx α(x)f(x)
〉

= exp
(1

2

∫
dx dx′ α(x)K(x, x′)α(x′)

)
. Exact (3.8)

With the functional derivative defined by δα(x′)/δα(x) = δ(x− x′),

δ logZ
δα(x)

∣∣∣∣
α=0

= ⟨f(x)⟩ = 0, δ2 logZ
δα(x) δα(x′)

∣∣∣∣
α=0

= ⟨f(x)f(x′)⟩ = K(x, x′). (3.9)

This is (2.4) with the discrete index i promoted to a continuous label x.

A word on measures. Following the Review, the action is built with the data measure dµx,
while sources couple through dx. With this choice δ/δα(x) returns ⟨f(x)⟩ itself. A source written as∫

dµx α(x)f(x) would instead produce p(x)⟨f(x)⟩, and (3.8) would carry dµx dµx′ in place of dx dx′.

3.5 Functional delta functions and auxiliary fields

(a) Pushforwards. Let fθ be a parametric family of functions (e.g. a neural network) and π(θ)
a distribution over parameters. The induced law of the outputs on points x1, . . . , xn is a ratio of
partition functions, as in (2.2). Writing δ(u) =

∫ dt
2πe

itu,

P0(f1, . . . , fn) =
∫

dθ π(θ)
n∏

i=1
δ
(
fi−fθ(xi)

)
=
∫ n∏

i=1

dti
2π ei

∑
i

tifi

〈
e−i

∑
i

tifθ(xi)
〉

π
. Exact (3.10)

The auxiliary variables ti are conjugate to the outputs, and the last factor is the characteristic
function of the outputs. If it is Gaussian, e− 1

2 tTKnt, the t-integral returns N [0,Kn; f ]. This is how
the Gaussian-process limit of wide networks will enter (Section 6.3).

The functional version, with the auxiliary field coupled through the data measure as in the
Review (§3.1), is

δ[f − g] =
∫

Df̃ e i
∫

dµx f̃(x) (f(x)−g(x)), (3.11)

which reduces, for any discretization, to a product of ordinary delta functions times an irrelevant
constant. This convention matches the action (3.5). If fθ is Gaussian,〈

e−i
∫

dµxf̃(x)fθ(x)
〉

π
= e− 1

2

∫
dµxdµx′ f̃(x)K(x,x′)f̃(x′), (3.12)

and integrating out f̃ in
∫

dθ π(θ) δ[f − fθ] returns e−SGP[f ] with exactly its measures. When a
source written with dx meets an auxiliary field written with dµx, integrating out the auxiliary field
turns α(x) into α(x)/p(x) (Review §3.4). In Section 6 the functional delta moves the Bayesian
posterior over weights to function space; it is also the starting point of Lecture 2.
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(b) Worked example: Gaussian-process regression. Take a prior under which the test
output and the P training outputs are jointly Gaussian,

(f∗, f) ∼ N
[
0, K̂

]
, K̂ =

(
K∗∗ kT

∗
k∗ KD

)
,

K∗∗ = K(x∗, x∗), (k∗)µ = K(x∗, xµ), (KD)µν = K(xµ, xν),
(3.13)

and a Gaussian likelihood with noise variance κ2. The posterior partition function, with a source α
on the test output, is

Z[α] =
∫

df∗ dP f N
[
0, K̂; (f∗, f)

]
exp

(
αf∗ − 1

2κ2

P∑
µ=1

(fµ − yµ)2
)
. (3.14)

We evaluate it in three steps, each an instance of (3.1).

1. Auxiliary variables linearize the likelihood: e−u2/(2κ2) = κ√
2π

∫
dt e−κ2t2/2+itu, one tµ per

training point.

2. Integrate out the outputs using (3.1) with J = (α, it):
〈
eαf∗+itTf 〉 = exp

(1
2α

2K∗∗ + iαkT
∗ t −

1
2tTKDt

)
.

3. Integrate out t using (3.2):

Z[α] ∝ e
1
2 α2K∗∗

∫
dP t e− 1

2 tT(KD+κ2I)t−itT(y−αk∗)

∝ exp
(

1
2α

2K∗∗ − 1
2(y − αk∗)T(KD + κ2I)−1(y − αk∗)

)
.

(3.15)

Reading off the first two cumulants as in (2.4),

⟨f∗⟩ = kT
∗ (KD + κ2I)−1y, Var(f∗) = K∗∗ − kT

∗ (KD + κ2I)−1k∗, Exact (3.16)

and all higher cumulants vanish. These are the standard GPR formulas (Rasmussen and Williams,
2006). As a byproduct, logZ[0] = −1

2yT(KD + κ2I)−1y − 1
2 log det(KD + κ2I) + const is, up to a

κ-dependent constant, the log marginal likelihood: the free energy − logZ[0] (at T = 1) is minus
the log evidence.

4 Langevin dynamics and equilibrium

4.1 Langevin dynamics

Noisy gradient descent on a loss L(θ) is modeled by the Langevin equation (Welling and Teh, 2011)
(Review §1.4)

dθt = −η∇L(θt) dt+
√

2ηT dWt, (4.1)

with Wt a standard Brownian motion, learning rate η and temperature T . At T = 0 it is gradient
flow.
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4.2 The Gibbs distribution is stationary

The density ρt(θ) of θt obeys the Fokker–Planck equation (Gardiner, 2009)

∂tρ = η∇ ·
(
ρ∇L+ T ∇ρ

)
≡ −∇ · j. (4.2)

A stationary state with vanishing probability current j requires ρ∇L+ T∇ρ = 0, that is ∇ log ρ =
−∇L/T :

ρ∞(θ) = e−L(θ)/T

Z
. Exact (4.3)

If L is smooth and confining (weight decay makes it so), ρ∞ is the unique stationary density and
ρt → ρ∞ (Pavliotis, 2014, ch. 4); rates require more, e.g. a Poincaré inequality for ρ∞. Theorem
Moreover, the free energy of Section 2, evaluated on ρt,

F [ρ] =
∫

dθ ρL+ T

∫
dθ ρ log ρ = ⟨L⟩ρ − T S[ρ], dF [ρt]

dt = −η
∫

dθ ρt

∣∣∇(L+ T log ρt)
∣∣2 ≤ 0,

(4.4)
decreases along the dynamics. In fact F [ρ] = −T logZ + T KL(ρ ∥ ρ∞), so F is minimized exactly
at (4.3), where it equals the free energy −T logZ. Exact

Two caveats. First, convergence can be slow: rates can be exponentially small in (barrier
height)/T , so equilibrium is a statement about long times. For wide networks, network outputs and
pre-activations are found to relax on timescales comparable to that of the loss (Naveh et al., 2021)
(Review §1.4). Second, the gradient noise of SGD is neither isotropic nor state-independent; (4.1) is
a model of it, not a derivation. Approximation

4.3 Equilibrium is Bayesian inference

Take the loss to be the unnormalized squared error plus a weight decay proportional to T (Re-
view §2.1),

L(θ) = LD(θ) + T
∑

α

θ2
α

2σ2
α

, LD(θ) = 1
2

P∑
µ=1

(
fθ(xµ) − yµ

)2
. (4.5)

Then (4.3) factorizes,

ρ∞(θ) ∝ exp
(

− 1
2κ2

P∑
µ=1

(
fθ(xµ) − yµ

)2)
︸ ︷︷ ︸

likelihood

∏
α

N [0, σ2
α; θα]︸ ︷︷ ︸

prior π(θ)

, κ2 ≡ T. (4.6)

The equilibrium of noisy training is the Bayesian posterior of a network whose outputs are corrupted
by Gaussian noise of variance κ2 = T , with an independent Gaussian prior on the weights. Weight
decay is the prior; temperature is the noise level, which will play the role of a ridge parameter. Two
remarks:

• The weight-decay coefficient T/σ2
α scales with T so that the prior stays fixed. Choosing σ2

α

equal to the initialization variances makes the prior the initialization distribution.

• In the overparametrized regime, as T → 0 the posterior converges to the prior conditioned
on fitting the data, formally ∝ π(θ) δ

(
fθ(X) − y

)
. On the zero-loss manifold this has density

π(θ)/
√

det JθJ
T
θ , with Jθ the Jacobian of the training outputs (co-area formula), so flatter

10
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interpolants weigh more. In function space the limit is simply the prior over functions
conditioned on f(X) = y (Section 6): which interpolating function dominates is decided by
the entropy of Section 2.5.

Hour 2: Generalization despite interpolation, and the kernel limit

5 The first universal phenomenon

5.1 A curve-fitting puzzle

The folklore of every lab class: never fit 10 data points with 100 parameters. Figure 1 puts it to
the test. Ten noisy samples of a smooth function on [−1, 1] are fitted with a polynomial of M
coefficients, written in the orthonormal Legendre basis with the coefficients weighted by a power
law,

f(x) =
M−1∑
ℓ=0

cℓ

√
λℓ ψℓ(x), λℓ = (ℓ+ 1)−3/2, ψℓ =

√
2ℓ+ 1Pℓ, (5.1)

where Pℓ are the Legendre polynomials, so that
∫ 1

−1
dx
2 ψℓψℓ′ = δℓℓ′ . The coefficients minimize

P∑
µ=1

(
f(xµ) − yµ

)2 + κ2
M−1∑
ℓ=0

c2
ℓ . (5.2)

We focus on vanishing ridge, κ2 → 0+. The fit is then the least-squares fit when M < P , the
unique interpolant when M = P , and, when M > P , the interpolant with the smallest ∑ℓ c

2
ℓ (the

minimum-norm interpolant). The weights decide which coefficients are cheap.
The coefficients can be eliminated, and what remains is a kernel. With Φµℓ =

√
λℓ ψℓ(xµ), the

minimizer of (5.2) is c = (ΦTΦ + κ2I)−1ΦTy = ΦT(ΦΦT + κ2I)−1y, so

f̂(x) = KM (x,X)
(
KM (X,X) + κ2I

)−1y, KM (x, x′) =
M−1∑
ℓ=0

λℓ ψℓ(x)ψℓ(x′). Exact (5.3)

Here X = (x1, . . . , xP ) collects the training inputs, KM (x,X) is the row vector (KM (x, xµ))µ, and
KM (X,X) is the P × P kernel matrix. This is the GPR mean (3.16) with prior cℓ ∼ N [0, 1]
and noise variance κ2. As κ2 → 0+ with M ≥ P it becomes kernel interpolation, f̂(x) =
KM (x,X)KM (X,X)−1y: the minimum-norm interpolant is the ridgeless kernel regressor. The
eigenfunctions of KM with respect to the uniform measure dµx = dx/2 are the ψℓ, and its eigenvalues
are the power law λℓ: the Mercer decomposition (3.6), read backwards. The number of coefficients
enters only as the cutoff M on this spectral sum. Since ∑ℓ λℓ = ζ(3/2) ≈ 2.6 is finite, KM has a
limit as M → ∞, a trace-class kernel: infinitely many parameters define a perfectly good prior.

Three observations, all at vanishing ridge:

(i) At the interpolation threshold, M = P , the curve through the noisy points oscillates wildly
(panel a). This is the textbook picture of overfitting.

(ii) With ten times more coefficients than data points, M = 101, the minimum-norm fit is smooth
and close to the truth (panel b).
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Figure 1: Double descent in curve fitting. P = 10 noisy samples (σϵ = 0.1) of y(x) = 1.2 sin 2x, one
drawn uniformly in each tenth of [−1, 1], are fitted with M power-law-weighted Legendre coefficients
(5.1), i.e. by kernel regression with KM of (5.3). (a) M = P , no regulator: the unique interpolant.
(b) M = 101, no regulator: the minimum-norm interpolant, on the same data. (c) Test error — the
mean squared deviation from the noiseless target over [−1, 1] — against M . Lines: median over
2000 draws of the data; bands: 25–75% range. Orange: vanishing ridge; blue: κ2 = 10−3. Dots
mark panels (a) and (b).

(iii) The test error against M shows double descent (Belkin et al., 2019; Nakkiran et al., 2020), a
phenomenon with a long prehistory in the statistical mechanics of learning (Loog et al., 2020).
The error falls to about 0.004 at M = 4, rises to a sharp peak of about 3 at M = P , and falls
again to a plateau of about 0.02, twice the noise variance, that drifts only slowly between
M = 20 and M = 300 (panel c). A small ridge reduces the peak to a bump and changes little
elsewhere.

So the folklore is half right: the danger zone is a number of parameters close to the number of data
points, with no regulator. Adding parameters far beyond that is harmless. Why? We return to this
once we have a theory of spectral bias.

5.2 The phenomenon in deep learning

Neural networks are routinely trained with far more parameters than data points. They can fit
randomly relabeled data (Zhang et al., 2017), so a small hypothesis class cannot be what makes
them succeed; yet on real labels they generalize, and past the interpolation threshold test error
typically keeps improving as width grows (Neyshabur et al., 2014; Belkin et al., 2019; Nakkiran
et al., 2020). The pattern holds across architectures and datasets: a universal phenomenon in
the sense of Section 1. For linear regression, when the minimum-norm interpolant is nevertheless
consistent (“benign overfitting”) is characterized, up to constants, by two effective ranks of the
feature covariance (Bartlett et al., 2020).
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For mathematicians. Uniform-convergence bounds over the whole hypothesis class are vacu-
ous at these parameter counts. Whether any uniform-convergence argument can explain the
phenomenon is debated: Nagarajan and Kolter (2019) give settings where even algorithm-
dependent, two-sided uniform convergence fails, and Negrea et al. (2020) recover it for de-
randomized surrogates of the learned predictor. PAC-Bayes bounds, which control the risk
of a distribution Q over weights relative to a prior π, can be non-vacuous for stochastic net-
works (Dziugaite and Roy, 2017). For Catoni-type bounds the optimal Q is a Gibbs posterior,
Q ∝ π e−βLD (Catoni, 2007): the equilibrium distribution of Section 4 with β = 1/T , for which
F [ρ] = ⟨LD⟩ρ + T KL(ρ ∥π) + const.

5.3 Strategy

We take the paradox to its extreme: networks of infinite width, hence infinitely many parameters,
trained with the noisy dynamics of Section 4. Their equilibrium is a Bayesian posterior over weights.
Section 6 moves it to function space, where the number of parameters drops out, and shows that at
infinite width the trained network is described by a Gaussian field theory whose predictor is kernel
regression — the structure we found in the curve-fitting example.

6 The Bayesian perspective in function space

By Section 4.3, noisy training equilibrates to a Bayesian posterior over weights. We now move this
posterior to function space, where the weights survive only through a prior over functions, and then
let the width go to infinity.

6.1 From weights to functions: the functional prior

Start from the Boltzmann equilibrium (4.3) with the loss (4.5), written as a partition function over
weights,

Z =
∫

dθ e−L(θ)/T ∝
∫

dθ π(θ) e−LD(θ)/T , π(θ) =
∏
α

N [0, σ2
α; θα]. (6.1)

The data term depends on the weights only through the function the network computes. To make
this explicit, insert a path integral over outputs together with the functional delta function (3.11),
1 ∝

∫
Df δ[f − fθ]:

Z ∝
∫

Df
∫

dθ π(θ) δ[f − fθ] e−LD(θ)/T . (6.2)

On the support of the delta function fθ(xµ) = f(xµ), so the data term leaves the weight integral,
and what remains of the weight integral is a functional of f alone:

Z ∝
∫

Df e−E[f ]/T P0[f ], P0[f ] =
∫

dθ π(θ) δ[f − fθ], Exact (6.3)

where E[f ] = 1
2
∑

µ

(
f(xµ) − yµ

)2 is the training loss written in terms of f . We call P0[f ] the
functional prior. It is the law of the function computed by a network whose weights are drawn
from π: the pushforward (3.10) of the weight prior, now on all inputs at once. Removing

∫
Df and

dividing by Z gives the posterior over functions, P [f ] = e−E[f ]/TP0[f ]/Z. This is Bayes’ rule in
function space, with a Gaussian likelihood of variance κ2 = T (Review §2.1). Nothing has been
approximated, and the result holds at any width. The architecture, the parametrization and the
number of parameters now enter only through P0.
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6.2 Energy versus entropy

Equation (6.3) is Section 2.5 verbatim: the microstates are weights, the macrostate is the function
f , and the energy E[f ] depends on the weights only through f . Hence

P [f ] ∝ exp
(

− E[f ] − T S[f ]
T

)
, S[f ] = logP0[f ], (6.4)

where S[f ] is the log-volume, under π, of weight configurations producing f . The Review notes
(§2.3) that replacing the Gaussian weights by uniform weights of equal variance leaves P0 unchanged
at infinite width, provided the fan-in of every layer diverges (at fixed input dimension, keep the
first layer Gaussian). In that sense S is a Boltzmann entropy: the logarithm of a count of weight
configurations. The energy is minimized by any function that interpolates the data. Among the
many interpolating functions, the entropy selects those realized by the most weight configurations.
This is the regulator we were looking for.

6.3 Infinite width: the functional prior is a Gaussian process

Neal (1996) showed that the functional prior of a wide network is Gaussian. Take one hidden layer,
with prior variances inversely proportional to fan-in as in the Review (§1.5),

fθ(x) =
N∑

i=1
ai σ(wi · x), ai ∼ N [0, σ2

a/N ], wi ∼ N [0, σ2
wId/d], (6.5)

all independent. Writing the delta function in (6.3) as in (3.11),

P0[f ] =
∫

Df̃ e i
∫

dµxf̃(x)f(x)
〈
e−i

∫
dµxf̃(x)fθ(x)

〉
π
. (6.6)

For a fixed auxiliary field f̃ , the exponent in the average is a sum of N i.i.d. terms,
∫

dµx f̃(x)fθ(x) =
N∑

i=1
ai g(wi), g(w) =

∫
dµx f̃(x)σ(w · x), (6.7)

each of mean zero and variance σ2
a

N Ew[g(w)2]. By the central limit theorem the sum is Gaussian as
N → ∞, so its characteristic function tends to〈

e−i
∫

dµxf̃(x)fθ(x)
〉

π
−→ e− 1

2

∫
dµxdµx′ f̃(x)K(x,x′)f̃(x′),

K(x, x′) = σ2
a Ew

[
σ(w · x)σ(w · x′)

]
.

(6.8)

Integrating out f̃ by square completion, as in Section 3.5, gives

P0[f ] ∝ e−SGP[f ], SGP[f ] = 1
2

∫
dµx dµx′ f(x)K−1(x, x′) f(x′). Theorem (6.9)

The functional prior of an infinitely wide network is the Gaussian process of Section 3.3, with the
neural network Gaussian process (NNGP) kernel K. At finite N the higher cumulants of P0 are of
order 1/N (Problem 6).

For deep networks, Lee et al. (2018) took the widths to infinity one layer at a time and Matthews
et al. (2018) proved the simultaneous limit. The mechanism is the same central limit theorem, applied
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layer by layer (Review §1.5): each pre-activation is a sum of N terms that are i.i.d. conditional on
the previous layer, and their empirical covariance concentrates. For a fully connected network with
H hidden layers, h(1) = W (1)x+ b(1), h(l+1) = W (l+1)σ(h(l)) + b(l+1) and output f = h(H+1), with
weights of variance σ2

w/fan-in and biases of variance σ2
b , this gives the recursion

K(1)(x, x′) = σ2
w

x · x′

d
+ σ2

b , K(l+1)(x, x′) = σ2
w

〈
σ(u)σ(v)

〉
+ σ2

b , (6.10)

where (u, v) is a centered Gaussian pair with covariance
(

K(l)(x,x) K(l)(x,x′)
K(l)(x′,x) K(l)(x′,x′)

)
, and K = K(H+1).

For ReLU and erf activations the Gaussian averages are known in closed form (Cho and Saul, 2009;
Williams, 1997) (Problem 5).

At infinite width the entropy in (6.4) is S[f ] = −SGP[f ] + const: the entropic cost of a function
is half its squared RKHS norm. Inserting (6.9) into (6.3), the trained network is described by a
Gaussian field theory,

Z =
∫

Df e−SGP[f ]−E[f ]/T ,
E[f ]
T

= 1
2κ2

P∑
µ=1

(
f(xµ) − yµ

)2
, Controlled: 1/N (6.11)

with κ2 = T . This is the field theory of Gaussian-process regression (Review §2.3): the prior of
Section 3.3, conditioned on noisy observations at the training points.

6.4 From the field theory to the GP predictor

The action in (6.11) is quadratic in f , so the posterior is again a Gaussian process, and we need its
mean and covariance. Both terms are quadratic forms under dµx once point evaluation is written as
f(xµ) =

∫
dµx eµ(x)f(x), with eµ(x) = δ(x− xµ)/p(x):

SGP[f ] + E[f ]
T

= 1
2

∫
dµx dµx′ f(x)A(x, x′) f(x′) −

∫
dµx b(x) f(x) + const,

A(x, x′) = K−1(x, x′) + 1
κ2

P∑
µ=1

eµ(x) eµ(x′), b(x) = 1
κ2

P∑
µ=1

yµ eµ(x).
(6.12)

Completing the square as in (3.2), with sums over components replaced by
∫

dµx, the posterior
mean is

∫
dµx′A−1(x, x′) b(x′) and the posterior covariance is A−1(x, x′), with the inverse taken

under dµx. Without data, A = K−1 and this returns the prior covariance K.
Inverting A means inverting an operator on functions — an infinite matrix. But the data change

it only by a term of rank P , and the Woodbury identity, valid for invertible A0 and C,

(A0 + UCV )−1 = A−1
0 −A−1

0 U
(
C−1 + V A−1

0 U
)−1

V A−1
0 , Exact (6.13)

trades it for a P × P inversion. Take A0 = K−1 and C = κ−2IP ; let U map v ∈ RP to the function∑
µ vµeµ, and let V map f to (f(xµ))µ. Then A−1

0 U is the row of functions K(·, xµ), V A−1
0 U = KD,

and
A−1(x, x′) = K(x, x′) −K(x,X)

(
KD + κ2I

)−1
K(X,x′). Exact (6.14)

Function space has been traded for data space: the posterior covariance between any two points
involves only the kernel between those points and the training set. The mean follows in one line,∫

dµx′A−1(x, x′) b(x′) = κ−2A−1(x,X) y = κ−2K(x,X)
[
I − (KD + κ2I)−1KD

]
y. At a test point x∗,

⟨f(x∗)⟩ = kT
∗ (KD + κ2I)−1y, Var f(x∗) = K∗∗ − kT

∗ (KD + κ2I)−1k∗, κ2 = T. (6.15)
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These are the GPR formulas (3.16), which Section 3.5 obtained by restricting to x∗ and the training
points from the start. Here they follow from a field theory defined on all inputs at once, which is
the form that Lecture 2 averages over datasets. On the grid cutoff of Section 3.3, with x∗ and the
training points among the grid points, every step above is an identity between finite matrices, and
the result does not depend on the grid at all. As T → 0 the mean becomes kernel interpolation
with the NNGP kernel, kT

∗K
−1
D y: the structure of the curve-fitting example (5.3), with K in place

of KM .
For fully connected networks on the sphere, K is a dot-product kernel, whose eigenfunctions are

spherical harmonics; this is the setting of Lecture 2. What this picture leaves out: corrections of
order 1/N at finite width, and regimes in which the network learns its own kernel. Both come later
in the course.

For interpretability. In the GP limit the data leave the hidden layers untouched: the posterior
statistics of every hidden representation equal their prior statistics, up to corrections that vanish
as N → ∞ at fixed P , and all the learning is in how fixed random features are combined. This
makes the GP limit a precise null model. “Feature learning” means hidden representations
whose statistics move away from the prior, and the interpretable features found in trained
networks lie, by definition, outside this lecture.

7 Problems (optional homework)

1. Spins, sources and entropy. (a) A single spin s ∈ {−1,+1} has energy E(s) = −hs.
Compute Z, F , ⟨s⟩ and Var(s) from logZ, treating h/T as a source. Verify that −∂F/∂T equals
the Shannon entropy of P (s). (b) For n independent spins, E = −h

∑
j sj depends on the

configuration only through m = ∑
j sj . Show that Ω(m) =

( n
(n+m)/2

)
. Using Stirling’s formula,

minimize F (m) = −hm− T log Ω(m) at large n and show that m/n → tanh(h/T ), in agreement
with (a).

2. Wick’s theorem. Derive (3.3) by differentiating (3.1), and show that ⟨w2n⟩ = (2n− 1)!! vn for
w ∼ N [0, v]. How many terms does ⟨w1w2 · · ·w6⟩ have?

3. Gaussian-process regression, three ways. (a) Derive the conditional law (3.4) by completing
the square in u. (b) Apply it to the pair (f∗,y) with y = f(X) + ϵ, ϵ ∼ N [0, κ2I], and
recover (3.16). (c) Show that if the likelihood in (3.14) is normalized as a density in y, then
Z[0] = N [0,KD + κ2I; y], the marginal likelihood. (d) Prove the Woodbury identity (6.13) by
multiplying its right-hand side by A0 +UCV . On a grid that contains x∗ and the training points,
use it to rederive (6.15) from (6.11), and check that the grid drops out.

4. Langevin dynamics. (a) Solve the Ornstein–Uhlenbeck process dθ = −ηkθ dt +
√

2ηT dW ,
i.e. (4.1) with L = 1

2kθ
2. Show that θt stays Gaussian, find its mean and variance, and check

that they relax to (4.3). What are the relaxation times? (b) Verify that the probability current
of (4.2) vanishes at (4.3), and derive the expression for dF [ρt]/dt in Section 4. (c) For a linear
model fθ(x) = θ ·ψ(x) with the loss (4.5) and σα = σ, show that the equilibrium mean prediction
is kernel ridge regression with kernel σ2ψ(x) · ψ(x′) and ridge T .

5. Kernels in closed form. Let (u, v) be a centered Gaussian pair with variances qu, qv, covariance
c, and cosϑ = c/

√
quqv. (a) Show that ⟨max(u, 0) max(v, 0)⟩ =

√
quqv

2π

[
sinϑ+ (π − ϑ) cosϑ

]
and
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⟨H(u)H(v)⟩ = π−ϑ
2π , with H the Heaviside step function (the derivative of ReLU) (Cho and

Saul, 2009). (b) Show that ⟨erf(u) erf(v)⟩ = 2
π arcsin 2c√

(1+2qu)(1+2qv)
(Williams, 1997). (c) Using

(6.10), write the NNGP kernel of a one-hidden-layer ReLU network with σb = 0, for inputs
normalized to |x|2 = d, as a function of x · x′/d.

6. Neal’s limit, up close. Consider the one-hidden-layer network (6.5). (a) Show that, condi-
tionally on the hidden weights wi, the functional prior is exactly Gaussian, with the empirical
kernel K̂N (x, x′) = σ2

a
N

∑
i σ(wi · x)σ(wi · x′), and that K̂N → K by the law of large numbers.

(b) Without conditioning, show that the fourth cumulant of fθ(x) is 3σ4
a

N Varw
[
σ(w · x)2]. The

functional prior is Gaussian only at N = ∞; its 1/N corrections are where finite-width theory
starts.

7. The power-law Legendre kernel. (a) Prove the identity (ΦTΦ+κ2I)−1ΦT = ΦT(ΦΦT+κ2I)−1

used in (5.3), and show that the ψℓ are eigenfunctions of KM with eigenvalues λℓ under dµx =
dx/2. (b) Show that ∥KM −K∞∥1 = ∑

ℓ≥M λℓ ≈ 2M−1/2, while KM (1, 1) grows like 4
√
M : K∞

is trace class yet unbounded at the endpoints. (Hint: ψℓ(±1)2 = 2ℓ + 1.) (c) (∗) Reproduce
Fig. 1c. Repeat with i.i.d. uniform inputs instead of one per bin, and with exponentially decaying
weights λℓ = e−ℓ/2. When does the second descent survive?
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