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Directed graphs

A (directed) graph E is a quadruple (E®, E', sg, t), where E° and E' are sets and

sg: E' = EY% and tz : E' — E° are functions. We call E? the set of vertices, E' the set of
edges, sg the source map, tg the target map. A vertex v is called regular if sE1(v) if finite
and non-empty. The set of regular vertices of a graph E is denoted by reg(E).
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Paths on graphs

A path in E of length n > 1 is a sequence ejes - - - e, of edges such that

te(e)) = se(ejr1) V1 < i< n. We define its source and target by spe(eyr-- - en) := se(ey)
and tpe(eq - - - ep) := te(en). We think of a vertex v € E° as a path of length 0, and define
its source and target by spe(v) = tpe(v) = v. We denote by FP(E) the set of all finite
paths in E. An infinite path is an infinite sequence ejée- - - - such that

te(e)) = se(ejr1) V1 <i<n. ltssourceis spe(erex---) := seg(er). We denote by IP(E)
the set of infinite paths in E.
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Paths on graphs

A path in E of length n > 1 is a sequence ejes - - - e, of edges such that

te(e)) = se(ejr1) V1 < i< n. We define its source and target by spe(eyr-- - en) := se(ey)
and tpe(eq - - - ep) := te(en). We think of a vertex v € E° as a path of length 0, and define
its source and target by spe(v) = tpe(v) = v. We denote by FP(E) the set of all finite
paths in E. An infinite path is an infinite sequence ejée- - - - such that

te(e)) = se(ejr1) V1 <i<n. ltssourceis spe(erex---) := seg(er). We denote by IP(E)
the set of infinite paths in E.

If x, x’ € FP(E) satisfy tpe(x) = spe(x’), we denote by xx’ their concatenation, and say
that x is an initial subpath of xx’ (if x resp. x’ is a vertex, we put xx’ = x’ resp. xx’ = x).
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Paths on graphs

A path in E of length n > 1 is a sequence ejes - - - e, of edges such that

te(e)) = se(ejr1) V1 < i< n. We define its source and target by spe(eyr-- - en) := se(ey)
and tpe(eq - - - ep) := te(en). We think of a vertex v € E° as a path of length 0, and define
its source and target by spe(v) = tpe(v) = v. We denote by FP(E) the set of all finite
paths in E. An infinite path is an infinite sequence ejée- - - - such that

te(e)) = se(ejr1) V1 <i<n. ltssourceis spe(erex---) := seg(er). We denote by IP(E)
the set of infinite paths in E.

If x, x’ € FP(E) satisfy tpe(x) = spe(x’), we denote by xx’ their concatenation, and say
that x is an initial subpath of xx’ (if x resp. x’ is a vertex, we put xx’ = x’ resp. xx’ = x).

We define a partial order < by letting x < x’ if x is an initial subpath of x’. We write x < x’
to mean that x < x’ and x # x’. Finally we write x ~ x’, and say that x and x’ are
comparable, if either x < x’ or x’ < x.
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Graph Algebras
Fix a graph E and a field K.

Definition
The Leavitt path algebra Lx(E) is the universal K-algebra generated by disjoint sets
{Sv}vero, {Se}ecet @and {S5}ecpt With relations:
(V) SySy =6,/S, forall v,v' € EC;
(E1) Ss.(6)Se = Se = SeSi(e) forall e € ET;
(E2) Si.(e)Ss = S5 = SiSsp(e) forall e c E';
(CK1) S, Se = 06,tStz(e) for all e € E';
) S

(CK2 = 2665_1(V) SeS; for every v € reg(E).
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Graph Algebras
Fix a graph E and a field K.
Definition

The Leavitt path algebra Lx(E) is the universal K-algebra generated by disjoint sets
{Sv}vero, {Se}ecet @and {S5}ecpt With relations:

( ) Svsvl = 6V V’SV fOI‘ a” V V/ € EO

(E1) SE(e)Se = S = SeS;,(¢) forall e € ET;
(E2) Si.(e)Ss = S5 = SiSsp(e) forall e c E';
(CK1) S, Se = 6efS,E(e) forallee E';
(CK2) S, = 2665_1(‘/) SeS; for every v € reg(E).

The graph C*-algebra of E is the universal C*-algebra of L¢(E) (with the natural
involution) and is denoted by C*(E).
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Functoriality of graph algebras

To define a notion of morphisms between graphs in such a way that the construction of
graph C*-algebras and Leavitt path algebras are functorial.

We want the morphisms to be simple enough that we can use the combinatorics of the
graphs, but broad enough that they include examples of interest.
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Homomorphism of graphs
Definition
A homomorphism of graphs ¢ : E — F is a pair of maps

(goO:EO—>F0, g01 . ET —>F1)

such that sp o @' = % 0 sg and tr o ! = 0 o te. The category of graphs and
homomorphisms of graphs is denoted by OG.
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Homomorphism of graphs
Definition
A homomorphism of graphs ¢ : E — F is a pair of maps

(ng:EO—>F0, 901 . E! —>F1)

such that sp o @' = % 0 sg and tr o ! = 0 o te. The category of graphs and
homomorphisms of graphs is denoted by OG.

N

Theorem (Katsura, Hajac-Tobolski)

There is a subcategory CRTBPOG of OG such that if p € CRTBPOG(E, F) there is
homomorphism ¢* : Lx(F) — Lx(E) (or x-homomorphism ¢* : C*(F) — C*(E)) such that

e"Py= Y. P, ¢SH= D S

ue(¢®)=1(v) ec(p!)~1(f)

forallv € FO and f € F'. Moreover, these associations are functorial.
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Path homomorphism of graphs

Definition

A path homomorphism of graphs ¥ : E — Fisamap ¢ : FP(E) — FP(F) such that
satisfying

(i) 9(E®) C F,
(i) spro¥ =190 8pg, tprott =1 o tpg,
(i) 9(xx") = I(x)(x") V x,x" € FP(E) such that tpe(x) = spe(x’).
We denote the category of graphs and path homomorphisms of graphs by PG.
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Path homomorphism of graphs

Definition

A path homomorphism of graphs ¢ : E — F isamap ¢ : FP(E) — FP(F) such that
satisfying

(i) 9(E®) C F,
(i) spr o =1 o Spg, tpro ) =1 o tpg,
(i) 9(xx") = I(x)(x") V x,x" € FP(E) such that tpe(x) = spe(x’).
We denote the category of graphs and path homomorphisms of graphs by PG.

Theorem (Hajac-Tobolski)

There is a subcategory RMIPG of PG such that if ¢ € RMIPG(E, F) there is unique
homomorphism ¥, : Lx(E) — Lk(F) (or x-homomorphism v, : C*(E) — C*(F)) such that
V.(Sx) = Sy(x) for all x € FP(E). Moreover, these association are functorial.
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Relation morphism of directed graphs

Question

From the theorems above, we obtain:
e a contravariant functor CRTBPOG — K-Alg,
e a covariant functor RMIPG — K-Alg,

where K-Alg is the category of K-algebras with homomorphisms of K-algebras as
morphisms. How to unify them?
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Relation morphism of directed graphs

Question

From the theorems above, we obtain:
e a contravariant functor CRTBPOG — K-Alg,
e a covariant functor RMIPG — K-Alg,

where K-Alg is the category of K-algebras with homomorphisms of K-algebras as
morphisms. How to unify them?

Using relations!
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Relation morphism of directed graphs

Definition

Let E and F be graphs. A relation morphism R : E — F is a relation
R C FP(E) x FP(F)

such that

(1) if (x,y) € Rand y € F9, then x € E? (thatis R~"(F°) C E?);

(2) if (x,y) € R, then (spe(x), spr(y)) € R (source preserving);

(8) if (x,y) € R, then (tpe(x), ter(y)) € R (target preserving).
The category of graphs and relation morphisms is denoted by RG.
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OG and PG as subcategories of RG
For ¢ € OG(E, F), we define R, € RG(E, F) by

R, = {(x,¢(x)) | x € FP(E)}.
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OG and PG as subcategories of RG
For ¢ € OG(E, F), we define R, € RG(E, F) by

R, = {(x;¢(x)) | x € FP(E)}.

For ¥ € PG(F, E), we define R’ € RG(F, E)

R’ ={(9(y),y) |y € FP(F)}.
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OG and PG as subcategories of RG
For ¢ € OG(E, F), we define R, € RG(E, F) by

R, = {(x;¢(x)) | x € FP(E)}.

For ¥ € PG(F, E), we define R’ € RG(F, E)

R’ ={(9(y),y) |y € FP(F)}.

Proposition (de C.-D’Andrea-Hajac)

There is an embedding of the categories OG and PG in RG given as follows. It is the
identity on objects. A morphism ¢ : FP(E) — FP(F) in OG is mapped to the relation
morphism R, : E — F, and a morphism ¥ : FP(F) — FP(E) in PG’ is mapped to the
relation morphism R’ : E — F.
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Admissible relation of graphs
A relation morphism R : E — F is said to be admissible if:

(1) itis multiplicative, that is, (x, y), (X", ¥’) € R, spe(X’) = tpe(X), spr(y’) = ter(y) imply
that (xx’, yy') € R;
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Admissible relation of graphs
A relation morphism R : E — F is said to be admissible if:

(1) itis multiplicative, that is, (x, y), (X", ¥’) € R, spe(X’) = tpe(X), spr(y’) = ter(y) imply
that (xx’, yy') € R;

(2) itis decomposable, thatis, y,y" € FP(F), spe(y’) = tpe(y), (X, yy') € R imply that
IxeR(y), X e R(Y): xx' =X,
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Admissible relation of graphs
A relation morphism R : E — F is said to be admissible if:

(1) itis multiplicative, that is, (x, y), (X", ¥’) € R, spe(X’) = tpe(X), spr(y’) = ter(y) imply
that (xx’, yy') € R;

(2) itis decomposable, thatis, y,y" € FP(F), spe(y’) = tpe(y), (X, yy') € R imply that
IxeR(y), X e R(Y): xx' =X,

(3) itis proper, that is, |R~"(y)| < oo for all y € FP(F);
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Admissible relation of graphs
A relation morphism R : E — F is said to be admissible if:

(1) itis multiplicative, that is, (x, y), (X", ¥’) € R, spe(X’) = tpe(X), spr(y’) = ter(y) imply
that (xx’, yy') € R;

(2) itis decomposable, thatis, y,y" € FP(F), spe(y’) = tpe(y), (X, yy') € R imply that
IxeR(y), X e R(Y): xx' =X,

(3) itis proper, that is, |R~"(y)| < oo for all y € FP(F);

(4) itis vertex disjoint, that is, R~'(v) n R~1(v') = () for every v, v/ € F° such that v # v/,
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IxeR(y), X e R(Y): xx' =X,
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(4) itis vertex disjoint, that is, R~'(v) n R~1(v') = () for every v, v/ € F° such that v # v/,

(5) itis ta1rget bijective, that is, the restriction tee : R~'(f) — R~ (te(f)) is bijective for all
feF',
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Admissible relation of graphs
A relation morphism R : E — F is said to be admissible if:
(1) itis multiplicative, that is, (x, y), (X", ¥’) € R, spe(X’) = tpe(X), spr(y’) = ter(y) imply
that (xx’, yy') € R;
(2) itis decomposable, thatis, y,y" € FP(F), spe(y’) = tpe(y), (X, yy') € R imply that
Ixec R (y), X e R\ (Y) : xx' =X;
(3) itis proper, that is, |R~"(y)| < oo for all y € FP(F);
(4) itis vertex disjoint, that is, R~'(v) n R~1(v') = () for every v, v/ € F° such that v # v/,
(5) itis ta1rget bijective, that is, the restriction tee : R~'(f) — R~ (te(f)) is bijective for all
feF',
(6) it is monotone, that is, (x, f), (x', ') € R', x < x" imply (x, f) = (x', f'),
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Admissible relation of graphs

A relation morphism R : E — F is said to be admissible if:

(1) itis multiplicative, that is, (x, y), (X", ¥’) € R, spe(X’) = tpe(X), spr(y’) = ter(y) imply
that (xx’, yy') € R;

(2) itis decomposable, thatis, y,y" € FP(F), spe(y’) = tpe(y), (X, yy') € R imply that
IxeR(y), X e R(Y): xx' =X,

(3) itis proper, thatis, |[R~'(y)| < oo for all y € FP(F);

(4) itis vertex disjoint, that is, R~'(v) n R~1(v') = () for every v, v/ € F° such that v # v/,

(5) itis ta1rget bijective, that is, the restriction tee : R~'(f) — R~ (te(f)) is bijective for all
feF',

(6) it is monotone, that is, (x, f), (x', ') € R', x < x" imply (x, f) = (x', f'),

(7) itis regular, thatis, v € reg(F), u € R~'(v) and x € s,;;(u) imply that there is
(x', f) € R" such that sg(f) = v and x ~ x'.

Gilles G. de Castro (UFSC) Graph algebras functoriality NCG and Graph Algebras 11/26



Proposition

Admissible relation morphisms define a subcategory, denoted by ARG of RG whose
objects are all directed graphs. Moreover,

CRTBPOG = OGN ARG, and RMIPG® = PG° n ARG.
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Proposition

Admissible relation morphisms define a subcategory, denoted by ARG of RG whose
objects are all directed graphs. Moreover,

CRTBPOG = OGN ARG, and RMIPG® = PG° n ARG.

Theorem (de C.-D’Andrea-Hajac)

There is a contravariant functor from ARG to K-Alg (or C*-Alg) that sends a graph to its
Leavitt path algebra and an admissible relation morphism R : E — F to the
homomorphism R* : Lx(F) — Lx(E) (x-homomorphism R* : C*(F) — C*(E)) uniquely

defined by
R(Sy)= > S«
x€R1(y)

for all y € FP(F).

\
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The groupoid picture

A groupoid G is a small category such that every morphisms is an isomorphism. We can
think it as a set with a partially defined multiplication and an inverse satisfying axioms

similar to that of groups. We identify an object with its identity morphism, and call it a unit.
The set of units is denoted by GP°.
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The groupoid picture

A groupoid G is a small category such that every morphisms is an isomorphism. We can
think it as a set with a partially defined multiplication and an inverse satisfying axioms
similar to that of groups. We identify an object with its identity morphism, and call it a unit.
The set of units is denoted by GP°.

We assume that G has a topology and that the operations are continuous with respect to
this topology. For the construction of the algebras, we assume that G° is a locally compact
Hausdorff space.
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The groupoid picture

A groupoid G is a small category such that every morphisms is an isomorphism. We can
think it as a set with a partially defined multiplication and an inverse satisfying axioms
similar to that of groups. We identify an object with its identity morphism, and call it a unit.
The set of units is denoted by GP°.

We assume that G has a topology and that the operations are continuous with respect to
this topology. For the construction of the algebras, we assume that G° is a locally compact
Hausdorff space.

We define maps d,r: G — G% by d(7) =y 'y and r(y) = vy~ for every v € G.
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The groupoid picture

A groupoid G is a small category such that every morphisms is an isomorphism. We can
think it as a set with a partially defined multiplication and an inverse satisfying axioms
similar to that of groups. We identify an object with its identity morphism, and call it a unit.
The set of units is denoted by GP°.

We assume that G has a topology and that the operations are continuous with respect to
this topology. For the construction of the algebras, we assume that G° is a locally compact
Hausdorff space.

We define maps d,r: G — G% by d(7) =y 'y and r(y) = vy~ for every v € G.
Given A C GO, the reduction of G by A is the groupoid G|4 := {y € G : d(v), r(7) € A}.
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The groupoid picture

A bisection is subset U C G such that d|y and r|y are injective.
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The groupoid picture

A bisection is subset U C G such that d|y and r|y are injective.

An étale groupoid is a topological groupoid with a basis of open bisection. An ample

groupoid is an étale groupoid such that G° is a locally compact totally disconnected
Hausdorff space.
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Steinberg Algebras

Let G be a Hausdorff ample groupoid and K a field. Given a function f : G — K, its
support is the set

supp(f) = {y € G : f(v) # 0}.
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Steinberg Algebras

Let G be a Hausdorff ample groupoid and K a field. Given a function f : G — K, its
support is the set

supp(f) = {y € G : f(v) # 0}.

The Steinberg algebra of G is the vector space
Ax(G) :={f:G — K : fislocally constant and supp(f) is compact},

with multiplication given by

frgy)= > fa)g(B).

af=y
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Steinberg Algebras

Let G be a Hausdorff ample groupoid and K a field. Given a function f : G — K, its
support is the set

supp(f) = {y € G : f(v) # 0}.

The Steinberg algebra of G is the vector space

Ax(G) :={f:G — K : fislocally constant and supp(f) is compact},

with multiplication given by

frgy)= > fa)g(B).

af=y

(There is a construction where only G is assumed to be Hausdorff.)
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Groupoid C*-algebras
Let G be a Hausdorff étale groupoid. Given a continuous function f : G — C, its support is
the set

supp(f) = {v € G : f(7) # 0}.
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Groupoid C*-algebras
Let G be a Hausdorff étale groupoid. Given a continuous function f : G — C, its support is
the set

supp(f) = {v € G : f(7) # 0}.

Consider the vector space
Cc(9) :={f:G — C: fis continuous and supp(f) is compact},

with multiplication given by

frgly)= > fa)g(B).

af=y
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Groupoid C*-algebras
Let G be a Hausdorff étale groupoid. Given a continuous function f : G — C, its support is
the set

supp(f) = {v € G : f(7) # 0}.

Consider the vector space
Cc(G) :={f:G — C: fis continuous and supp(f) is compact},

with multiplication given by

frg(y)= > f(e)g(B).

af=y

There is a notion of regular representation and universal representation. The completion
with respect to the norms coming from these representations are the reduced and full
groupoid C*-algebra denoted by C;(G) and C*(G) respectively. (There is a construction
where only G° is assumed to be Hausdorff.)
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Groupoid actions

Let G an étale groupoid X be a topological space. A right action of G on X is a pair of
maps d : X — G2, called the anchor map, and - : X x4,G — X, where
X xgrG :={(x,7) € X xG:d(x)=r(y)}, satisfying

(i) d(x-v)=d(y)forall (x,7) € X xq,0,

(i) x-(v172) = (x- 1) - forall (x,v1) € X xq,G and all 2 € G such that d(v1) = r(v2),
(iii) x - d(x) = xforall x € X.
The orbit space X /G is the quotient of X by the equivalence relation saying that x ~ y if
there exists v € G such that d(x) = r(y) and x - v = y for x, y € X.
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Groupoid actions

Let G an étale groupoid X be a topological space. A right action of G on X is a pair of
maps d : X — G2, called the anchor map, and - : X x4,G — X, where
X xgrG :={(x,7) € X xG:d(x)=r(y)}, satisfying

(i) d(x-v)=d(y)forall (x,7) € X xq,0,

(i) x-(v172) = (x- 1) - forall (x,v1) € X xq,G and all 2 € G such that d(v1) = r(v2),
(iii) x - d(x) = xforall x € X.
The orbit space X /G is the quotient of X by the equivalence relation saying that x ~ y if
there exists v € G such that d(x) = r(y) and x - v = y for x, y € X.

Left actions are defined similarly.
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Groupoid actions

Let G an étale groupoid X be a topological space. A right action of G on X is a pair of
maps d : X — G2, called the anchor map, and - : X x4,G — X, where
X xgrG :={(x,7) € X xG:d(x)=r(y)}, satisfying

(i) d(x-v)=d(y)forall (x,7) € X xq,0,

(i) x-(v172) = (x- 1) - forall (x,v1) € X xq,G and all 2 € G such that d(v1) = r(v2),
(iii) x - d(x) = xforall x € X.
The orbit space X /G is the quotient of X by the equivalence relation saying that x ~ y if
there exists v € G such that d(x) = r(y) and x - v = y for x, y € X.

Left actions are defined similarly.

A groupoid acts on itself on the left and on the right by translation. In both cases the orbit
space is homeomorphic to the unit space.
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Groupoid actors

Let G and H be étale groupoids. An actor G — H is a left action of G on H that commutes
with the right translation action on . The actor is called proper if the map
H/H = H° — GO induced by the anchor map r : H — G is proper.
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Groupoid actors

Let G and H be étale groupoids. An actor G — H is a left action of G on H that commutes
with the right translation action on . The actor is called proper if the map
H/H = H° — GO induced by the anchor map r : H — G is proper.

Proposition (de C.-Meyer)

Given actors G — H and H — K, there exists a unique left action of G on K such that
(g-h)-k=g-(h-k)forallge G, he H and k € K such that d(g) = r(h) and
d(h) = r(k). Moreover, this action commutes with the right translation action on K.
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Groupoid actors

Let G and H be étale groupoids. An actor G — H is a left action of G on H that commutes
with the right translation action on . The actor is called proper if the map
H/H = H° — GO induced by the anchor map r : H — G is proper.

Proposition (de C.-Meyer)
Given actors G — H and H — K, there exists a unique left action of G on K such that

(g-h)-k=g-(h-k)forallge G, he H and k € K such that d(g) = r(h) and
d(h) = r(k). Moreover, this action commutes with the right translation action on K.

The above proposition gives the composition of actors. The identity actor is given by the
left translation action of a groupoid on itself. This way, we obtain a category whose
objects are étale groupoids and morphisms are actors.

The notion of actor goes back to the work of Zakrzewski and Buneci-Strachura.
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Groupoid actors

Proposition (Buneci-Strachura, de C.-Meyer)

An actor G — H induces a nondegenerate *-homomorphism from C*(G) to the multiplier
algebra of C*(H). This takes values in C*(H) if and only if the actor is proper. The *-
homomorphism maps the subalgebra Cy (G°) C C*(G) to Cp (H°), and to Cy (H°) in the
proper case.

Gilles G. de Castro (UFSC) Graph algebras functoriality NCG and Graph Algebras 19/26



Groupoid actors

Proposition (Buneci-Strachura, de C.-Meyer)

An actor G — H induces a nondegenerate *-homomorphism from C*(G) to the multiplier
algebra of C*(H). This takes values in C*(H) if and only if the actor is proper. The *-
homomorphism maps the subalgebra Cy (G°) C C*(G) to Cp (H°), and to Cy (H°) in the
proper case.

A\,

There is a functor from the category of étale groupoid with proper actors as morphisms to
the category of C*-algebras with *-homomorphisms.

v
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The graph groupoid
Given a graph E, its boundary path space is the set

OE = {x € FP(E) | tee(x) ¢ reg(E)} U IP(E).

Gilles G. de Castro (UFSC) Graph algebras functoriality



The graph groupoid
Given a graph E, its boundary path space is the set

OE = {x € FP(E) | tee(x) ¢ reg(E)} U IP(E).

The boundary path groupoid E is the set
G(E) :={(xz,|x| —|yl,yz) € 0E x Z x OE | x,y € FP(E), z € OE}

with operations given by
(x. k. y)y.l,z) = (x,k+1,2)

and
(Xa k7y)_1 = (y’ —k,X).
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The graph groupoid
Given a graph E, let OE its boundary path space and G(E) its boundary path groupoid.
For each x,y € FP(E) such that rpe(x) = rpe(y), we define

Zy ={z € OE | z = xZ' for some Z' € OE}

and
Z(x,y) ={(xz, x| = |yl,yz) € G(E) | z € OT, spe(z) = rre(x)}.
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The graph groupoid
Given a graph E, let OE its boundary path space and G(E) its boundary path groupoid.
For each x,y € FP(E) such that rpe(x) = rpe(y), we define

Zy ={z € OE | z = xZ' for some Z' € OE}

and
Z(x,y) ={(xz, x| = |yl,yz) € G(E) | z € OT, spe(z) = rre(x)}.

Moreover given F C s; ' (rpe(x)) finite, we let
Zx,F = Zx\ U Zye

ecF
and

Z(x,y,F)=Z(x, )\ | ] Z(xe, ye).

ecF
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The graph groupoid
Given a graph E, let OE its boundary path space and G(E) its boundary path groupoid.
For each x,y € FP(E) such that rpe(x) = rpe(y), we define

Zy ={z € OE | z = xZ' for some Z' € OE}

and
Z(x,y) ={(xz, x| = |yl,yz) € G(E) | z € OT, spe(z) = rre(x)}.

Moreover given F C s; ' (rpe(x)) finite, we let
Zx,F = Zx\ U Zye
ecF

and
Z(x,y,F)=Z(x, )\ | ] Z(xe, ye).

ecF

These sets give basis for topologies on 0E and G(E) respectively.
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The graph groupoid

Let E be a graph and K a field. Then C}(G(E)) = C*(G(E)) = C*(E), and
Ak(9(E)) = Lk(E).
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Dynamical Cuntz-Krieger family

Definition
A dynamical Cuntz-Krieger E-family in a groupoid # is a family of compact-open subsets
Q, C HO for v € E? and compact-open bisections T, C # for e € E' such that
(i) QN Qy =0 for v,w € E® with v # w;
(ii) forall e € E,d (Te) = Q(e) @nd 1 (Te) C Qs (e
(iiiy r(Te)nr(Ts)=0fore, fe Ewithe#f;
(V) Lsz(e)=v r (Te) = Qv for each regular vertex v € reg(E).
It is called nondegenerate if H® = J, g0 Qv-
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Dynamical Cuntz-Krieger family
Theorem (de C.-Meyer)

Let E be a graph and H an étale groupoid. There is a canonical bijection between proper
actors G(E) — H and nondegenerated dynamical Cuntz-Krieger E-families in H.
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Dynamical Cuntz-Krieger family
Theorem (de C.-Meyer)

Let E be a graph and H an étale groupoid. There is a canonical bijection between proper
actors G(E) — H and nondegenerated dynamical Cuntz-Krieger E-families in H.

A\,

If the dynamical Cuntz-Krieger E-family is not nondegerate, we can use the reduction of
#H to the open set Q := |J, o wy- We have that C*(H|q) is canonically isomorphic to a
subalgebra of C*(H). Therefore any dynamical Cuntz-Krieger E-family in H gives rise to
a *-homomorphism C*(E) — C*(H) that maps

Sy — 1q, forevery v € E°,

Se— 17, foreveryec E',

where 1 represents the characteristic function.

.

Gilles G. de Castro (UFSC) Graph algebras functoriality NCG and Graph Algebras 24/26



Theorem (de C.-Meyer)
Let E and F be graphs, and R : E — F be an admissible relation morphism. For each

v e FO, set
Qv = U ZU7
ueR=1(v)

and foreach f € F', set

= |J 2 tex).

xeR-1(f)

Then the families {Qy},cp1 and {T¢} e form a dynamical Cuntz-Krieger F-family in
G(E) satisfying

(a) forallu c E° andv € FO, either Z,Q, = 0 or Z,Q, = Z,,

(b) forallu € E° and f € E,, either T;Z, = 0 or there is x € FP(T'1) such that
TiZy = Z(x, te(X)).

Moreover, every Cuntz-Krieger F-family in G(E) satisfying the above conditions arises
from a relation morphism.
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What is next?

e Extended path homomorphisms (joint with P. M. Hajac, M. Lowiel E. A. Pacheco).
e Pullback of graph C*-algebras using relations (joint P. M. Hajac and M. Tobolski).

e Pullback of groupoid C*-algebras coming from reductions of groupoid (joint E. J.
Kang)
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