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@ Leavitt path algebras Lx(E) of an arbitrary directed graph E over a
field K are Z- graded algebras.
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@ Leavitt path algebras Lx(E) of an arbitrary directed graph E over a
field K are Z- graded algebras.

@ In this talk we explore the graded structure of Lk (E). We focus on
studying and constructing graded irreducible representations of

Ly (E).
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@ Leavitt path algebras Lx(E) of an arbitrary directed graph E over a
field K are Z- graded algebras.

e In this talk we explore the graded structure of Lx(E). We focus on
studying and constructing graded irreducible representations of
Lk (E).

@ Necessary and sufficient conditions (both graphical and algebraic) are
obtained under which a Leavitt path algebra has exactly one graded
irreducible representation up to graded-isomorphism.
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@ Leavitt path algebras Lx(E) of an arbitrary directed graph E over a
field K are Z- graded algebras.

e In this talk we explore the graded structure of Lx(E). We focus on
studying and constructing graded irreducible representations of
Lk (E).

@ Necessary and sufficient conditions (both graphical and algebraic) are
obtained under which a Leavitt path algebra has exactly one graded
irreducible representation up to graded-isomorphism.

@ Leavitt path algebras possessing finite or infinite graded-isomorphism
class of graded-irreducible representations are described..
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@ Leavitt path algebras Lx(E) of an arbitrary directed graph E over a
field K are Z- graded algebras.

e In this talk we explore the graded structure of Lx(E). We focus on
studying and constructing graded irreducible representations of
Lk (E).

@ Necessary and sufficient conditions (both graphical and algebraic) are
obtained under which a Leavitt path algebra has exactly one graded
irreducible representation up to graded-isomorphism.

@ Leavitt path algebras possessing finite or infinite graded-isomorphism
class of graded-irreducible representations are described..

@ Examples are constructed illustrating the results.
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Irreducible representations

o Let k be a field. Given a k-algebra A, a representation of A consists
of a k-vector space V together with a k-algebra homomorphism
f:A— End(V). If Wis a k-vector subspace of V, we say that W
is f-invariant if f(a)(W) C W for all a € A, and we say that f is
an irreducible representation when the only f-invariant subspaces
of V are {0} and V.
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Irreducible representations

o Let k be a field. Given a k-algebra A, a representation of A consists
of a k-vector space V together with a k-algebra homomorphism
f:A— End(V). If Wis a k-vector subspace of V, we say that W
is f-invariant if f(a)(W) C W for all a € A, and we say that f is
an irreducible representation when the only f-invariant subspaces
of V are {0} and V.

@ Observe that if f : A — Endy (V) is a representation of A, then V
becomes a left A-module by defining a- x := f(a)(x) for a € A and
x € V. This representation f is irreducible if and only if, under the
above module operation, V' becomes a simple A-module (i.e., V has
no submodules other than {0} and V).
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Irreducible representations

o Let k be a field. Given a k-algebra A, a representation of A consists
of a k-vector space V together with a k-algebra homomorphism
f:A— End(V). If Wis a k-vector subspace of V, we say that W
is f-invariant if f(a)(W) C W for all a € A, and we say that f is
an irreducible representation when the only f-invariant subspaces
of V are {0} and V.

@ Observe that if f : A — Endy (V) is a representation of A, then V
becomes a left A-module by defining a- x := f(a)(x) for a € A and
x € V. This representation f is irreducible if and only if, under the
above module operation, V' becomes a simple A-module (i.e., V has
no submodules other than {0} and V).

@ Hereafter, we will use the term simple modules instead of
irreducible representations.
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Graph Preliminaries

o A (directed) graph E = (E° E', r,s) consists of a set E® of elements
called vertices and a set E! of elements called edges, together with
maps s, r: E1 — E9. If e is an edge, say, o, —> e, , then
s(e) = u is called the source of e, and r(e) = v is called the range
of e.
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Graph Preliminaries

o A (directed) graph E = (E° E', r,s) consists of a set E® of elements
called vertices and a set E! of elements called edges, together with
maps s, r: E1 — E9. If e is an edge, say, o, —> e, , then
s(e) = u is called the source of e, and r(e) = v is called the range
of e.

@ A vertex v is called a sink if it emits no edges and a vertex v is called
an infinite emitter if it emits infinitely many edges. A regular
vertex is a vertex which emits a non-empty finite set of edges.
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Graph Preliminaries

o A (directed) graph E = (E° E', r,s) consists of a set E® of elements
called vertices and a set E! of elements called edges, together with
maps s, r: E1 — E9. If e is an edge, say, o, —> e, , then
s(e) = u is called the source of e, and r(e) = v is called the range
of e.

@ A vertex v is called a sink if it emits no edges and a vertex v is called
an infinite emitter if it emits infinitely many edges. A regular
vertex is a vertex which emits a non-empty finite set of edges.

o A path of length n is a finite sequence of edges u = eje; - - - e, with
n > 1, where r(e;) = s(ej1) forall 1 < i < n—1. We write |y] to
denote the length of y. A vertex is considered a path of length 0.
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Graph Preliminaries

A (directed) graph E = (E®, E%, r, s) consists of a set EV of elements
called vertices and a set E! of elements called edges, together with
maps s, r: E1 — E9. If e is an edge, say, o, —> e, , then
s(e) = u is called the source of e, and r(e) = v is called the range
of e.

@ A vertex v is called a sink if it emits no edges and a vertex v is called
an infinite emitter if it emits infinitely many edges. A regular
vertex is a vertex which emits a non-empty finite set of edges.

o A path of length n is a finite sequence of edges u = eje; - - - e, with
n > 1, where r(e;) = s(ej1) forall 1 < i < n—1. We write |y] to
denote the length of y. A vertex is considered a path of length 0.

A path y =e;...e, in E is closed if r(e,) = s(e1). The closed path
i is called a cycle if s(e;) # s(e;) for every i # j.
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@ For each edge e : u — v, we introduce the ghost edge e* : v — u,
so s(e*) = r(e) and r(e*) = s(e).
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@ For each edge e : u — v, we introduce the ghost edge e* : v — u,
so s(e*) = r(e) and r(e*) = s(e).

@ An infinite path is an infinite sequence of edges e;eres - -+ such that
r(e) = s(ejiy1) forall i > 1.
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@ For each edge e : u — v, we introduce the ghost edge e* : v — u,
so s(e*) = r(e) and r(e*) = s(e).

@ An infinite path is an infinite sequence of edges e;eres - -+ such that
r(e) = s(ejiy1) forall i > 1.

o If there is a path from vertex u to a vertex v, we write u > v.
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For each edge e : u —> v, we introduce the ghost edge e* : v — u,
so s(e*) = r(e) and r(e*) = s(e).

@ An infinite path is an infinite sequence of edges e;eres - -+ such that
r(e) = s(ejiy1) forall i > 1.

If there is a path from vertex u to a vertex v, we write u > v.

A non-empty subset D of vertices is said to be downward directed, if
for any u, v € D, there exists a w € D such that v > w and v > w.
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A Leavitt path algebra Lk (E) of an arbitrary graph E over a field K is
the free K-algebra generated by the set {v : v € E°} and the set

{e, e* : e € E'} subject to the following conditions

(1)Foru,ve ES, u-u=vandu-v=0,if u#v.

(2) s(e)e=-e=er(e) forall e € EL.

(3) r(e)e* = e* = e*s(e) for all e € EL.

(4) (The " CK-1 relations”) For all e, f € EL, e*e = r(e) and e*f = 0 if
e # f.

(5) (The " CK-2 relations”) For every regular vertex v € E°,

v = ZeeEl,s(e):v ee”

Every element a € Lk (E) can be written in the form a = Y\=7 a;87,
where a;, B; are paths with r(a;) = r(B;).
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Graded rings

Every Leavitt path algebra Lk (E) is a Z-graded algebra, in which vertices
have degree 0, for any edge e, deg(e) = 1, deg(e*) = —1, and
Lk (E) = €D Ln where the L, are abelian subgroups called homogeneous

neZ
components whose elements are called homogeneous elements and

they satisfy LyL, € Liyp for all m,n € Z. The L, are given by
Ln={)_aiB} : where a;j, B; are paths in E and |a| — |B| = n}

An ideal / is called a graded ideal if | = @D (/N Ly).
neZ
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o As a graded algebra, Lk(E) satisfies interesting properties.

Kulumani M. RangaswamyUniversity of ColorOn Graded Irreducible Representations of Lea 8 /30



o As a graded algebra, Lk(E) satisfies interesting properties.

@ Theorem 1 (R. Hazrat; R. Hazrat and K.M.R.): The Leavitt path
algebra Li (E) of an arbitrary graph E over a field K is a graded von
Neumann ring, that is, to each homogeneous element a € LK(E),
there is a homogeneous element b such that a = aba.

Kulumani M. RangaswamyUniversity of ColorOn Graded Irreducible Representations of Lea 8 /30



o As a graded algebra, Lk(E) satisfies interesting properties.

@ Theorem 1 (R. Hazrat; R. Hazrat and K.M.R.): The Leavitt path
algebra Li (E) of an arbitrary graph E over a field K is a graded von
Neumann ring, that is, to each homogeneous element a € LK(E),
there is a homogeneous element b such that a = aba.

e Corollary 2: Every graded one-sided finitely generated ideal of L (E)
is a direct summand.
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o As a graded algebra, Lk(E) satisfies interesting properties.

@ Theorem 1 (R. Hazrat; R. Hazrat and K.M.R.): The Leavitt path
algebra Li (E) of an arbitrary graph E over a field K is a graded von
Neumann ring, that is, to each homogeneous element a € LK(E),
there is a homogeneous element b such that a = aba.

e Corollary 2: Every graded one-sided finitely generated ideal of L (E)
is a direct summand.

e Proposition 3: Every one-sided ideal of Lk (E) is a graded one sided
ideal if and only the graph E contains no cycles.
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Graded-simple left/right ideals - Two types of vertices

o For any vertex v € E, the tree T(v) = {w € E®: v > w}.
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Graded-simple left/right ideals - Two types of vertices

o For any vertex v € E, the tree T(v) = {w € E®: v > w}.

o We say a vertex v has bifurcation or v is a bifurcating vertex if v
[ ]

[ ]
emits two or more edges. T
o, — e
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Graded-simple left/right ideals - Two types of vertices

@ For any vertex v € E, the tree T(v) = {w € E®: v > w}.
o We say a vertex v has bifurcation or v is a bifurcating vertex if v

[ ] [
emits two or more edges. T
o, — e
@ A vertex v is called a line point if T(v) contains no bifurcating
vertices and no cycles. Thus T(v) becomes, (when we add all the
edges between adjacent vertices in T(v)), a straight line path like
‘v =y, = *v,- —> - - - which becomes a finite path if T(v) contains
a sink. In particular, a sink itself is a line point.
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A vertex v is called a Laurent vertex if T(v) is the set of all vertices on
a single path v = pc with s(y) = v, where y is a path without
bifurcations and c is a cycle without exits.

—)

/! pY
N v
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@ Recall, a graded module M over a graded ring R is said to be a
graded-simple module if {0} and M are the only graded submodules
of M.
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@ Recall, a graded module M over a graded ring R is said to be a
graded-simple module if {0} and M are the only graded submodules
of M.

@ A graded-simple module need not be a simple module. For example,

K[x,x!] = @5 Kx" is a commutative Z-graded ring in which x" is
neZ

invertible for all n. If 0 # I is a graded ideal, then | = K[x, x1], as

I = @5 (I N Kx").implies that the invertible element x" € / for some

neZ
n. Hence, K[x,x!] is a graded-simple module. But K[x, x"!] is not

a simple K[x, x~1]-module, since it has infinitely many proper ideals
generated by polynomialls with non-zero constant term..
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@ Recall, a graded module M over a graded ring R is said to be a
graded-simple module if {0} and M are the only graded submodules
of M.

@ A graded-simple module need not be a simple module. For example,

K[x,x!] = @5 Kx" is a commutative Z-graded ring in which x" is
neZ

invertible for all n. If 0 # I is a graded ideal, then | = K[x, x1], as

I = @5 (I N Kx").implies that the invertible element x" € / for some

neZ
n. Hence, K[x,x!] is a graded-simple module. But K[x, x"!] is not

a simple K[x, x~1]-module, since it has infinitely many proper ideals
generated by polynomialls with non-zero constant term..

@ Likewise, a simple module need not be graded-simple. For example,
for any irreducible polynomial p(x) € K|[x, x71],
K[x,x71]/ < p(x) > is a simple K[x, x"!]-module, but it is not
graded-simple, it is not even a graded K|[x, x~1]-module.
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e Lemma 4: Given a vertex v € E, the left (right) ideal Lx(E)v
(vLk(E)) is a graded-simple left (right) ideal of Lx(E), if and only if
v is a line point or a Laurent vertex
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e Lemma 4: Given a vertex v € E, the left (right) ideal Lx(E)v
(vLk(E)) is a graded-simple left (right) ideal of Lx(E), if and only if
v is a line point or a Laurent vertex

@ Theorem 5: (Hazrat-K.M.R.) Let E be an arbitrary graph, K be any
field and L = Lx(E). Then the graded socle Soc, (L) is the
two-sided ideal generated by the set consisting of all the line points
and all the Laurent vertices (on cycles without exits) in E

Kulumani M. RangaswamyUniversity of ColorOn Graded Irreducible Representations of Lea 12 /30



Constructing graded-simple modules

@ Two infinite paths p =e1ex---e,---and g = fifb---f,---ina
graph E are said to be tail-equivalent, if there exist positive integers
m, n such that e, ; = fp4; for all i > 0.
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Constructing graded-simple modules

@ Two infinite paths p =e1ex---e,---and g = fifb---f,---ina
graph E are said to be tail-equivalent, if there exist positive integers
m, n such that e, ; = fp4; for all i > 0.

o Tail-equivalence is an equivalence relation. The set of all paths g
tail-equivalent to a path p is denoted by [p].
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Constructing graded-simple modules

@ Two infinite paths p =e1ex---e,---and g = fifb---f,---ina
graph E are said to be tail-equivalent, if there exist positive integers
m, n such that e, ; = fp4; for all i > 0.

o Tail-equivalence is an equivalence relation. The set of all paths g
tail-equivalent to a path p is denoted by [p].

@ Given a cycle ¢, ¢® denotes the infinite path ccc--- . An infinite
path which is tail-equivalent to ¢® is called a rational path.
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Constructing graded-simple modules

@ Two infinite paths p =e1ex---e,---and g = fifb---f,---ina
graph E are said to be tail-equivalent, if there exist positive integers
m, n such that e, ; = fp4; for all i > 0.

o Tail-equivalence is an equivalence relation. The set of all paths g
tail-equivalent to a path p is denoted by [p].

@ Given a cycle ¢, ¢® denotes the infinite path ccc--- . An infinite
path which is tail-equivalent to ¢® is called a rational path.

@ An infinite path which is not rational is called an irrational path.
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Tail-equivalence of infinite paths

L
L
L
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Constructing Simple modules using paths

o Let p be an infinite path in the graph E. Consider [p]. Let V|,
denote the K-vector space having as a basis {q: g € [p]}.

Kulumani M. RangaswamyUniversity of ColorOn Graded Irreducible Representations of Lea 15 /30



Constructing Simple modules using paths

o Let p be an infinite path in the graph E. Consider [p]. Let V|,
denote the K-vector space having as a basis {q: g € [p]}.

® Theorem 6 :(X.W. Chen ) V|, becomes a simple left
Lk (E)-module induced by the following action on each path g € [p]:
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Constructing Simple modules using paths

o Let p be an infinite path in the graph E. Consider [p]. Let V|,
denote the K-vector space having as a basis {q: g € [p]}.

® Theorem 6 :(X.W. Chen ) V|, becomes a simple left
Lk (E)-module induced by the following action on each path g € [p]:

o (i) For all vertices u € E®, u-q = g or 0 according as u = s(q) or not
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Constructing Simple modules using paths

o Let p be an infinite path in the graph E. Consider [p]. Let V|,
denote the K-vector space having as a basis {q: g € [p]}.

® Theorem 6 :(X.W. Chen ) V|, becomes a simple left
Lk (E)-module induced by the following action on each path g € [p]:

o (i) For all vertices u € E®, u-q = g or 0 according as u = s(q) or not

o (ii) For all edges e in E, e- g = eq if r(e) = s(q), otherwise e- g =
0; and e* - g = q1 if g = eq1, otherwise, e*- g = 0.
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Constructing Simple modules using paths

o Let p be an infinite path in the graph E. Consider [p]. Let V|,
denote the K-vector space having as a basis {q: g € [p]}.
® Theorem 6 :(X.W. Chen ) V|, becomes a simple left
Lk (E)-module induced by the following action on each path g € [p]:
o (i) For all vertices u € E®, u-q = g or 0 according as u = s(q) or not
o (ii) For all edges e in E, e- g = eq if r(e) = s(q), otherwise e- g =
0; and e* - g = q1 if g = eq1, otherwise, e*- g = 0.
@ Given two infinite paths p, g, the simple modules Vi =V if
and only if p, g are tail equivalent.

q]
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Which Chen Simple modules are graded?

@ Recall, an infinite path p is called a rational path if p is
tail-equivalent to the infinite path ¢® = ccc- -+ , for cycle c.
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Which Chen Simple modules are graded?

@ Recall, an infinite path p is called a rational path if p is
tail-equivalent to the infinite path ¢® = ccc- -+ , for cycle c.

e Theorem 7:(Hazrat and K.M.R) (i) If p is an infinite path, then the
Chen simple module V] becomes a graded-simple Lk (E)-module if
and only if p is not a rational path..
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Which Chen Simple modules are graded?

@ Recall, an infinite path p is called a rational path if p is
tail-equivalent to the infinite path ¢® = ccc- -+ , for cycle c.

e Theorem 7:(Hazrat and K.M.R) (i) If p is an infinite path, then the
Chen simple module V] becomes a graded-simple Lk (E)-module if
and only if p is not a rational path..

o (ii) If w is a sink, then the vector space N,, having the set of all paths
that end at w as a basis becomes a graded-simple module under the
same actions indicated by Chen above.
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@ Suppose L = Lk(E) has only one graded-simple left module S
up to graded isomorphism.
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@ Suppose L = Lk(E) has only one graded-simple left module S
up to graded isomorphism.

@ — L has only one annihilating ideal of graded-simple L-modules
(being ann.(S)).
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@ Suppose L = Lk(E) has only one graded-simple left module S
up to graded isomorphism.

@ — L has only one annihilating ideal of graded-simple L-modules
(being ann.(S)).

o (Hazrat) The graded Jacobson radical Jg (L) = N { annihilator of a
graded-simples } and Jg, (L) = 0.
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@ Suppose L = Lk(E) has only one graded-simple left module S
up to graded isomorphism.

@ — L has only one annihilating ideal of graded-simple L-modules
(being ann.(S)).

o (Hazrat) The graded Jacobson radical Jg (L) = N { annihilator of a
graded-simples } and Jg, (L) = 0.

e = {0} is the only one annihilator ideal of graded-simple L-modules.
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@ Suppose L = Lk(E) has only one graded-simple left module S
up to graded isomorphism.

@ — L has only one annihilating ideal of graded-simple L-modules
(being ann.(S)).

o (Hazrat) The graded Jacobson radical Jg (L) = N { annihilator of a
graded-simples } and Jg, (L) = 0.

e — {0} is the only one annihilator ideal of graded-simple L-modules.

e —> L must be a graded-simple ring, that is, {0} and L are the only
graded ideals of L (Because, if | # 0 is a graded ideal of L and if T is
a graded-simple L//-module, then T is a graded-simple L-module so
ann; (T) 2 | # {0}, contradicting {0} is the only annihilator).
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@ Suppose L = Lk(E) has only one graded-simple left module S
up to graded isomorphism.

@ — L has only one annihilating ideal of graded-simple L-modules
(being ann.(S)).

o (Hazrat) The graded Jacobson radical Jg (L) = N { annihilator of a
graded-simples } and Jg, (L) = 0.

e — {0} is the only one annihilator ideal of graded-simple L-modules.

e —> L must be a graded-simple ring, that is, {0} and L are the only
graded ideals of L (Because, if | # 0 is a graded ideal of L and if T is
a graded-simple L//-module, then T is a graded-simple L-module so
ann; (T) 2 | # {0}, contradicting {0} is the only annihilator).

e = The graph E is downward directed and E° and the empty set ®
are the only hereditary saturated sets of vertices in E
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Constructing infinite number of graded-simple modules

o Lemma 8: If the graph E contains two cycles ¢, d having a common
vertex, then there are uncountably many irrational paths in E which
are pair-wise not tail-equivalent. There are uncountably many
non-isomorphic graded-simple left Lk (E)-modules.
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Constructing infinite number of graded-simple modules

o Lemma 8: If the graph E contains two cycles ¢, d having a common
vertex, then there are uncountably many irrational paths in E which
are pair-wise not tail-equivalent. There are uncountably many
non-isomorphic graded-simple left Lk (E)-modules.

A ¢ a hV
N v N 1
C ° o +— e d
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Constructing infinite number of graded-simple modules

o Lemma 8: If the graph E contains two cycles ¢, d having a common
vertex, then there are uncountably many irrational paths in E which
are pair-wise not tail-equivalent. There are uncountably many
non-isomorphic graded-simple left Lk (E)-modules.

A ¢ a hV
N v N 1
C ° o +— e d

@ Now the paths cd, dc are well-defined. For each infinite subset S of
IN, define the infinite irrational path ps = didbds - -- where d; = c,
ifieSanddi=difi¢S. If T# S is another infinite subset of IN,
then pt is not tail-equivalent to ps and V[ps] Zor V[pT]. Thus, we get
uncountably many infinite irrational paths no two of which are
tail-equivalent
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e Lemma 9: Suppose E° and the empty set @ are the only hereditary
saturated sets of vertices in E. If a vertex w emits infinitely many
edges in E, then, for every vertex v in E, v > w.
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e Lemma 9: Suppose E° and the empty set @ are the only hereditary
saturated sets of vertices in E. If a vertex w emits infinitely many
edges in E, then, for every vertex v in E, v > w.

e Corollary 10: If L (E) has, up to graded isomorphism, only one
graded-simple module, then the graph E is row-finite, that is, E has
no infinite emitters.
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e Lemma 9: Suppose E° and the empty set @ are the only hereditary
saturated sets of vertices in E. If a vertex w emits infinitely many
edges in E, then, for every vertex v in E, v > w.

e Corollary 10: If L (E) has, up to graded isomorphism, only one
graded-simple module, then the graph E is row-finite, that is, E has
no infinite emitters.

@ QOutline of the proof: Suppose, on the contrary, E contains an
infinite emitter w. Then, for each of the infinitely many edges e; with
s(ej) = w, by Lemma 9, there is a path from r(e;) to w, thus giving
rise to a closed path ¢;. Thus we get infinitely many closed path ¢; all
sharing a common vertex w. By Lemma 8 Lk (E) has infinitely many
graded-simple modules which are not graded isomorphic, a
contradiction.
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e Theorem 11: Suppose L = L (E) is a Leavitt path algebra of an
arbitrary graph E over a field K. Then the following properties are
equivalent for L:
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e Theorem 11: Suppose L = L (E) is a Leavitt path algebra of an
arbitrary graph E over a field K. Then the following properties are
equivalent for L:

@ (a) There is only one graded-simple left L-module up to
.graded-isomorphism
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e Theorem 11: Suppose L = L (E) is a Leavitt path algebra of an
arbitrary graph E over a field K. Then the following properties are
equivalent for L:

@ (a) There is only one graded-simple left L-module up to
.graded-isomorphism

o (b) The graph E is row-finite, downward directed, E° is the
hereditary saturated closure of a vertex v which is a line point, or
Laurent vertex..
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e Theorem 11: Suppose L = L (E) is a Leavitt path algebra of an
arbitrary graph E over a field K. Then the following properties are
equivalent for L:

@ (a) There is only one graded-simple left L-module up to
.graded-isomorphism

o (b) The graph E is row-finite, downward directed, E° is the
hereditary saturated closure of a vertex v which is a line point, or
Laurent vertex..

o (c) L is a graded-simple ring with L = Socgr(L).
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LPAs with countably many graded-simple modules

e Lemma 12: If L = Lk (E) has at most countably many
graded-simple left modules, no two of which are graded-isomorphic,
then we have the following.

(i) E contains line points or Laurent vertices or both.
(i) Distinct cycles in E are disjoint, that is, they share no common vertex.
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@ Theorem 14: Let E be an arbitrary graph and K be a field. Then
the following are equivalent for L = Lk (E) :

Kulumani M. RangaswamyUniversity of ColorOn Graded Irreducible Representations of Lea 22 /30



@ Theorem 14: Let E be an arbitrary graph and K be a field. Then
the following are equivalent for L = Lk (E) :

@ (a) There are at most countably many isomorphism classes of
graded-simple left L-modules.
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@ Theorem 14: Let E be an arbitrary graph and K be a field. Then
the following are equivalent for L = Lk (E) :

@ (a) There are at most countably many isomorphism classes of
graded-simple left L-modules.

e (b) L is "graded semi-artinian”, being the union of a smooth
well-ordered chain of graded ideals

0=hChC - ClChyC--- (a <7)

where T is a finite or countable ordinal and for each 0 < & < T,
los1/ 1l = Socgr(L/ ).
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EXAMPLE-1
The graph E; below satisfies the conditions of Theorem 11: Ej is
downward directed, vi1 is a Laurent vertex and its hereditary saturated
closure is (El)o = {V11, V12, V13}
%
A
vin T vip T 7 ‘viz ST W
Now Lk (E1) =< vi1>. By Theorem 12,
Lk (E1) = Socgr (L (E1)) =g M3(K[x,x7]), a graded direct sum of
three isomorphic copies of K|[x,x 1]. There is exactly one
graded-isomorphism class of graded-simple Lk (E;)-modules.
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EXAMPLE-2

The Leavitt path algebra of the following graph E, has exactly two
graded-isomorphism classes of graded-simple Lk (E;)-modules

There are paths connecting the vertices v»1, vas, Vo3 to the vertex vij.

b
Vit T v T vis S g
T ’\ ’\ "5
T NN S

Vo T ve TP ‘vz ST Cwgg

Here vy is a Laurent vertex. By Theorem 12, } =< v11 > is the
graded-socle and Lk (Ez))/h = Lx(E1).. Then we have the chain of
graded ideals 0 =ly C Iy C hh = Lx(E). Here )} = socg(Lk(E2) and
LK(EZ))//]_ = LK(El). So SOCgr<LK(E2)//1 = LK(EQ)/Il.
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EXAMPLE-3

The Leavitt path algebra of the following graph E3 has exactly three
graded-isomorphism classes of graded-simple L (E3)-module

7
% .
S
% .
/
<_

I
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Example-4

Continue the above process, to obtain an ascending chain of graphs
EtCECEC---CE, CE,1 €--- by identifying E; with the first
row of Ep, identifying E, with first two rows of Es,..., E, with the first n
rows of E,i1,.... Then, for each n > 1, the Leavitt path algebra Lk (E,)
has exactly n distinct graded-isomorphism classes of graded-simple
modules. If we define E, = Up>1E, , then Lk (E,) will have a countable
number of graded-simple modules, no two of which are graded-isomorphic.
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Matrix grading

Let I' be an additive abelian group and A = ®,crA, be a I'-graded ring.
Fix an n-tuple (61, -+, 0,), where §; € T'. Then the matrix ring M,(A) can
be made a I'-graded ring M,,(A) = ®rerMn(A)A(61, - -+, 6,) by defining,
for each A €T, its A-homogeneous component as the following additive
subgroup M,(A)A (81, - -+, 8n) of M,(A) consisting of n x n matrices
Mp(A)r (01, - - +6n) =

Arvoi—on Arvo—ar - 0 Arta—a
Artr—0  Ahto—62 ANt6,—6

) ) (1)
Art61-5, Artbr—s, AN46,—5,
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This shows that for each homogeneous element x € A, the degree of the
matrix ejj(x) with x in the jj-position and with every other entry 0 is given
by

deg(ejj(x)) = deg(x) + 6; — 4. (2)
Next, let A be a I'-graded ring and let | be an arbitrary infinite index set.
Consider the ring M;(A) consisting of square matrices whose rows and
columns are indexed by / such that at most finitely many entries are
non-zero. Now fix a “vector” & = (---,8;,--)ic; where §; € I'. Following
the same way used for grading matrices of finite order, M;(A) can be
made a I'-graded ring. As before, for each (i,j) € | X | and homogeneous
element x € A, ejj(x) denotes the matrix having x at the ij position and
every other entry being 0. Under the stated grading,
deg(ejj(x)) = deg(x) + d; — 6;. This makes M;(A) a T'-graded ring which
we denote by M;(A)(J).
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