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Dynamical Background: Partial Actions

Definition (Exel, 1994)
A partial action of a discrete group Γ on a topological space X consists of:

Open subsets {Dg}g∈Γ of X , and
Homeomorphisms θg : Dg−1 → Dg

such that θe = idX and θg ◦ θh ⊆ θgh for all g , h ∈ Γ.

Basic example: Restrict a (global) action Γ y Y to an open subspace X ⊂ Y .

Motivation
Partial actions generalize global group actions to local symmetries.
They naturally describe systems where transformations are defined only on
local domains.
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Transformation Groupoids and Partial Crossed Products

A partial action θ induces a canonical transformation groupoid X oθ Γ:
Space: X oθ Γ = {(x , g) ∈ X × Γ : x ∈ Dg−1}
Operations: s(x , g) = x , r(x , g) = θg (x)

(x , g) · (y , h) = (y , gh) if x = θh(y)

(x , g)−1 = (θg (x), g−1)

Associated C ∗-Algebra
The reduced C∗-algebra of X oθ Γ is the reduced partial crossed product:

C∗r (X oθ Γ) ∼= C0(X ) or ,θ Γ

Example (Prototypical Example)
All AF-algebras can be realized as partial crossed products by Z:

A ∼= C0(X ) or Z
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The Realization Problem (Part 1)

Fundamental Question 1

Which C ∗-algebras can be realized as partial crossed products
C0(X ) or Γ?

Why Partial Actions?
They provide explicit geometric/dynamical generators and relations.
They allow us to import topological dynamics into operator algebra
classification.
They serve as the most natural model for C∗-algebras generated by partial
isometries.
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Testing Ground: Directed Graph Algebras

Graph C∗-algebras provide a rich laboratory linking combinatorics and dynamics.

Theorem (Classical Fact)
For any directed graph E , the graph algebra C∗(E ) is isomorphic to a partial
crossed product:

C∗(E ) ∼= C0(E∞) or F|E1|

where E∞ is the boundary path space and F|E1| is the free group on the edges.

Moreover, the path groupoid GE that gives C∗(GE ) ∼= C∗(E ) is the
transformation groupoid:

GE
∼= E∞ o F|E1|

Key Takeaway
Every graph algebra admits a natural partial action model!
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Higher-Rank Graphs (k-graphs)

Higher-Rank Graphs (Kumjian–Pask, 2000)
k-graphs generalize directed graphs to k dimensions via degree functors
d : Λ→ Nk .

Theorem (B.–Kranz)
Path groupoids GΛ associated to a broad class of k-graphs admit partial action
models:

GΛ
∼= Λ∞ o Γ =⇒ C∗(Λ) ∼= C0(Λ∞) or Γ

In particular, this holds whenever Λ embeds into its fundamental groupoid.
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Models for Kirchberg Algebras

Recall: A Kirchberg algebra is a simple, separable, nuclear, purely infinite
C∗-algebra.

Theorem (B.–Kranz, 2026)
Every Kirchberg algebra in the UCT class can be realized as a partial crossed
product:

C (X ) or Γ

where X is the Cantor set and Γ is a countable discrete group.

Significance
Partial action models are completely universal for the entire UCT Kirchberg
classification program!
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Sketch of Construction for Kirchberg Algebras

How to construct the partial action model C (X ) or Γ for a UCT Kirchberg
algebra A:

1 Global Stable Models (Victor Wu): Realize A⊗K via global group actions
on non-compact spaces:

A⊗K ∼= C0(Y ) or Γ

2 Restriction to Partial Actions: Restrict the global action to a compact
open subset X ⊂ Y to yield an induced partial action on X .

3 K -Theory Control: Use pure infiniteness and dynamical comparison to map
K -theory generators directly into projections in C (X ).
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Limitations of Partial Actions

Despite these positive results, partial actions cannot model everything.

Exel’s Question
Is every locally compact Hausdorff étale groupoid isomorphic to a transformation
groupoid X o Γ?

Our Goal
Identify structural and topological obstructions that prevent a groupoid G (and its
C∗-algebra) from arising from a partial action.
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Obstruction 1: Topological Connectivity

Definition (Deaconu–Renault Groupoids)
For a local homeomorphism T : X → X , the Deaconu–Renault groupoid is:

G (X ,T ) := {(x ,m − n, y) ∈ X × Z× X : Tm(x) = T n(y)}

Theorem (B.–Kranz)
If X is connected and T is not injective, G (X ,T ) cannot be realized as a
transformation groupoid:

G (X ,T ) 6∼= X o Γ

Remark
Holds even when C∗r (G (X ,T )) is a UCT Kirchberg algebra (e.g., z 7→ z2 on S1).
Topological connectivity creates an explicit obstruction to partial action models!
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Obstruction 2: Asymptotic Spread (HLS & AFS)

Definition (HLS and AFS Groupoids)
Formed by approximations of a residually finite group Γ by its finite quotients
Γ/Γn (Higson–Lafforgue–Skandalis / Alekseev–Finn-Sell).

Theorem (B.–Kranz)
If Γ is not locally finite (e.g., Γ = Zn or Fn), the HLS and AFS groupoids fail
fiber-bound properties required by transformation groupoids:

GHLS 6∼= X o Γ and GAFS 6∼= X o Γ

Negative Answer to Exel’s Question
There exist many explicit étale groupoids that cannot be written as X o Γ.
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Broadening the Model: Twisted Groupoids

Since partial actions X o Γ hit topological and geometric boundaries, we consider
the most general dynamic-geometric model:

Twisted Étale Groupoids (G ,Σ)

G is a locally compact Hausdorff étale groupoid.
Σ is a central T-groupoid extension (twist) over G :

T× G (0) → Σ→ G

Generates the reduced twisted groupoid C∗-algebra C∗r (G ,Σ).
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Cartan Subalgebras and Renault’s Duality

Why is C∗r (G ,Σ) considered the ultimate groupoid model?

Theorem (Renault, 2008)
For a C∗-algebra A, there is a 1-to-1 correspondence:

Pairs (A,B) where B ⊂ A is a Cartan subalgebra
m

Effective twisted étale groupoids (G ,Σ)

where A ∼= C∗r (G ,Σ) and B ∼= C0(G (0)).

Moral
Every C∗-algebra with a Cartan subalgebra is a twisted étale groupoid algebra!
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The Ultimate Realization Question

Fundamental Question 2

Can every C ∗-algebra be realized as a reduced twisted étale groupoid
algebra C ∗

r (G ,Σ)?

Twists allow non-trivial K -theory and cohomology classes.
In [Buss–Sims, 2021], untwisted obstructions were found using opposite
algebras (A 6∼= Aop), but twists bypass this!
What about classical self-opposite algebras like B(H)?
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Main Obstruction Theorem for B(H)

Theorem (B.–Garcia-Pacheco, 2026, Adv. Math.)
Let H be an infinite-dimensional Hilbert space. There is no LC Hausdorff étale
groupoid G and no twist Σ over G such that

B(H) ∼= C∗r (G ,Σ)

Context & Significance
B(H) is self-opposite (B(H) ∼= B(H)op), so simple orientation/opposite
obstructions do not apply!
First explicit example of a C∗-algebra that cannot be realized by any reduced
twisted étale groupoid.
Note: If dim(H) = n <∞, Mn(C) is the groupoid algebra of the pair
groupoid on n points.
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Proof Strategy for B(H): Roadmap

Suppose C∗r (G ,Σ) ∼= B(H). Consider the canonical diagonal
A := C0(G (0)) ⊆ C∗r (G ,Σ) and the faithful conditional expectation
E : C∗r (G ,Σ)→ C0(G (0)).

The proof breaks into three main steps:
Step 1 Show that A is a von Neumann subalgebra of B(H).
Step 2 Show that A is atomic, forcing A ∼= `∞(X ) for |X | ≤ dim(H).
Step 3 Exclude both possibilities for X :

X finite =⇒ forces a tracial state on B(H).
X infinite =⇒ forces block sparsity incompatible with B(H).
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Step 1: A is a von Neumann Subalgebra

Proposition (B.–Garcia-Pacheco)
Let M be a von Neumann algebra and A ⊆ M a commutative unital
C∗-subalgebra. If there exists a faithful conditional expectation E : M → A, then
A is a von Neumann subalgebra of M.

Proof Idea
Let (aj) be an increasing bounded net in A. Its supremum a = supj aj exists
in M.
Applying E yields aj = E (aj) ≤ E (a) =⇒ a ≤ E (a).
Faithfulness gives E (E (a)− a) = 0 =⇒ E (a) = a ∈ A.
Thus A is monotone complete. By Kadison’s Theorem, A is a von Neumann
algebra.
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Step 2: Atomicity of the Diagonal

Theorem (B.–Garcia-Pacheco)
Let A ⊆ B(H) be a commutative von Neumann algebra admitting a faithful
conditional expectation E : B(H)→ A. Then A is atomic.

Proof Idea
Decompose A = Aa ⊕ Ad into atomic and diffuse parts. Let p ∈ A be the
projection onto Ad .
If p 6= 0, pick a unit vector ξ ∈ pH and slice p into a partition of unity
e1 + · · ·+ en = p with ‖ekξ‖2 < ε.
The operator xε :=

∑n
k=1 ek |ξ〉〈ξ|ek satisfies E (xε) = E (|ξ〉〈ξ|) but ‖xε‖ < ε,

forcing |ξ〉〈ξ| = 0, contradiction!

Corollary
A ∼= `∞(X ) for some set X ∼= G (0).
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Step 3A: Excluding Finite G (0) via Tracial States

Suppose A ∼= `∞(X ) with X ∼= G (0) finite.

Construction of a Trace
Define τ : Cc(G ,Σ)→ C by

τ(f ) :=
1
|G (0)|

∑
u∈G (0)

f (u) = µ ◦ E (f )

where µ is normalized counting measure on G (0).

Proposition
If G (0) is finite, τ extends to a tracial state on C∗r (G ,Σ).

Contradiction for Finite X

B(H) admits no tracial state when H is infinite-dimensional. Thus G (0) cannot
be finite!
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Step 3B: Infinite G (0) and Block Sparsity

Now suppose X is infinite. Minimal projections px = 1{x} yield orthogonal
decomposition H =

⊕
x∈X Hx .

Corner algebras pxC∗r (G ,Σ)px ∼= B(Hx) carry faithful traces
=⇒ dim(Hx) <∞.
For f ∈ Cc(G ,Σ), compactness gives coverage by m open bisections
U1, . . . ,Um.
The block matrix Tf = (Tyx)x,y∈X with Tyx = pyTf px satisfies:

At most m non-zero blocks in every row and column!

Operators in C∗r (G ,Σ) lie in the norm closure
⋃

k≥1 Sk of k-sparse block
operators.
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Step 3C: The Spreading Operator Contradiction

Choose pairwise disjoint finite subsets X1,X2, · · · ⊆ X with |Xr | = r .

Fix jr ∈ Xr and unit vectors ηx ∈ Hx . Define unit vectors:

ξr :=
1√
r

∑
x∈Xr

ηx

Define a partial isometry V ∈ B(H) by V ηjr = ξr for all r ≥ 1.

Lemma (B.–Garcia-Pacheco)
For any k-sparse operator T ∈ Sk , ‖T − V ‖ ≥ 1.

Final Contradiction
V /∈

⋃
k≥1 Sk =⇒ C∗r (G ,Σ) 6= B(H). Thus no such (G ,Σ) exists! `
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Recent Developments (I): von Neumann & Embeddability

In joint work with Luiz F. Garcia and Tomás Pacheco (in progress), we completely
classified which von Neumann algebras can be groupoid C∗-algebras:

Embeddability & Calkin Algebra
Non-embeddability: Neither B(H) nor the Calkin algebra
C(H) = B(H)/K(H) can embed into any C∗r (G ,Σ).
Full C∗-Algebras: C∗(G ,Σ) also cannot be isomorphic to B(H) or C(H).

Classification of von Neumann Algebras
The only von Neumann algebras realizable as reduced twisted groupoid
C∗-algebras C∗r (G ,Σ) are the subhomogeneous ones:

k⊕
i=1

Mni (Ai )

where each Ai is a commutative von Neumann algebra.
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Recent Developments (II): Non-Étale & Simple Separable
Case

Non-Étale Groupoids (B.–Garcia–Pacheco, 2026)
If C∗r (G ,Σ) is unital for a LC groupoid G (with Haar system), then G is
necessarily étale.
Thus B(H) and C(H) cannot be realized by any locally compact groupoid
(étale or not).

The Simple Separable Case (Fernández Quero, Ioana & Tan, 2026)
There exist simple, separable, non-nuclear, unital C∗-algebras A that
cannot be realized as C∗r (G ,Σ) for any étale groupoid twist Σ.
These algebras are stably finite, with a unique tracial state, stable rank one,
and real rank zero.
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Summary of Realizations & Limits

Algebra / Groupoid Target Model Realizability
1-graphs Partial Action X o Γ Yes (Always)
k-graphs Partial Action X o Γ Yes (Broad class)
UCT Kirchberg Partial Action X o Γ Yes (Always)
Deaconu-Renault (Conn.) Partial Action X o Γ No (Topological)
HLS / AFS Groupoids Partial Action X o Γ No (Fibers)
Coarse Groupoids Partial Action X o Γ Coarse Embeddings
B(H) Reduced Twisted Étale No (Adv. Math.)
Calkin C(H) Reduced Twisted Étale No (Adv. Math.)
Non-subhomogeneous vN Reduced Twisted Étale No (Adv. Math.)
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Thank You & References

Thank you for your attention!

Happy 90th Birthday, Paul Baum!
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