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Plan

◮ Kingston 1980. Transversal → Finite pro-

jective modules one can see !

◮ Kingston 1980. Baum-Douglas (M,E, f) theory

◮ The Assembly Map : Interplay of Homotopy

and NCG

◮ Interplay topos theory and NCG
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Integrality =⇒ Index Theorem

U1U2 = λU2U1, λ = exp(i2πθ)

(ξU1)(s) = ξ(s+θ), (ξU2)(s) = exp(i2πs)ξ(s)

D1f =
d

ds
f D2f(s) =

2πis

θ
f(s)
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The 1980 Comptes Rendus Note

We introduced the algebra C∞(T2
θ) and established that

the Schwartz space S(R) is a finite projective module

over it.

The surprising integrality of the product

Dimension × Curvature = θ × 1/θ

led to an index theorem and the Chern character in

cyclic cohomology.
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K-Homology : Analytic Visions

— Atiyah : Formulated K-homology analytically

via generalized elliptic pseudo-differential ope-

rators.

— Brown, Douglas, Fillmore : Formulated K-

homology in terms of extension theory of C∗-
algebras.

— Kasparov : Subsumed this into the profound

bivariant framework of KK-theory, using Fred-

holm modules (K-homology as KK(A,C)).
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K-Homology : Geometric Vision

Paul (with R. Douglas) was building a purely geometric

presentation of K-homology.

Geometric K-Homology (Baum-Douglas)

Cycles for a space X are given by triples (M,E, f) where :

— M is a compact Spinc manifold,

— E is a complex vector bundle over M ,

— f : M → X is a continuous map.

This provided the exact geometric left-hand side for the

assembly map.
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The Assembly Map : Interplay of
Homotopy and NCG

The interplay between the world of homotopy theory

and noncommutative geometry is best illustrated by the

applications of the injectivity or surjectivity of the as-

sembly map.

The geometric and analytical consequences split natu-

rally depending on which property of the map we invoke.
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Baum-Connes Assembly Map

µ : KΓ
∗ (EΓ) → K∗(C∗

r(Γ))

Injectivity

Novikov Conjecture

Homotopy invariance of

higher signatures

Gromov-Lawson-Rosenberg

PSC =⇒ Âx(M) = 0

12



Baum-Connes Assembly Map

µ : KΓ
∗ (EΓ) → K∗(C∗

r(Γ))

Surjectivity

Kadison-Kaplansky

No non-trivial idempotents

(Γ torsion-free)

Topological Whitehead

K1(C
∗
r(Γ))/[Γ] = 0

(BΓ 2-dimensional)

Discrete Series

Completeness for

semisimple Lie groups
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Beyond Discrete Groups

P. Baum, N. Higson, and R. Plymen : ”A proof of the
Baum-Connes conjecture for p adic GL(n),” C. R. Acad.
Sci. Paris Sér. I Math. 325 : 2 (July 1997)

— Real Lie groups
— p-adic groups

In all these situations, the assembly map creates a very
non-trivial relation :

Representation Theory

←→
Noncommutative Geometry
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Topos Theory vs. Homotopy Theory

In which sense is the Topos viewpoint more refined than

Homotopy ?

Consider the simplex category ∆ (finite ordinals {0, . . . , n},
non-decreasing maps).

The Homotopy Viewpoint :

— ∆ has a final object.

— Its classifying space (Quillen) is a singleton :

B∆ ≃ ∗.
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The Topos Viewpoint :

— The topos of presheaves 󰁦∆ = Set∆
op

is highly
non-trivial.

— Its points are “abstract intervals”.
— It is the classifying topos for the logical structure

of totally ordered sets with a minimum and a
maximum.

min max

x y z

min ≤ x ≤ y ≤ z ≤ max



The Scaling Site

To link Noncommutative Geometry and Topos Theory,

we introduce the Scaling Site.

(A. Connes & C. Consani, 2014)

It is defined as the semidirect product :

[0,∞) ⋊ N×

where the positive integers N× act on the half real line

[0,∞) by multiplication.
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The Noncommutative Space XQ

Consider the noncommutative space XQ. It can be des-

cribed in two equivalent ways :

1. Algebraic Description :

The double quotient of the adeles of Q :

XQ = Q×\AQ/Ẑ×
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2. Geometric Description :

The set of rank one subgroups of R (adjoining the

isomorphism classes of such groups).

Classically, this space is completely intractable. Non-

commutatively, it possesses a rich, precise geometric

structure.



Periodic orbits Cp

Finite set of places S ∋ ∞, pj ∈ S,

XQ,S := Γ\

󰀳

󰁃
󰁜

S

Qv

󰀴

󰁄 /
󰁜

S\∞
Z∗
p

where

Γ := {± p
n1
1 . . . p

nk
k | nj ∈ Z}

The group R∗
+ acts on XQ,S,

Generic orbit : Free action on x with xv ∕= 0 for all v.

Periodic orbits : xp = 0 & xv ∕= 0 → Cp = pZ\R∗
+
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Generic orbit dense in Cp

Cp
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Mathematics, Music, and the Zeros of
Zeta

The deepest relation I know between mathematics and

music is encapsulated in the following identity (ac+cc) :

The set of points of the Scaling Site

=

The noncommutative space XQ
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The Musical Metaphor

[0,∞) Frequencies
0 f 2f 3f 4f 5f

×2
×3

×4
×5

Action of N× (Harmonics)

— [0,∞) encodes the frequencies.

— N× encodes the harmonics.

The scaling site is the mathematical idealization of a

musical instrument.
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The Consequence

This space reaches the deepest part of mathematics. It

gives direct access to the zeros of the Riemann zeta

function as an absorption spectrum with absolutely no

need to define the zeta function itself !
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Happy 90's
Dear Paul !
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Thank you for 46 years of

profound mathematics

and friendship !


