
Introduction, Inspirations and Main Results
Path Algebra Case - Methods

Leavitt Path Algebra Case - Methods
Future Prospects

THE MAXIMAL DIMENSIONS OF PATH AND
GRAPH ALGEBRAS

Łukasz Kaczmarczyk joint work with
P.M. Hajac, M. Lowiel, E.A. Pacheco

University of Warsaw

29.07.2026

Łukasz Kaczmarczyk joint work with P.M. Hajac, M. Lowiel, E.A. PachecoTHE MAXIMAL DIMENSIONS OF PATH AND GRAPH ALGEBRAS



Introduction, Inspirations and Main Results
Path Algebra Case - Methods

Leavitt Path Algebra Case - Methods
Future Prospects

Notation

Definition: Directed Graph

A directed graph is a quadruple E :� pE 0,E 1, s, tq consisting of
1 the set of vertices E 0 and the set of edges E 1,
2 the source and target maps s, t : E 1 Ñ E 0 assigning to each edge its
source and target vertex, respectively.

Definition: Sources and Sinks

A vertex v in a directed graph E is called

a source if t�1ptvuq � H,

a sink, if s�1ptvuq � H.
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Notation

Definition: Path

A finite path in a directed graph E is a single vertex or a finite tuple
pn :� pe1, . . . , enq of edges satisfying

tpe1q � spe2q, tpe2q � spe3q, . . . , tpen�1q � spenq.

The beginning sppnq of pn is spe1q,

The end tppnq of pn is tpenq,

The length of a path is 0 when it’s a vertex or the size of the tuple
otherwise,

Path pn is called a cycle if sppnq � tppnq,

A directed graph without cycles is called acyclic,
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Notation

Definition: Connectedness

The directed graph pE 0, E 1, s, tq is connected if it is connected as an
undirected graph.

Definition: Forests, Trees and Trunks

Let pE 0, E 1, s, tq be an acyclic graph with N ¥ 1 edges, then

if it has no isolated vertexes we call it a N-forest graph,

if it’s a connected N-forest we call it a N-tree graph,

if its set of verteces can indexed by t1, . . . , nu and satisfy:

@ePE1 D1¤i¤n�1 speq � vi and tpeq � vi�1

we call it a N-trunk graph.

We denote the set of all forest, tree and trunk graphs with N ¥ 1 edges by
EN , FN , and TN , respectively.
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Notation

Presentation of trunks

Given a trunk E with verteces E 0 � tv1, . . . , vnu we will depict it in the
following way:

v1

...

m1

v2

...

m2

v3
� � �

vn�1

...

mn�1

vn .

The trunk graph as in the above picture may be described by its
associated sequence pm1, . . . ,mn�1q.

Induced graphs: Trunks

If E is a trunk graph with E 0 � tv1, . . . , vnu then for 1 ¤ i ¤ j ¤ n
let Ei ,j denote a full subgraph of E induced by verteces tvi , . . . , vju.
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Calculating the number of paths

A. Chirvasitu, P.M. Hajac 2019

Let E be an acyclic directed graph with N ¥ 1 edges, and let

1 ¤ k ¤ N �: nk � r , 0 ¤ r ¤ k � 1.

Then there are at most

PN
k :� pn � 1qrnk�r

different paths of length k, and the bound is optimal.

v1

...

n � 1

v2

...

n � 1

v3
� � �

vr

...

n � 1

vr�1

...

n

vr�2

...

n

vr�3
� � �

vk

...

n

vk�1
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Definition: Path algebra

Definition: Path algebra of a graph

Let E � pE 0,E 1, s, tq be a directed graph, K a field.
Let’s consider the free algebra KxE 0 \ E 1y together with relations:

pV q @v , u P E 0 vu � δv ,uv ,

pE q @e P E 1 speqe � e � e tpeq,

then the algebra KxE 0 \ E 1|V ,Ey is called the path algebra of E over K
and will be denoted by KE .
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Notation

Number of paths

Let E be a forest graph, then

Ppv ,wq - number of paths from v to w ,

Pspvq - amount of paths begining in v ,

Ptpvq - number of paths ending in v ,

PpE q - number of paths in E .

Moreover if E has unique source/sink then

PspE q - number of paths beginning at the source of E ,

PtpE q - number of paths ending at the sink of E .

Fact:

For a directed graph E the following equality holds:

dim KE � PpE q.
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Calculating the number of paths

P.M. Hajac, O.M. Stachowiak

For E P EN the following inequality holds:

PpE q ¤ N
�
e
1
e

	N
.
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Three Sisters: Path Algebras

Theorem: Dimension of the Path Algebra

If N ¥ 16, N � 3k and F maximizes the dimension of KE among EN ,
then PpF q � 14

�
121 � 3k�2 � 2k � 7

�

v1

1

v2

2

v3

3

v4
� � �

vk

3

vk�1

2

vk�2

1

vk�3
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Three Sisters: Path Algebras

Theorem: Dimension of the Path Algebra

If N ¥ 16, N � 3k � 1 and F maximizes the dimension of KE among EN ,
then PpF q � 14

�
529 � 3k�3 � 2k � 25

�

v1

1

v2

2

v3

2

v4

3

v5
� � �

vk

3

vk�1

2

vk�2

2

vk�3

1

vk�4
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Three Sisters: Path Algebras

Theorem: Dimension of the Path Algebra

If N ¥ 16, N � 3k � 2 and F maximizes the dimension of KE among EN ,
then PpF q � 14

�
253 � 3k�2 � 2k � 15

�

v1

1

v2

2

v3

2

v4

3

v5
� � �

vk�1

3

vk�2

2

vk�3

1

vk�4
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Definition: Levitt Path Algebra

Definition:Doubled Graph

For a directed graph E � pE 0,E 1, s, tq we define the doubled graph
Ẽ �

�
E 0,E 1 \

�
E 1

��
, s̃, t̃

�
via formulas:�

E 1
��
� te� : e P E 1u,

@e P
�
E 1

��
s̃pe�q � tpeq and @e P E 1 s̃peq � speq,

@e P
�
E 1

��
t̃pe�q � speq and @e P E 1 t̃peq � tpeq.
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Leavitt Path Algebra

Definition: Leavitt path algebra of a graph

Let E � pE 0,E 1, s, tq be a directed graph, K a field.
Let’s consider the path algebra of the doubled graph Ẽ :
KxE 0 \ E 1 \

�
E 1

��
|V ,Ey together with relations:

pCK1q @e� P
�
E 1

��
@f P E 1 e�f � δe,f tpeq,

pCK2q @v P E 0 0   |s�1ptvuq|   �8 ñ v �
°

ePs�1ptvuq

ee�.

The algebra KxE 0 \ E 1 \
�
E 1

��
|V ,E ,CK1,CK2y is called the Leavitt

path algebra of E over K and is denoted by LKpE q.
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Leavitt Path Algebras properties

Theorem

Let E be an N-forest graph and tuiun1 be the set of all its sinks. Then the
following equality holds

LKpE q �
nà

i�1

MPtpui q pKq .

Lemma

Let EN
s denote the set of all N-forests with a single sink. Then the

following equality holds:

sup
EPEN

dim LKpE q � sup
EPEN

s

dim LKpE q � sup
EPEN

s

pPtpE qq
2 .

Note that TN � EN
s .
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Three Sisters: Leavitt Path Algebras

Theorem: Dimension of the Leavitt Path Algebra

If N ¥ 8, N � 3k and F maximazes the dimension of LKpE q among EN ,
then PtpF q �

1
2

�
11 � 3k�1 � 1

�
,

v1

1

v2

2

v3

3

v4
� � �

vk�1

3

vk�2
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Three Sisters: Leavitt Path Algebras

Theorem: Dimension of the Leavitt Path Algebra

If N ¥ 8, N � 3k � 1 and F maximazes the dimension of LKpE q among
EN , then PtpF q �

1
2

�
47 � 3k�2 � 1

�
,

v1

1

v2

2

v3

2

v4

3

v5

3

v6
� � �

vk�2

3

vk�3

Łukasz Kaczmarczyk joint work with P.M. Hajac, M. Lowiel, E.A. PachecoTHE MAXIMAL DIMENSIONS OF PATH AND GRAPH ALGEBRAS



Introduction, Inspirations and Main Results
Path Algebra Case - Methods

Leavitt Path Algebra Case - Methods
Future Prospects

Three Sisters: Leavitt Path Algebras

Theorem: Dimension of the Leavitt Path Algebra

If N ¥ 8, N � 3k � 2 and F maximazes the dimension of LKpE q among
EN , then PtpF q �

1
2

�
23 � 3k�1 � 1

�
,

v1

1

v2

2

v3

2

v4

3

v5
� � �

vk�2

3

vk�3
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Path Algebra

Path Algebra Case - Methods

Łukasz Kaczmarczyk joint work with P.M. Hajac, M. Lowiel, E.A. PachecoTHE MAXIMAL DIMENSIONS OF PATH AND GRAPH ALGEBRAS



Introduction, Inspirations and Main Results
Path Algebra Case - Methods

Leavitt Path Algebra Case - Methods
Future Prospects

From Trees to Trunks

Lemma:

The following equality holds:

sup
EPEN

PpE q � sup
EPTN

PpE q.

Moves

Spliting sinks and sources,

Resolving alternative paths,

Combining stray paths,

Fusion of trunks.
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Moves - Spliting Sources

u

m1

m2
...

mk�1

mk

v1

v2

...

vk�1

vk

u1,1
...

u1,m1

u2,1
...

u2,m2
...

uk�1,1
...

uk�1,mk�1

uk,1
...

uk,mk

v1

v2

...

vk�1

vk

.
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Moves - Spliting Sinks

v1

v2

...

vk�1

vk

m1

m2
...

mk�1

mk

u

v1

v2

...

vk�1

vk

u1,1
...

u1,m1

u2,1
...

u2,m2
...

uk�1,1
...

uk�1,mk�1

uk,1
...

uk,mk .
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Moves - Resolving alternative paths

v2 v3
� � �

vn�1 vn

w1 w2
� � �

wk�1 wk

w1 w2 w3
� � �

wn�1 wn wn�1 wn�2 wn�3
� � �

wk�1 wk
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Moves - Combing stray paths from sources

v1 v2
� � �

vn�1
vn

w1 w2
� � �

wk�1 wk

v1 v2
� � �

vn�1
vn

w1 w2
� � �

wk�1 wk
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Moves - Combining stray paths to sinks

v1
v2
� � �

vn�1 vn

w1 w2
� � �

wk�1 wk

v1
v2
� � �

vn�1 vn

w1 w2
� � �

wk�1 wk
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Moves - Fusion of trunks

v1

...

m1

v2

...

m2

v3
� � �

vn�1

...

mn�1

vn w1

...

l1

w2

...

l2

w3
� � �

wk�1

...

lk�1

wk

v1

...

m1

v2

...

m2

v3
� � �

vn�1

...

mn�1

vn

...

l1

w2

...

lk�1

w3
� � �

wk�1

...

lk�1

wk
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Python
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From Trunks to bounded Trunks

Definition: Width, Weight, Length

Let E be a trunk graph with N ¥ 1 edges and n vertices.

The width of E is wpE q :� max
vPE0

|s�1E pvq| � max
1¤k¤n�1

mk ,

The weight of E is N,

The length of E is n � 1.

We denote the set of all trunk graphs with weight N and width w by TN
w .

Theorem:

The following equality holds:

sup
EPTN

PpE q � sup
EPTN

3

PpE q.
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Proof

Let us consider graph E PTNzTN
3 and let vk be a vertex satisfying

mk ¡ 3.

E1,k ...

mk

Ek�1,n

and compare it with a graph G given by decomposition:

E1,k ...

X
mk

2

\

w

...

P
mk

2

T

Ek�1,n

PpG q � PpE q � 1� Ptpvkq �
Ymk

2

]
�
Qmk

2

U
� Pspvk�1q

� Ptpvkq �
Ymk

2

]
�
Qmk

2

U
� Pspvk�1q � Ptpvkq �mk � Pspvk�1q.
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Properties

Lemma:

Let F PTN
3 be the optimal graph then:

m1 � mn�1 � 1.

v1

...

m1

F2,n

and compare it with graph G :

v1,1

1

v1,2

1

v1,3
� � �

v1,m1

1
F2,n
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Properties

Lemma:

Let F PTN
3 be the optimal graph then:

@1¤k¤n�2 |mk �mk�1| ¤ 1.

F1,k
1

vk�1

3

Fk�2,n

and compare

F1,k

2

vk�1

2

Fk�2,n
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Properties

Lemma:

Let F PTN
3 be the optimal graph and k

� � mintk : Ptpvkq ¥ Pspvk�2qu,
then:

@1¤k k� mk ¤ mk�1,

@k�¤k¤n�2 mk�1 ¤ mk .

F1,k ...

mk

vk�1

...

mk�1

Fk�2,n

,

and compare it with a graph G given by decomposition:

F1,k ...

mk�1

vk�1

...

mk

Fk�2,n

.
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Properties

Lemma: Summary

Let F PTN
3 be the optimal graph and k

� � mintk : Ptpvkq ¥ Pspvk�2qu,
then:

m1 � mn�1 � 1,

@1¤k¤n�2 |mk �mk�1| ¤ 1,

@1¤k k� mk ¤ mk�1,

@k�¤k¤n�2 mk�1 ¤ mk .
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Sequence

Definition: Associated Sequence

All lemmas that we have proven thus far yield a very particular form of the
associated sequence of edges l :� pmkq

n�1
k�1 in an optimal graph.

Namely, we know that l is a sequence of the form:

l � p1, . . . , 1, 2, . . . , 2, 3, . . . , 3, 2, . . . , 2, 1, . . . , 1q.

Say that there are n1 copies of 1’s at the beginning, followed by n2 2’s,
n3 3’s, n4 2’s and finally n5 1’s at the end.
We will use the following shorthand for the sequence l :

l �: pn1, n2, n3, n4, n5q.

Notation:

Note that when n3 � 0 then n2, n4 are not well defined, similarly when
n2 � n4 � 0 then n1, n5 are not well defined.
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Trunks

Notation: ”Critical Index”

For j P t1, 2, 3, 4, 5u let kj denote the j-th index such that mj �� mj�1.

For critical indices the following equality holds: kj �
j°

i�1
ni .

v1

1

v2

1
� � �

1

vk1�1

2

vk1�2

2
� � �

2

vk2�1

3

vk2�2

3
� � �

3

vk3�1

2

vk3�2

2
� � �

2

vk4�1

1

vk4�2

1
� � �

1

vk5�1
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Formula for paths

Formula:

If E has associated sequence pn1, n2, n3, n4, n5q then

PtpE q �

��
pn1 � 2q 2n2 �

1
2



3n3 �

1
2



2n4 � n5 � 1 (1)

PpE q � rpn1 � 2q 2n2 pn5 � 2q 2n4s 3n3 �
1
2
rpn1 � 2q 2n2 � pn5 � 2q 2n4s 3n3

�
1
4
3n3 �

1
2
rpn1 � 2q 2n2 � pn5 � 2q 2n4s

�
1
2
rn1 pn1 � 1q � n5 pn5 � 1qs � rn2 � n4s �

1
2
n3 �

13
4

(2)
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Sketch

Proof

Let E have associated sequence pnjq51 and tkju
5
1 be the critical indices, then

PtpE q �
ņ

k�1

Ppvk , vnq

�
ņ

k�k5�1

Ppvk , vnq �
k5̧

k�k4�1

Ppvk , vnq �
k4̧

k�k3�1

Ppvk , vnq

�
k3̧

k�k2�1

Ppvk , vnq �
k2̧

k�k1�1

Ppvk , vnq �
k1̧

k�1

Ppvk , vnq

� 1�
n5̧

k�1

1k �
n4̧

k�1

2k

�
n3̧

k�1

3k � 2n4 �
n2̧

k�1

2k � 3n3 � 2n4 �
n1̧

k�1

1k � 2n2 � 3n3 � 2n4
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Sketch

Proof

PpF q �
ņ

k�1

ķ

l�1

Ppvl , vkq �
ņ

k�1

Pt pvkq �
ņ

k�1

Pt pE1,kq

� PtpE1,1q �
k1�1̧

k�2

Pt pE1,kq �
k2�1̧

k�k1�2

Pt pE1,kq

�
k3�1̧

k�k2�2

Pt pE1,kq

�
k4�1̧

k�k3�2

Pt pE1,kq

�
k5�1̧

k�k4�2

Pt pE1,kq
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Sketch

Proof

Applying formula (1) we get:

PpE q � 1�
n1̧

k�1

rk � 1s �
n2̧

k�1

�
pn1 � 2q 2k � 1

�

�
n3̧

k�1

��
pn1 � 2q 2n2 �

1
2



3k �

1
2

�

�
n4̧

k�1

���
pn1 � 2q 2n2 �

1
2



3n3 �

1
2



2k � 1

�

�
n5̧

k�1

���
pn1 � 2q 2n2 �

1
2



3n3 �

1
2



2n4 � k � 1

�
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Sequences and their properties

Lemma:

If F is the optimal graph then its sequence pn1, n2, n3, n4, n5q satisfies:

n2 ¥ 1 whenever N ¥ 5,

n1 � n5 � 1 whenever N ¥ 8,

n3 ¥ 1 whenever N ¥ 13,

n3 ¥ 2 whenever N ¥ 16.

Moreover

n1, n5 ¤ 3 whenever n2 ¥ 1,

|n2 � n4| ¤ 1 whenever n3 ¥ 1,

maxtn2, n4u ¤ 2 whenever n3 ¥ 2.

Łukasz Kaczmarczyk joint work with P.M. Hajac, M. Lowiel, E.A. PachecoTHE MAXIMAL DIMENSIONS OF PATH AND GRAPH ALGEBRAS



Introduction, Inspirations and Main Results
Path Algebra Case - Methods

Leavitt Path Algebra Case - Methods
Future Prospects

Moves

List
1 pn1, n2, n3, n4, n5q ÞÑ pn1 � 2, n2 � 1, n3, n4, n5q
2 pn1, n2, n3, n4, n5q ÞÑ pn1 � 1, n2 � 1, n3 � 1, n4, n5q
3 pn1, n2, n3, n4, n5q ÞÑ pn1 � 1, n2, n3 � 1, n4 � 1, n5q
4 pn1, n2, n3, n4, n5q ÞÑ pn1 � 1, n2 � 1, n3 � 1, n4 � 1, n5q
5 pn1, n2, n3, n4, n5q ÞÑ pn1, n2 � 2, n3 � 2, n4 � 1, n5q
6 pn1, n2, n3, n4, n5q ÞÑ pn1, n2 � 1, n3, n4 � 1, n5q
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Moves

Move 1

pn1, n2, n3, n4, n5q ÞÑ pn1 � 2, n2 � 1, n3, n4, n5q

E1,n1�1

1

vn1

1

Ek1�1,n

And let’s compare it with graph G

E1,n1�1

2

Ek1�1,n
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Moves

Move 2

pn1, n2, n3, n4, n5q ÞÑ pn1 � 1, n2 � 1, n3 � 1, n4, n5q

v1

1

E2,k3

2

Ek3�1,n

Compare it with

E2,k3

3

Ek3�1,n
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Moves

Move 3

pn1, n2, n3, n4, n5q ÞÑ pn1 � 1, n2, n3 � 1, n4 � 1, n5q

v1

1

E2,k4�1

2

Ek4�2,n

Compare it with

E2,k4�1

3

Ek4�2,n
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Moves

Move 4

pn1, n2, n3, n4, n5q ÞÑ pn1 � 1, n2 � 1, n3 � 1, n4 � 1, n5q

E1,n1
1

Ek1�1,k3

3

Ek3�1,n

Compare it with

E1,n1

2

Ek1�1,k3

2

Ek3�1,n
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Moves

Move 5

pn1, n2, n3, n4, n5q ÞÑ pn1, n2 � 2, n3 � 2, n4 � 1, n5q

E1,k2�1

2

vk2

2

vk2�1

3

vk2�2
� � �

vk3

3

vk3�1

2

Ek3�2,n

Let us considet the graph G

E1,k2�1

3

vk2vk2

3

vk2�1
� � �

vk3

3

Ek3�2,n
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Moves

Move 6

pn1, n2, n3, n4, n5q ÞÑ pn1, n2 � 1, n3, n4 � 1, n5q

E1,k2

2

vk2�1

3

vk2�2
� � �

vk2�n3

3

Ek3�1,n

.

and compare it with graph G

E1,k2

3

vk2�1
� � �

vk2�n3�1

3

vk2�n3

2

Ek3�1,n

.
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Three Sisters

Theorem: Form of Optimal Graph

If N ¥ 16 and F maximizes the dimension of KE among EN , then

F �
�
1, 1, N�63 , 1, 1

�
�

�
1, 1,

X
N
3

\
� 2, 1, 1

�
,

F �
�
1, 2, N�103 , 2, 1

�
�

�
1, 2,

X
N
3

\
� 3, 2, 1

�
,

F �
�
1, 2, N�83 , 1, 1

�
�

�
1, 2,

X
N
3

\
� 2, 1, 1

�
,

depending on the remainder of division of N by 3.

Theorem: Dimension of the Path Algebra

If N ¥ 16 and F maximizes the dimension of KE among EN , then

PpF q � 14

�
121 � 3t

N
3 u�2 � 2

X
N
3

\
� 7

	
,

PpF q � 14

�
529 � 3t

N
3 u�3 � 2

X
N
3

\
� 25

	
,

PpF q � 14

�
253 � 3t

N
3 u�2 � 2

X
N
3

\
� 15

	
,

depending on the remainder of division of N by 3.
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Leavitt Path Algebra

Leavitt Path Algebra Methods
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From Trees to Trunks

Theorem

The following equality holds:

sup
EPEN

s

PtpE q � sup
EPTN

PtpE q.

Moves

Resolving alternative paths,

Combing stray paths.
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Moves - Resolving alternative paths

v2 v3
� � �

vn�1 vn

w1 w2
� � �

wk�1 wk

w1 w2 w3
� � �

wn�1 wn wn�1 wn�2 wn�3
� � �

wk�1 wk
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Moves - Combing stray paths from sources

v1 v2
� � �

vn�1
vn

w1 w2
� � �

wk�1 wk

v1 v2
� � �

vn�1
vn

w1 w2
� � �

wk�1 wk
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Python
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Ones and differences

Lemma

The following equality holds:

sup
EPTN

PtpE q � sup
EPTN

3

PtpE q.

E1,k ...

mk

Ek�1,n

and compare it with a graph G given by decomposition:

E1,k ...

X
mk

2

\

w
...

P
mk

2

T

Ek�1,n

PtpG q � PtpE q �
Qmk

2

U
� Pspvk�1q � Ptpvkq �

Ymk

2

]
�
Qmk

2

U
� Pspvk�1q

� Ptpvkq �mk � Pspvk�1q.
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Properties

Lemma:

Let F PTN
3 be the optimal graph then:

m1 � 1.

v1

...

m1

F2,n

and compare it with graph G :

v1,1

1

v1,2

1

v1,3
� � �

v1,m1

1
F2,n
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Properties

Lemma:

Let F PTN
3 be the optimal graph then:

@1¤k¤n�2 |mk �mk�1| ¤ 1.

E1,k
1

vk�1

3

Ek�2,n

and compare

E1,k

2

vk�1

2

Ek�2,n
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Properties

Lemma:

Let F PTN
3 be the optimal graph then:

@1¤k¤n�2 mk ¤ mk�1.

F1,k ...

mk

vk�1

...

mk�1

Fk�2,n

,

and compare it with a graph G given by decomposition:

F1,k ...

mk�1

vk�1

...

mk

Fk�2,n

.
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Properties

Lemma: Summary

Let F PTN
3 be the optimal graph then:

m1 � 1,

@1¤k¤n�2 |mk �mk�1| ¤ 1,

@1¤k¤n�2 mk ¤ mk�1.
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Paths to the sink

Formula

If E has associated sequence pn1, n2, n3q then

PtpE q �

�
pn1 � 2q 2n2 �

1
2



3n3 �

1
2

Proof

We apply formula (1)
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Sequences and their properties

Lemma:

If F is the optimal graph then its sequence pn1, n2, n3q satisfies:

n2 ¥ 1 whenever N ¥ 3,

n1 � 1 whenever N ¥ 5,

n3 ¥ 1 whenever N ¥ 8.

Moreover

n2 ¤ 3 whenever n3 ¥ 1.
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Moves

Moves

Let us consider a trunk with associated sequence pn1, n2, n3q.
1 pn1, n2, n3q ÞÑ pn1 � 2, n2 � 1, n3q
2 pn1, n2, n3q ÞÑ pn1, n2 � 3, n3 � 2q
3 pn1, n2, n3q ÞÑ pn1 � 1, n2 � 1, n3 � 1q
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Moves

Move 1

pn1, n2, n3q ÞÑ pn1 � 2, n2 � 1, n3q

E1,n1�1

1

vn1

1

Ek1�1,n

And let’s compare it with graph G

E1,n1�1

2

Ek1�1,n
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Moves

Move 2

pn1, n2, n3q ÞÑ pn1, n2 � 3, n3 � 2q

E1,k2�2

2

vk2�1

2

vk2

2

vk2�1

3

Ek2�2,n

Let us consider the graph G

E1,k2�2

3

vk2�1

3

vk2

3

Ek2�2,n
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Moves

Move 3

pn1, n2, n3q ÞÑ pn1 � 1, n2 � 1, n3 � 1q

v1

1

E2,k2

2

Ek2�1,n

Compare it with

E2,k2

3

Ek2�1,n
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Optimal graphs and Three sisters

Theorem:

If N ¥ 8 and F maximizes the dimension of LKpE q among EN
s then

F �
�
1, 1, N�33

�
�

�
1, 1,

X
N
3

\
� 1

�
, PtpF q �

1
2

�
11 � 3t

N
3 u�1 � 1

	
F �

�
1, 3, N�73

�
�

�
1, 3,

X
N
3

\
� 2

�
, PtpF q �

1
2

�
47 � 3t

N
3 u�2 � 1

	
F �

�
1, 2, N�53

�
�

�
1, 2,

X
N
3

\
� 1

�
, PtpF q �

1
2

�
23 � 3t

N
3 u�1 � 1

	
depending on the value of N mod 3.
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Open Problem

A new problem appears!
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Gap Problem

Necessary and Sufficient numbers

For any natural number n P N let us consider numbers:

mpnq � max

#
N : sup

EPEN
s

PtpE q   n

+
� 1

Mpnq � min
 
N : Mn pKq � LKpE q, |E

1| � N
(

called necessary and sufficient numbers for construction respectively.

Gap problem

What is the behavior of Mpnq compared to mpnq?
In particular:

sup
nPN

pMpnq �mpnqq   �8.
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The End

Thank you!!!
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