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1. Grassmann Mannifold Gr(2,4)

▸ Definition: Gr(2,4) ∶= {V ⊂ C4 ∶ dim(V ) = 2}

▸ Compact homogenous space: Gr(2,4) = SU(4)/S(U(2)×U(2))

▸ Complex manifold: Gr(2,4) ∶= SL(4,C)/P

P = {A ∈ SL(4,C) ∶ A = (A11 A12

0 A22
) , Aij ∈ Mat2×2(C)}

▸ Schubert Calculus: Gr(2,4) ∶= {` ⊂ CP3 ∶ ` = V /C is a line }

▸ Noncommutative Version:

O(Grq(2,4)) ∶= O(SUq(4) /S(Uq(2)×Uq(2)))

▸ Question: Do Schubert’s counting methods survive q-deformations?
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2. Plücker Embedding of Gr(2,4)

▸ Definition: P(Λ2C4) ≅ CP5 = {[v] ∶ v ∈ C6 ∖ {0}}
Gr(2,4) ∋ V = span{u, v} z→ [u ∧ v] ∈ P(Λ2C4)
CP3 ∋ ` = [V ] z→ [u ∧ v] ∈ P(Λ2C4)

⇒ independent of the basis {u, v} ⇒ injective

⇒ not surjective: (u∧v) ∧ (u∧v) = 0

▸ Plücker Coordinates and Plücker relation:

Λ2C4 = span{e1∧e2, e1∧e3, e1∧e4, e2∧e3, e2∧e4, e3∧e4}
ω = x12e1∧e2+x13e1∧e3+x14e1∧e4+x23e2∧e3+x24e2∧e4+x34e3∧e4

ω ∧ ω = 0 ⇒ x12x34 − x13x24 + x14x23 = 0

dim(P(Λ2C4)) − 1 = 4 = dim(Gr(2,4)), irreducible

⇒ Gr(2,4) ≅ {[(z1, z2, z3, z4, z5, z6)] ∈ CP5 ∶ z1z6 − z2z5 + z3z4 = 0}
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3. Cell Decomposition of Gr(2,4)

▸ Standard Flag: {0} ⊂ C ⊂ C2 ⊂ C3 ⊂ C4, 1 ≤ σ1 < σ2 ≤ 4

b1 = (0,0,0,1), b2 = (0,0,1,0), b3 = (0,1,0,0), b4 = (1,0,0,0)
e(σ1, σ2) = {V ∈ Gr(2,4) ∶ dim(V ∩Cσ1−1) = 0, dim(V ∩Cσ1) = 1,

dim(V ∩Cσ2−1) = 1, dim(V ∩Cσ2) = 2}

▸ Schubert Cells: z1, z2, z3, z4 ∈ C

∅ ∶ [ (0 1 z4 z3)
(1 0 z2 z1)

] = e(3,4), ◻ ∶ [ (0 0 1 z3)
(1 z2 0 z1)

] = e(2,4)

◻◻ ∶ [ (0 0 1 z2)
(0 1 0 z1)

] = e(2,3), ◻◻ ∶ [ (0 0 0 1)
(1 z2 z1 0) ] = e(1,4)

◻◻◻ ∶ [ (0 0 0 1)
(0 1 z1 0) ] = e(1,3),

◻◻◻◻ ∶ [ (0 0 0 1)
(0 0 1 0) ] = e(1,2)

⇒ 6 open cells. Problem: Gluing functions?
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4. Plücker Coordinates

▸ Gr(2,4) = {[ (u1 u2 u3 u4) = u
(v1 v2 v3 v4) = v ] ∶ dim(span{u, v}) = 2}

▸ xij ∶=det(ui ujvi vj
) ⇒ (u1bi+ujbj)∧(v1bi+vjbj) = xij bi ∧ bj , i< j

⇒ x12x34 − x13x24 + x14x23 = 0

[ (0 1 z4 z3)
(1 0 z2 z1)

] = e(3,4), [ (0 0 1 z3)
(1 z2 0 z1)

] = e(2,4)

x12 ≠ 0 x12 = 0, x13 ≠ 0

[ (0 0 1 z2)
(0 1 0 z1)

] = e(2,3), [ (0 0 0 1)
(1 z2 z1 0) ] = e(1,4)

x12 = x13 = x14 = 0, x23 ≠ 0 x12 = x13 = x23 = 0, x14 ≠ 0

[ (0 0 0 1)
(0 1 z1 0) ] = e(1,3), [ (0 0 0 1)

(0 0 1 0) ] = e(1,2)

x12 =x13 =x14 =x23 = 0, x24 ≠ 0 x12 = . . . =x24 = 0, x34 ≠ 0
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5. Orthogonal Plücker Coordinates

▸ Gr(2,4) = {[ (u11 u12 u13 u14) = u1

(u21 u22 u23 u24) = u2
] ∶ ⟨ul, uk⟩C4 = δkl, k, i = 1,2}

▸ Plücker Relation: x12x34 − x13x24 + x14x23 = 0

▸ Gr(2,4)={[(0 x̄34 x̄24 x̄23)
(t x12 −x13 x14)]∶ (x12 ∶x13 ∶x14 ∶x23 ∶x24 ∶x44) ∈CP5}

▸ ∣x34∣2+∣x24∣2+∣x24∣2 = 1, t2 = 1−(∣x12∣2+∣x13∣2+∣x14∣2), t ≥ 0

⇒ ∣xij ∣ ≤ 1 ⇒ xij ∈ D̄ ∶= {z ∈ C ∶ ∣z∣ ≤ 1}

▸ Circle Bundle:

z1 ∶= x12, z2 ∶= x13, z3 ∶= x14, z4 ∶= tx23, z5 ∶= tx24, z6 ∶= tx34

⇒ ∣z1∣2 + ∣z2∣2 + ∣z3∣2 + ∣z4∣2 + ∣z5∣2 + ∣z6∣2 = 1 − t2 + t2 = 1

⇒ S11 ∋ (z1, z2, z3, z4, z5, z6) ↦ (z1 ∶ z2 ∶ z3 ∶ z4 ∶ z5 ∶ z6) ∈CP5 =S11/U(1)
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6. CW-Decomposition in Disc Coordinates

Gr(2,4) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
[ (0 z6 z̄5 z̄4)
(t z1 −z2 z3)

] ∶
z1z6 − z2z5 + z3z4 = 0, t ∈ [0,1]
∣z4∣2 + ∣z5∣2 + z2

6 = 1,

t2 + ∣z1∣2 + ∣z2∣2 + ∣z3∣2 = 1

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

X0 = e(1,2) = [ (0 0 0 1)
(0 0 1 0) ] ≅ {pt}

X2 = e(1,3) = [ (0 0 0 1)
(0 y1 −

√
1−∣y1∣2 0) ] ≅ CP1

X2=CP1

y1 ↦ (y1∶−
√

1−∣y1∣2) 1 ↦ (1∶0)

D̄
ΦL2

:: ::

X0={1}
2 RΦR2

dd

eiθ ↦ eiθ eiθ ↦ 1

S1
2 R

ι

ee
ρ2

:: ::
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7. CW-Decomposition: e(1,4)

X2 = e(1,3) = [ (0 0 0 1)
(0 y1 −

√
1−∣y1∣2 0) ] ≅ CP1 ≅ D̄/∼

e(1,4) = [ ( 0 0 0 1)
(
√

(1−∣y1∣2)(1−∣y2∣2) y1 −
√

1−∣y1∣2y2 0) ] ≅ CP2

CP2

(√(1−∣y1 ∣2)(1−∣y2 ∣2)∶y1 ∶−
√

1−∣y1 ∣2y2) (y1 ∶ −
√

1−∣y1 ∣2)↦(0 ∶y1 ∶ −
√

1−∣y1 ∣2)

D̄ × D̄
ϕL4

== ==

X2=CP1=D̄/∼
3 S

ϕR4

ee

(y1,y2)↦(y1,y2)

77

(y1,y2)↦(y1 ∶ −
√

1−∣y1∣2)

∂(D̄ × D̄)
1 Q

ι

cc
ρ14=Φ

L
2 ×{1}

88 88

⇒ CP2 = (D̄ × D̄)/ ∼
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8. CW-Decomposition: e(2,4)

X2 = e(1,3) = [ (0 0 0 1)
(0 y1 −

√
1−∣y1∣2 0) ] ≅ CP1 ≅ D̄/∼

e(2,3) =
⎡⎢⎢⎢⎣
(0 0

√
1−∣y3∣2 ȳ3 )

(0 y1 −
√

1−∣y1∣2y3

√
1−∣y1∣2

√
1−∣y3∣2)

⎤⎥⎥⎥⎦
≅ CP2

⇒
√

1−∣y1∣2(−y3,
√

1−∣y3∣2) � (
√

1−∣y3∣2, ȳ3) (unique up to scalars)

CP2

(y1 ∶−
√

1−∣y1 ∣2y3 ∶
√
(1−∣y1 ∣2)(1−∣y3 ∣2)) (y1 ∶ −

√
1−∣y1 ∣2)↦(y1 ∶ −

√
1−∣y1 ∣2 ∶0)

D̄ × D̄
φL4

== ==

X2=CP1=D̄/∼
3 S

φR4

ee

(y1,y3)↦(y1,y3)

77

(y1,y3)↦(y1 ∶ −
√

1−∣y1∣2)

∂(D̄ × D̄)
1 Q

ι

cc
ρ24=Φ

L
2 ×{1}

88 88

⇒ CP2 = (D̄ × D̄)/ ∼
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9. CW-Decomposition: X4

X4 = [ ( 0 0 0 1)
(
√

(1−∣y1∣2)(1−∣y2∣2) y1 −
√

1−∣y1∣2y2 0) ]

∐
CP1

⎡⎢⎢⎢⎣
(0 0

√
1−∣y3∣2 ȳ3 )

(0 y1 −
√

1−∣y1∣2y3

√
1−∣y1∣2

√
1−∣y3∣2)

⎤⎥⎥⎥⎦
▸ lim(y3 ∶

√
1−∣y3∣2) = (1 ∶ 0) ⇒ lim(e(1,4)) = e(1,3) ≅ CP1

▸ lim(y2 ∶
√

1−∣y2∣2) = (1 ∶ 0) ⇒ lim(e(2,3)) = e(1,3) ≅ CP1

X4 = e(1,4) ∐
CP1

e(2,3)

(y1 ∶ −
√

1−∣y1 ∣2) ↦ (0 ∶y1 ∶ −
√

1−∣y1 ∣2 ∶0)

D̄ × D̄∐ D̄ × D̄

ϕL4 ⊔φ
L
4

77 77

X2=CP1
4 T

ΦR4

ff

∂(D̄ × D̄∐ D̄ × D̄)
7 W

ι⊔ ι
jj ρ4=ρ1

4 ⊔ρ
2
4

55 55
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10. CW-Decomposition: X6

X6 = e(2,4) = [ (0 0
√

1 − ∣y3∣2 ȳ3 )
(t y1 −

√
1−∣y1∣2y2y3

√
1−∣y1∣2

√
1−∣y3∣2y2)

]

▸ lim(y3 ∶
√

1−∣y3∣2) = (1 ∶ 0) ⇒ lim(e(2,4)) = e(1,4)
▸ lim(y2 ∶

√
1−∣y2∣2) = (1 ∶ 0) ⇒ lim(e(2,4)) = e(2,3)

X6 = e(2,4)

D̄ × D̄ × D̄
ΦL6

66 66

X4 =CP2 ∐
CP1

CP2
5 U

ΦR6

hh

(t ∶y1 ∶ −
√

1−∣y1 ∣2y2 ∶0) ∐

(0 ∶y1 ∶ −
√

1−∣y1 ∣2y3 ∶
√

1−∣y1 ∣2
√

1−∣y3 ∣2)

∂(D̄ × D̄ × D̄)
/ O

ι

``

ρ6 =ϕ
L
4 ×
CP1

φL4

== ==

Elmar Wagner Quantum Complex Grassmannian Gr(2,4)



11. CW-Decomposition: X8

X6 = e(2,4) = [ (0 0
√

1 − ∣y3∣2 ȳ3 )
(t y1 −

√
1−∣y1∣2y2y3

√
1−∣y1∣2

√
1−∣y3∣2y2)

]

X8 = [ (0 t3t4 t3ȳ4 ȳ3 )
(t1t2 y1y4 − t1t4y2y3 −t4y1 − t1y2y3y4 t1t3y2)

]

t1 ∶=
√

1−∣y1∣2, t2 ∶=
√

1−∣y2∣2, t3 ∶=
√

1−∣y3∣2, t4 ∶=
√

1−∣y4∣2

X8 = e(3,4)
(t ∶y1 ∶ −

√
1−∣y1 ∣2y2y3 ∶

√
1−∣y1 ∣2

√
1−∣y3 ∣2 y2)

D̄ × D̄ × D̄ × D̄
φL8

77 77

X6 = D̄×D̄×D̄/∼
4 TΦR8

ff

∂(D̄ × D̄ × D̄ × D̄)
7 W

ι
ii

ρ8 =φ
L
6 ×{1}

55 55
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12. Coordinate Functions

X8 = [ (0 t3t4 t3ȳ4 ȳ3 )
(t1t2 y1y4 − t1t4y2y3 −t4y1 − t1y2y3y4 t1t3y2)

]

▸ zj ∶ D̄ × D̄ × D̄ × D̄Ð→ C, j = 1, . . . ,6,

z1(y1, y2, y3, y4) ∶= y1y4 −
√

1−∣y2∣2
√

1−∣y4∣2y2y3

z2(y1, y2, y3, y4) ∶=
√

1−∣y4∣2y1 +
√

1−∣y1∣2y2y3y4

z3(y1, y2, y3, y4) ∶=
√

1−∣y1∣2
√

1−∣y3∣2y2

z4(y1, y2, y3, y4) ∶= y3

z5(y1, y2, y3, y4) ∶=
√

1−∣y3∣2y4

z6(y1, y2, y3, y4) ∶=
√

1−∣y3∣2
√

1−∣y4∣2

⇒ z1z6 − z2z5 + z4z3 = 0

Gr(2,4) = {[ (0 z̄6 z̄5 z̄4)
(t z1 −z2 z3)

] ∶ (y1, y2, y3, y4) ∈ D̄×D̄×D̄×D̄}

⇒ spec(C∗({1, z1, z2, z3, z4, z5, z6}) ≅ Gr(2,4)
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13. Noncommutative Version: Quantum Disk

Toepliz algebra T :

Quantum Disc: T is the C*-algebra generated by y and y∗ with

yy∗ − q2y∗y = 1 − q2, q ∈ [0,1).

Representation: y(en) =
√

1 − q2nen−1 on `2(N) = span{ei ∶ i ∈ N}

⇒ t(en) ∶=
√

1 − ∣y∣2(en) = qnen ⇒ t ∈ K(`2(N))

C*-Algebra Extension:

{0} Ð→ K(`2(N)) Ð→ T Ð→ C(S1) σÐ→ {0}

Classically: {0} Ð→ C0(D) Ð→ C(D̄) Ð→ C(S1) Ð→ {0}
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14. Coordinate Algebra of the Quantum Grassmannian

X8 = [ (0 t3t4 t3y
∗
4 y∗3 )

(t1t2 y1y4 − t1t4y2y3 −t4y1 − t1y2y3y4 t1t3y2)
]

= [ (0 z∗6 z∗5 z∗4)
(t1t2 z1 −z2 z3)

]

Hilbert Space Representation: H = `(N) ⊗ `(N) ⊗ `(N) ⊗ `(N)

▸ y1∣n1n2n3, n4⟩ =
√

1 − q2n1 ∣n1 − 1, n2, n3, n4⟩
y2∣n1n2n3, n4⟩ =

√
1 − q2n2 ∣n1, n2 − 1, n3, n4⟩

y3∣n1n2n3, n4⟩ =
√

1 − q2n3 ∣n1, n2, n3 − 1, n4⟩
y4∣n1n2n3, n4⟩ =

√
1 − q2n4 ∣n1, n2, n3, n4 − 1⟩

⇒ tj ∣n1n2n3, n4⟩ = qnj ∣n1, n2, n3, n4 − 1⟩, j = 1, . . . ,4

⇒ q2z6z1 − qz5z2 + z4z3 = 0 q-Plücker relation!

Elmar Wagner Quantum Complex Grassmannian Gr(2,4)



15. Sophie Zegers: Quantum Grassmannian Grq(2,4)

▸ {(u11 u12 u13 u14

u21 u22 u23 u24
) ∶ uij ∈ O(SUq(4),

4

∑
i=1
ukiu

∗
li = δkl}

▸ zjk ∶= uj1uk2 − uk1uj2, (j, k) ∈ {(1,2), (1,3), (1,4), (2,3), (2,4), (3,4)}
⇒ z12z

∗

12 + q2z13z∗13 + q4z14z∗14 + q4z23z∗23 + q6z24z∗24 + q8z34z∗34 = 1

⇒ q2z34z12 − qz24z12 + z23z13 = 0

⇒ U(1)-bundle over Grq(2,4)

Elmar Wagner Quantum Complex Grassmannian Gr(2,4)



16. CW Decomposition CP1
q

▸ CP1

X2=CP1

y1 ↦ (y1∶−
√

1−∣y1∣2) 1 ↦ (1∶0)

D̄
ΦL2

:: ::

X0={1}
2 RΦR2

dd

eiθ ↦ eiθ eiθ ↦ 1

S1
3 S

ι

ee
ρ2

99 99

▸ C(CP1
q)

C(CP1
q)=T ⊕

(σ2,ι2)
C

I i

prL2ww prR2
)) ))

T
σ2

&& &&

C(X0)=C{1}
I iι2

ww
z ↦ eiθ

1↦1

C(S1) = T /K
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17. CW Decomposition CP2
q

C(X2
q ) = C(CP1

q):

C(CP1
q)=T ⊕

(σ2,ι2)
C

K k

prL2xx prR2
)) ))

T
σ2

&& &&

C(X0)=C{1}
H hι2

uu 1↦1

T /K

▸ C(CP2
q):

C(CP2
q)=T ⊗T ⊕

(σ4,ι4)
C(X2

q )
H h

prL4uu prR2
** **

T ⊗ T
σ2

(( ((

C(X2)=C(CP1
q)

H hι2

uu
prL2 ⊗1

T ⊗T
K⊗K
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18. CW Decomposition of Grq(1,n)
Induction: C(CPn−1

q ) � � // T ⊗ . . .⊗ T ((n−1)-times)

▸ C(CPnq ):
C(CPnq )=T ⊗ ...⊗T ⊗T ⊕

(σn,ιn)
C(CPn−1

q )
E e

prLn
ss prRn

++ ++
T ⊗. . .⊗T ⊗ T

σn

** **

C(CPn−1
q )

H h

ιn

uu prLn−1⊗1

(T⊗...⊗T )⊗T
K⊗...⊗K⊗K

▸ Grq(2,4))?
Embed generators and consider the generated (sub)-C*-algebras ...
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19. CW Decomposition of Gr(2,4)
Schubert Cells: 1 ≤ σ1 < σ2 ≤ 4, d ∶= (σ1−1) + (σ2−2)

e(σ1, σ2)

d

⨉
i=1

D̄
φLd

;; ;;

Xd−2 = (
d−1

⨉
i=1

D̄)/∼
5 U

φRd

hh

∂(
d

⨉
i=1

D̄)
0 P
ι

aa
ρd 88 88

Dualizing: C(e(σ1, σ2))
I i

prLd
vv prRn

** **
d

⊗
i=1
C(D̄)

σd

%% %%

C(X2d−2)⊂ d−2

⊗
i=1
C(D̄)

I i

ιd

ww prL
d−1

⊗1

d

⊗
i=1
C(D̄)/

d

⊗
i=1
C0(D)
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20. CW Decomposition of Quantum Gr(2,4)

Schubert Cycle:

C(CP1
q)=T ⊕

(σ2,ι2)
C

K k

prL2xx prR2
)) ))

T
σ2

&& &&

C(X0)=C{1}
H hι2

uu 1↦1

C(S1) = T /K

Induction: C(eq(σ1, σ2))
J j

prLdww prRn

** **
d

⊗
i=1
T

σd
"" ""

C(X2d−2
q )⊂ d−2

⊗
i=1
C(D̄)

J j
ιd

ww prL
d−1

⊗1

d

⊗
i=1
T /

d

⊗
i=1
K

Caution: C(eq(σ1, σ2)) ⊕
C(Xd−2

q )
C(eq(λ1, λ2)) ⊂ d

⊗
i=1
T ?
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21. K-Groups

Schochet Spectral Sequence: E1
j,k ≅ E∞

j,k

(∅) ←Ð ( ◻ ) ←Ð ( ◻◻ ) ⊕ ( ◻◻ ) ←Ð ( ◻◻◻ ) ←Ð (◻◻◻◻ )

Z 0
d1oo Zd1oo 0

d1oo Z⊕Zd1oo 0
d1oo Zd1oo 0

d1oo Zd1oo 0
d1oo

0 0 0 0 0 0 0 0 0 0

Z 0
d1oo Zd1oo 0

d1oo Z⊕Zd1oo 0
d1oo Zd1oo 0

d1oo Zd1oo 0
d1oo

0 0 0 0 0 0 0 0 0 0

Z 0
d1oo Zd1oo 0

d1oo Z⊕Zd1oo 0
d1oo Zd1oo 0

d1oo Zd1oo 0
d1oo

0 0 0 0 0 0 0 0 0 0

⇒ K0(C(Grq(2,4))) =Z⊕Z⊕(Z⊕Z)⊕Z⊕Z, K1(C(Grq(2,4))) = 0
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