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1. Grassmann Mannifold Gr(2,4)

» Definition: Gr(2,4):= {V c C*:dim(V) =2}
» Compact homogenous space: Gr(2,4) = SU(4)/S(U(2) xU(2))

» Complex manifold: Gr(2,4):=SL(4,C)/P

P=:AeSL(4,C): A= Au A , Ajj € Mataxa(C)
0 A

» Schubert Calculus: Gr(2,4):={{cCP3:/=V/Cis a line}

» Noncommutative Version:
O(Gry(2,4)) = O(SUL(4) /S(Uqg(2) x Uy(2)))

» Question: Do Schubert’s counting methods survive g-deformations?
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2. Pliicker Embedding of Gr(2,4)

» Definition: P(A2C?*) = CP® = {[v]:v e C®\ {0}}
Gr(2,4) 3V =span{u,v} — [uAv] e P(A2C*)
CP35/(=[V] — [unv] e P(A2C?)
= independent of the basis {u,v} = injective
= not surjective: (uAv) A (uAv)=0
» Pliicker Coordinates and Pliicker relation:
A2C* = span{e; Aey, e Aes, el Aey, eaAes, eaAey, e3nes)
W = T19€1Ae2+T13€1AE3+T14€1ACq+T23 €aAE3 + Ty CaACy+T34€3/E4
wAw=0 = 712734 —T13T24 + T14723 =0
dim(P(A%C*)) - 1 = 4 = dim(Gr(2,4)), irreducible

= Gr(2,4) = {[(21, 29, 23, 24, 75, 26) ] € CP® : 21 26 — 2025 + 2324 = 0}
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3. Cell Decomposition of Gr(2,4)

» Standard Flag: {0} cCcC?cC3cC? 1<o;<oy<4
b1 = (0,0,0,1), by = (0,0,1,0), bs = (0,1,0,0), by = (1,0,0,0)
e(o1,09) = {V e Gr(2,4) : dim(V nC?*~1) =0, dim(VnC')=1,
dim(V nCo27 1) =1, dim(V nC2) =2}

» Schubert Cells: 2z, 20, 23, 24 € C

O 12 2] L JO o 1]
%) '_(l 0 2 Zl)]—e(3,4), O [(l 2 0 Zl):l_e(Q’_l)
Joo1 )] .. oo o1 ,
H 1010 Zf)]—e(z,s), m.[(l o O)]_e(1,4)

Jooo D] . Jooon].
o1 0)]'8(1’3)’ e '[(0 01 0)]‘6(1’2)

= 6 open cells. Problem: Gluing functions?
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4. Plucker Coordinates

» Gr(2,4) = {|: (ur s g ) = “} s dim(span{u,v}) = 2}

(1'1 U2 U3 1‘1> =V
» x;5:=det (%ZZ %‘j) = (u1bi+ujbj) A (vibi+vjbj) = 2i5b; Abj, i<

= X12%34 — T13T24 + T14T23 = 0

[(0 1 24 z3)]26(374)’ [(0 0 1 23)]26(274)

(1 0 zZ2 Zl) (1 z2 0 21)
z12 #0 12 =0, 213 # 0
(001 2)|_ (00 0 1)f_
[(0 10 2) =e(2,3), (I 22 2 0) =e(L4)
T12 =713 =214 =0, 293 #0 x12 =213 =223 =0, r14 #0

(00 0 1) (000 1)
[(0 1z 0)]:6(1’3)’ [(0 01 0)]26(1’2)
T12=

x12=x13=x14::1:23:(), Tog4 # 0 ...=$24=0, r34 0

Elmar Wagner Quantum Complex Grassmannian Gr(2,4)



5. Orthogonal Pliicker Coordinates

) (e e wig uig) =ug | _ -
> Gr(2,4)—{[(u21 vy tzs Ung) = Uz ug, ug)oa = 0k, kyi=1,2

» Pliicker Relation: z15x34 — T13294 + T14203 =0

0z T T
o ={[(p 32 2 2w e

> |wgal? +|woa? +lzoaf =1, 2 =1-(lwio]* +|21s]? +|w14?), £20
= |zij|<1 = z;;eD:={zeC:|z|<1}

» Circle Bundle:
Z1 =12, 22 =13, 23 = T14, 24 =193, 25:=1To4, 26 =134
= |z1|2 + |z2|2 + |23|2 + |24|2 + |,25|2 + |,26|2 =1-t2+¢2=1

= S5 (21,292,253, 24,25, 26) = (21:20: 23124 25 : 26) € CP° =SU /U (1)
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6. CW-Decomposition in Disc Coordinates

2126 — 2225 T 2324 = 0, te [0, 1]

0 o
SONE P I B
L 7=2 =3 24 |22 + |22 + |22 = 1
0_ 3 (0 00 1) N
X _6(1,2)_[(0 0102 {pt}
0 0 0 1)
X2 =¢(1,3 :[( ];(CIP’l
@3 =10 3 ~/I P 0)
X2=CP!
y1 = (yu: W/ \H(IO)

Sy
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7. CW-Decomposition: e(1,4)

0 0 0 1) _
X2:61,3:[( ];CP1;D~
=0y VTP 0) !
0 0 0 1)
e(1,4) = = CP?
(1.4) [(\/ ) A=ly2?) 1 —/1-lylye 0)]
CP?
( (Hy112) (Hyzl?)y1 - l“% \\/1 ly1[2) =(0:y1 :—\/1-ly1[?)
x D X2=CP'=D/~
pi=0l {1}
(y1,92) = (y1,y2) (y1,y2) = (y1:=/1=|y1]?)
o(D x D)

= CP?’=(DxD)/~
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8. CW-Decomposition: e(2,4)

oy (00 0 ] . o
)&_(,(1,5)_[(0 y —JIE 0)] = CP' = D/~
6(2,3):[(0 0 VizlwP s )] ~ CP?

0 y1 —1-lnPys  V1-lnn2/1-|ysP?)

= V1-ln?(=y3,V/1-1y3?) L (\/1-|y3l*,y3) (unique up to scalars)

CP?
(ypf 1y [2ys: (11112)(1%7 \/)W) (v1:—/1-ly12:0)
< D XQ—CPI—]D)/~
\ pz@gx%r
(y1,y3) = (y1,y3) (y1,93) = (y1: —/1-[11]?)
o(D x D)

= CP?’=(DxD)/~
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9. CW-Decomposition: X*

X4_[( 0 0 0 1)]
A=) A1) o —V1-lnPy 0)

LI[(O 0 V1-lysl? ys )]

0 y1 —1-yiPys  V1-lnl*V1-ys?)

» lim(yz:\/1-|y3?) = (1:0) = lim(e(1,4)) = e(1,3) = CP!
» lim(y2:\/1-|y2l?) = (1:0) = lim(e(2,3)) = e(1,3) = CP!

X*=¢(1,4) 1I e(2,3)
CPpl

(y1:=\/1=ly1[2) = (0:y7 : =/ 1-]y1]2:0)
prudy of
DIIDxD

D x o X2=CP!
O(DxDIIDxD)
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10. CW-Decomposition: X

6_, [0 0 1=y Y3 )
Az [(t 1~V 1-[nlPyays V1=l PV/1-lyslPy2)
» lim(ys:y/1-|ys?) = (1:0) = lim(e(2,4)) =e(1,4)
» lim(yo:y/1-|y2/?) =(1:0) = lim(e(2,4)) =e(2,3)

X6 =e(2,4)
L _/<1>6L77 Y<1>\g§))<4:092 11 CP2
DxDxD cpl

(t:y1:—/1Hy1Py2:0) 1O

(0:y1:=\/1Hy1 2y3:\/1Hy112/ 1Hysl?)

O(DxD x D)
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11. CW-Decomposition: X?

Xr(i(,(‘)_4)|:(0 0 V1-ysl? U3 )]
(t y1 —/1=|y1Pyys V1-ly1l2/1-]ysv2)

8- © t3t4 374 U3 )
(tita yiya —titayoys —tayr —t1yaysya titsyz)

tri=/1-|y1l?, ta:=~/1-|y2|?, tz:=+/1-|ys|?, ta:=+/1-|yal?

X8 =¢(3,4)

/ (tiyy: *\/1 Hv112v2vu3 1/ 1Hy1 2/ 1Hysl? v2)

=DxDxD/~
L pSW

mDXDXDxD)

D x
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12. Coordinate Functions

X8 = (0 t3ts t3Y4 s )
(tita y1ya —titayays —tayr —t1yaysya titsy2)

> zj:]ﬁ)x[ﬁ)x@x@—)(:, 7=1,...,6,
21 (Y1, Y2, U3, ya) = Y1ya — /1=y 1-lyal v2ys
22(y1, Y2, 93, Ya) = /1= [yalPyr + /1= [y1 P y2ysua
z3(y1,92,y3,94) =/ 1=[y1 P/ 1-[ys[> v
za(Y1,Y2,Y3,Y4) = Y3
25(y1, Y2, Y3, ¥4) = /1= [ys[*ya
26(y1,y2,y3,y4) = /1= [ys[*\/1-[yal?

= 2126 — 2225 + 2423 =0

(0 2z oz zZ) | -
Gr(2,4)—{[(t o -z z3) F(Y1,y2,y3,y4) € DxDxDxD

= spec(C*({l,zl,ZQ, z3,24,z5,z6}) > Gr(2,4)
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13. Noncommutative Version: Quantum Disk

€1,1

Toepliz algebra 7 Q
€1,2

U1 v2

Quantum Disc: T is the C*-algebra generated by y and y* with
vy - Pyty=1-¢% qe[0,1).

Representation: y(e,) =+v/1-¢*"e,-1 on (5(N) =span{e; : i ¢ N}
= t(en) =V 1- |y|2(€n) = qnen = te¢ IC(EQ(N))

C*-Algebra Extension:
{0} — K(L(N)) — T — C(s") = {0}

Classically: {0} — Cy(D) — C(D) — C(S') — {0}
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14. Coordinate Algebra of the Quantum Grassmannian

X8 - (0 t3ta tgyz yg )
(tita yiya —titayoys —tayr —tiyaysya titsyz)

[ % o= e
(tita 21 —22 23)
Hilbert Space Representation: # = /(N) ® /(N) ® /(N) ® ¢/(N)
> yilninans, na) = \/1—¢?"|ng - 1,n2,n3,n4)
Ya|ningnz, na) = \/1 - ¢*"2|n1,ng — 1,n3,n4)
yslningnz, ng) = /1 - ¢2"3|n1,ng,n3 — 1,n4)
yalninang, na) = /1 - ¢*"|ng, ng, ng,ng — 1)
)=

= tjlninans,na) = ¢"ni,na,n3,na 1), j=1,...,4

= q 2621 — Q2529 + 2423 = 0 g-Plicker relation!
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15. Sophie Zegers: Quantum Grassmannian Grg(2,4)

4
u u u u
H S € O(SUG(4), S upiu; = 0

U1 Uy U3 Ug =

> Zjk = iU — uk e, (4, k) € {(1,2),(1,3),(1.4),(2.3).(2.4). (3.4)}
= 2192fy + P213273 + @ 2142l + @ 203255 + ¢Or0a25y + Br3a25, = 1

= 234212 — qZ24712 + 223213 = 0

= U(1)-bundle over Gr,(2,4)

Quantum Complex Grassmannian Gr(2,4)
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16. CW Decomposition CIP;

X2=CP!
y1 = (yri=y/1-ly1[?) \H (1:0)
(CIPl _ <I>§ <I>§
g D X0={1}

. ) 2 .
Sl

(o2,02)
%5 pré‘\*
» C(CPL) T C(X")=C{1}
zZ = (‘,i(} z //21b—>l
c(SH=T/K
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17. CW Decomposition CIP2

C(CP)=T o c

(o
C(X7)=C(CPy): T C(X%=C{1}
27 - 1—~1
T/K
C’(CIP%)=7'®7'( @ )C(Xg)
O4,4
A/Pl'i’ pré"/\& 5 L
L o(c): TeT C(X?)=C(CPY)
o2 L2
pr%@l
IeT
KoK

Elmar Wagner Quantum Complex Grassmannian Gr(2,4)



18. CW Decomposition of Gry(1,n)

Induction: C(CP}™") ——T®...T ((n-1)-times)

» C(CPy):
C(CPQ):T&..@T@T( ® )C((CIP’g-l)
% * -
T®...9T T C(CP;)
On ln
pryy_;®1
(7®...9T )T
KR..0KK

» Gry(2,4))7

Embed generators and consider the generated (sub)-C*-algebras ...
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19. CW Decomposition of Gr(2,4)

Schubert Cells: 1 <01 <02<4, d:=(01-1)+ (02-2)

6(01702)
W
% d Ixd-2 _ <d>__<11]D))/~
Z \ P/dvf Z
d _
D
9(xD)
Dualizing;: /(6(01702))
pom) " crn o)
i=1 =t
\ E pry @1
gC(D)/gCo(D)
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20. CW Decomposition of Quantum Gr(2,4)

C(CPHY=T & C

(o2,2)
o el
Schubert Cycle: T C(X%=C{1}
2 2 .
oY) = T/K

C(eq(01,02))

Induction:
/ \
prd R

P o(x242) C ‘® O(D)

1=
\ %@]

d
Caution: C(e4(o1,02)) @D Cleg(Ai,A2)) C QT ?
C’(X{Zi’Z) =1
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21. K-Groups

Schochet Spectral Sequence: Ejlk ~ Ej"‘;C

(@) —(7)—(8 Je()—(8)—(H)

20l 7 0 dgerdl gl Lol g
0O 0 0 0 0 o 0 0 0 0
20l 7 0 Lgezdl gl gyt
0O 0 0 0 0 0o 0 0 0 0
720l 7z 0 dgezdtloglp gy g

0 0 0 0 0 0 0 0 0 0

= Ko(C(Gry(2,4)))=Z6Za(ZoZ)oZeZ, Ki(C(Cry(2,4)))=0
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