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Nondegenerate morphisms

let A and B be C*-algebras. A nondegenerate *-
homomorphism ¢ : A — M(B) is a x-homomorphism

such that ¢(A)B = B.

Any nondegenerate *-homomorphism extends to a *-

homomorphism between the multiplier algebras, i.e.
¢ : A — M(B) extends to a unique ¢ : M(A) — M(B).

If f : X — Y is a continuous map between locally compact
spaces, then the induced map is f, : Co(Y) — Cp(X) = M(Co(X))
is @ nondegenrate x-homomorphism.




C*-correspondences

A C*-correspondence over a C*-algebra A is a right Hilbert A-
module X with a left action ¢ : A — L(X). A C*-correspondence
is nondegenerate if span(A - X) = X.

A representation of a C*-correspondence X over A on a C*-
algebra B is a pair of maps (¢, 7) - ¢ : X — B is a linear map
and 7 : A — B is a x-homomorphism such that the following
hold:

1. p(a- &) =n(a)p(€)
2. (&) = (&) *v(n)




C*-correspondences

A representation (¢, w) is nondegenerate if span(m(A)B) = B =
span(«(X)B) and injective if 7 is injective.

For a C*-correspondence X over A, define an ideal of A by:

Jx={aeA|¢(a) e K(X)and ab = 0Vb € ker¢}

A representation is covariant if 7(a) = v (¢(a)) forall a € Jx,

where M ([¢) (n]) = ¥(&)¥(n)*.




Cuntz-Pimsner algebras

The Cuntz-Pimsner algebra Oy is the C*-algebra generated by
a universal covariant representation (c}, c3) of X.

Let (E%, E",r,s) be a directed graph, let Co(E?) be the functions
vanishing at and let:

Xe={¢:E'=>Clvi Y [&(e)lisin Go(E%)}

s(e)=v

then Xg is a nondegenerate C*-correspondence over Co(E°)




Cuntz-Pimsner algebras

The left and right action is given by :

(&-f)e) =¢&(e)f(s(e)) foralle e E’
(f-&(e) = (())() foralle € £’
(€lm) (v) Z forall v e E°

The Cuntz-Pimsner algebra corresponding to this C*-
correspondence is the graph C*-algebra corresponding to
the directed graph.




Multiplier correspendences

The multiplier correspondence M(X) of a correspondence X is
the Banach space £(A, X) with natural left action by M(A) , and
right and the inner product ((x|y) = x*y) given by composition
of operators.

For the directed graph C*-correspondence, the multiplier cor-
respondence M(Xg) is given by:

{p:E'=>Clvi > |s(e)lisin G(E)}

s(e)=v




Correspondence morphisms

Let X and Y be nondegenrate C*-correspondences over A and
B respectively. A correspondence morphism is a pair of maps
(,7), v : X = M(Y) is a linear map; = : A — M(B) a x-
homomorphism such that:

1. yY(a-&) =n(a) ¥(&)
2. w({¢lm)) = (L (O)¥(n))

A correspondence morphismis proper if4(X) C Yand 7(A) C B
and nondegenerate if 7 is nondegenerate and span(y(X)-Y) =
Y.




Functoriality of correspondence morphisms

A decorated C*-algebra is a triple (A, C, k) consisting of C*-
algebras A and C and x : C — M(A) is a nondegenrate *-
homomorphism.

Let C be a C*-subalgebra of A with the inclusion ¢ : C — A. If
every approximate unit of A is also an approximate unit for C,
then ¢ is nondegenerate and consequently (A, C,.) is a deco-
rated C*-algebra.

Let X be a nondegenerate C*-correspondence over A with the
covariant representation (cy, c3), then (Ox, A, c9) is a decorated .
C*-algebra.




Functoriality of correspondence morphisms

Let (A, C, ) be a decorated C*-algebra, then relative multiplier
algebra be defined as:

Mc(A) = {x € M(A) | K(C)x Uxx(C) C A}

Furthermore if (X,A) is a nondegenerate correspondence and
k;C — M(A) is a nondegenerate homomorphism, then C-
multipliers of X are

Mc(X) = {x € M(X) | £(C)x U xr(C) C X

If an I is an ideal of A, then let

M(A; 1) = {x € M(A) | xAUAX C I}




Functoriality of correspondence morphisms

Definition (Kaliszewski-Quigg-Robertson "13)

Let X and Y be nondegenerate C*-correspondences over A and
B respectively. A correspondence morphism (¢, ) is a Cuntz-
Pimsner correspondence morphism from X to Y if:

1. wis a nondegenerate x-homomorphism
2. P(X) € Mg(Y)

3. m(x) € M(B;Jy)

4. The following diagram commutes:

|

Jx —— M(B;Jy)

o | |3

K(X) —5+ Ma(K(Y)

where () (|&) (] = ¥(€)y(n)* 10



Functoriality of correspondence morphisms

Theorem (Kaliszewski-Quigg-Robertson "13)

Let (X,A) and (Y,B) be nondegenerate C*-correspondences
and let (¢, 7) be a nondegenerate Cuntz-Pimsner correspon-
dence morphism from (X,A) to (Y,B). Then there exists a
unique x-homomorphism O, . such that the following diagram
commutes:

(,A) LT (Mg (v), M(B))

<cf,cé>j

Ox O—> MB(Oy)
P,

Moreover, Oy is nondegenerate and is injective if 7 is as well.
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Topological graphs

A topological graph is a quadruple (E° E', s, r) such that E°, F
are locally compact spaces s, r : E' — E® are continuous maps
such that r is further a local homoeomorphism.

For a topological graph (E° E's,r), we can define a C*-
correspondence:

(CO(EO)’XE) <'7 >)




Topological graphs

where the Hilbert module structure is given by:

Emw) = > &emle) n,€ € C(E)

ecr=1(v)

Xe ={€ € Co(E") | (€,€) € Go(E%)}

and the module multiplication is given by:

and the left action by 7, : Co(E®) — L(XE)

(mr(F)(€))(e) = f(r(e))é(e)




Topological graphs

Definition (Katsura)
Consider the following subsets of E°
Eece = EC\ (ED),

E2, = {v e E® : FJanbhd Vof vsuch that r='(V) is compact},
Erg = Efn \ Eder  Eog = E°\ EDg.




Topological graphs

If E9,E" are discrete, then we have usual directed graphs (or
quivers).

Let (X, o) be a topological dynamical system, i.e. X is a locally
compact space, and ¢ is a homeomorphism of X. Then, E® =
E'=X,r =0,s = idy is a topological graph.




Topological graphs

The C*-algebra of the topological graph (C*(E)) is the Cuntz-
Pimsner algebra of the C*-correspondence (Xg, Co(E?)).

If £9,E" are discrete, then C*(E) is the usual C*-algebra of a
directed graph.

Let (X,0) be a topological dynamical system, i.e. X is a locally
compact space, and o is a homeomorphism of X. Then with
E®=E'"=X,r = 0,5 = idyx, we have C*(E) = Co(X) %, Z.
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Morphisms of topological graphs

A topological graph morphism (m = m°, m") : E — F is a pair
of continuous maps m® : E© — F® and m' : E' — F' such that
the following diagrams commute:

El Te/Se EO

bl

F1 FO
I'F/SF

Furthermore, we obtain continuous maps:

Os : E' = F' X o E, e (m'(e),se(e))

fs: E' = F' Xy, o E°, e (m'(e), re(e))




Morphisms of topological graphs

A topological graph morphism m : E — F is a factor map is 6s is
a homeomorphism and 6, is proper. It is furthermore regular
if (m®)~1(Fy) = EY,.

Definition (Katsura '04)

A proper factor map m : E — F is a pair of proper maps m° :
E® — Foand m': E' — F' such that:
1. re(m'(e)) = m°(re(e)), sr(m'(e)) = ( e(e)
2. If x € F'and v € E° such that sg(x) = m°(v)
exists a unique element e € E' such that m’
se(e) =v

)
then there
(e) =xand




Morphisms of topological graphs

If E is a topological graph with proper r and s maps, and mis a
topological graph morphism satisfying (2) (i.e. source bijectiv-
ity) condition, then it is a factor map.

Let X and Y be locally compact spaces with homeomorphims
ox and oy. Then let their topological graph presentation be as
above. Furthermore, let f : X — Y be a continuous map such
that oy of = f oox. Then, m = (f,f) is a factor map, infact as
all vertices are regular in this case, m is a regular factor map.
It is proper iff fis a proper map.




Functoriality of correspondence morphisms

The assignments

ob(TGraphyg) > E — C*(E) € ob(MC3)
hom(TGraphrg) > m = O 0 € hom(MCr)

where, @ = t; o 4/ and y/ are the induced maps on the
correspondences, is a contravariant functor from the cate-
gory of topological graphs and regular factor maps (TGraph,g)
to the category of T-C*-algebras and nondegenerate T-x-
homomorphisms (MCz). Furthermore, O o is nondegenerate
and is injective if u° is.




The case of directed graphs

Let m: E — F be a factor map between directed graphs. Then
the induced nondegenerate x-homomorphism p : C*(F) —
M(C*(E)) satisfies:

Z P, (strict convergence)
mo(v)=
Z Sf (Co(E®)strict convergence)

m'(f)=e




The case of directed graphs

1

c(s"

O (k1)
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The case of directed graphs

Consider a map (m°,m") : (ES,E}) — (EY,E]), such that
m°(v,) = w and m'(e,) = f. This is a regular factor map and
correspondingly we have x-homomorphism w : C(S") — M(K).
If Eq is embedded inR and E'in S?, this map corresponds to the
discretisation of the classical covering map R — R/27Z = S'.
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