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Kantorovich OT

> Given probabilities, 7, ¢ € ]Rgo, let
I1(7,&) := {P € (R>0)"*" | P1 =7, PT1=2¢}

i.e. the set of transport plans from " to ¢.
» Kantorovich OT with cost matrix C' € (R U {oo})™*"

Lo(76) = min (P,C)
s.t. P eIl(7,¢)

where (P, C) := >, . Pij - Cyj
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Entropic Regularization of OT

» Entropy of a transport plan:

H(P):=—Y Pyj-(logP; — 1)

ihj
» Entropic regularization:

L(7, @) :=min (P,C) — \- H(P)
s.t. P ell(r,c)

» Why regularize? (part 1)
Entropy is 1-strongly concave, and thus (P,C) — X\ - H(P)
becomes A-strongly convex!
Unique minimizer
Minimizer converges to (an) optimal solution as A — 0
Optimal solution with maximal entropy.
But do we gain anything computationally?




Entropic Regularization of OT

Optimal solution has the form: (Lagrange multipliers)
P = diag(%)A diag (7))
where @, € R%; and P- 1 =7, (P)T-1=2¢

Pisa scaling of A with correct marginals.




Matrix Scaling

» Simplex:
Ypi={ad e Ry | [laf =1}

> For any matrix B, let r(B) := B-1 and ¢(B) := BT - 1.




Matrix Scaling
» Simplex:
5= {7 e R, | Nl =1}

> For any matrix B, let r(B) := B-1 and ¢(B) := BT - 1.
» Distance to marginals (7,¢) € ¥, x 3,

Aps(A) = J Z( —7)? + Z cj(A) —¢;)?




Matrix Scaling

» Simplex:
Ep={aeRy, | [lal =1}
» Distance to marginals (7,¢) € ¥, x 3,

Ara(A) = | > (ri(A) = 7)% +

i=1 j

n n
(¢j(A) —¢)?
=1
» Matrix Scaling Problem
Input: A€ (R>o)"*", 7eX,, €%, >0
Output:
> YES, if there are x. € R%,y. € RY, such that

Az z(diag(x.)Adiag(y:)) < e

in this case, also give me x,ye.
» NO, otherwise
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> Simplex:
Sp={d e Ry | [l =1}
> Matrix Scaling Problem
Input: A € (R>o)"*", F€X,, €%, >0
Output:
» YES, if there are x. € R%,,y. € RY, such that
Az z(diag(x.)Adiag(y:)) < ¢
in this case, also give me x, ye.
> NO, otherwise
» Can we solve this efficiently?




Matrix Scaling

> Simplex:
Yp={d R, | [lalh =1}
> Matrix Scaling Problem
Input: A € (R>o)"*", F€X,, €%, >0
Output:
» YES, if there are x. € R%,,y. € RY, such that
Az z(diag(x.)Adiag(y:)) < ¢
in this case, also give me x, ye.
> NO, otherwise
» Can we solve this efficiently?
» From now on: 7= ¢=1/n.
In this case:




Matrix Scaling (in and) outside of OT

vvyvyVvVvyyypy

Schrodinger's bridge problem (1931)

Kruithof 1937: telephone engineering

Stone 1962: economics & accounting

Sinkhorn 1964: statistics

preconditioning subroutine in numerical computations

Cuturi 2013: computational optimal transport

machine learning
computer graphics

Linial, Samorodnitski, Wigderson 2000:
deterministic approximation of permanent
bipartite matching

Extremal combinatorics: fractional Sylvester-Gallai

configurations

more — [ldel 2016], [Garg O. 2018], [Peyre Cuturi 2019]




Matrix Scaling - (Simplified) Algorithm

Basic operations on a matrix B € (R>q)™*"™:

» r(B):= (ri(B),..., rn(B))
» ¢(B) :=(c1(B),...,cn(B))

et(diag(r(B)))/" - diag(r(B))"' - B
et(diag(c(B))Y™ - B - diag(c(B)) ™"

row-normalize(B) :=

col-normalize(B) :=

Only scaling by determinant 1 matrices.




Matrix Scaling - (Simplified) Algorithm

» Oninput A € (Rso)™",#=¢=1/nande >0
> Algorithm 1:
1. Let A := col-normalize(A)
2. Fort=0,...,T:
> AGHD — row-normalize(A3Y)
> AGHH2) — col-normalize( A*HHD)

3. If for any 7 € [2T + 2] we have A4,(A(M) < ¢ return YES.
Else, return NO.
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Matrix Scaling - (Simplified) Algorithm

» Oninput A € (Rso)™",#=¢=1/nande >0
> Algorithm 1:
1. Let A := col-normalize(A)
2. Fort=0,...,T:
> AGHD — row-normalize(A3Y)
> AGHH2) — col-normalize( A*HHD)
3. If for any 7 € [2T + 2] we have A4,(A(M) < ¢ return YES.
Else, return NO.

» Extremely useful in practice (independently discovered
multiple times)

» Questions: if we want to decide whether A is approximately
scalable...
does this algorithm always work?
how should we choose T" and &7




Examples

> Example 1:




Examples

> Example 2:




Examples

> Are these the only cases?




Matrix Scaling - Version 2

» Matrix Scaling Problem (norm minimization)
Input: A€ (R>0)"*", >0
Output:
> YES, if there are x,y € RY, such that
[ diag(x) A diag(y)]| <

det(diag(x))1/™ - det(diag(y))*/™ —

in this case, also give me x,y.
> NO, otherwise
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Matrix Scaling - Version 2

» Matrix Scaling Problem (norm minimization)
Input: A € (R>o)"*", >0
Output:
> YES, if there are x,y € RY, such that
| diag(x) A diag(y)|| <

det(diag(x))1/™ - det(diag(y))/™ —

in this case, also give me x,y.
» NO, otherwise

» Function of interest:

Fa(x,y) = log <

|diag(x) A diag(y) || )
det(diag(x))l/" . det(diag(y))l/”

Fa(x,y) = log (||diag(x) A diag(y) II)—%log (det(diag(x) - diag(y)))




Matrix Scaling - Version 2

» Matrix Scaling Problem (norm minimization)
Input: A€ (R>0)"*", >0
Output:
» YES, if there are x,y € RY, such that
disg(0Ading()]  _

det(diag(x))1/™ - det(diag(y))*/™ —
in this case, also give me x,y.
> NO, otherwise

» Function of interest:

Fafx,y) == log (

||diag(x) A diag(y)]| )
det(diag(x))l/” . det(diag(y))l/n

if B scaling of A by determinant 1 diagonal matrices
diag(x), diag(y), we have

-,

Fa(x,y) = Fp(1,1) = log || B||




Matrix Scaling - Version 2

» Matrix Scaling Problem (norm minimization)
Input: A€ (R>0)"*", >0
Output:
> YES, if there are x,y € RY, such that
ding(x) Ading(n)]|  _ _

det(diag(x))/" - det(diag(y))t/» —

in this case, also give me x,y.
> NO, otherwise

» Function of interest:

Fa(x,y) = log ( | ding(x)A diag(y)| )

det(diag(x))L/" - det(diag(y))/m
> Want to compute

logcap(A) = Jnf Fa(x, y)
X, >0




Matrix Scaling - Optimization

» Question: Why are these two versions equivalent?
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Matrix Scaling - Optimization

» Question: Why are these two versions equivalent?

> Answer: Convexity of Fiu!

» Can think of F4 : R?® — R via composition with the
exponential map

Fa(e" e") =log <

| diag(e™) A diag(e”)|| )
det(diag(e®))!/n - det(diag(ev))l/n

where now u,v € R".




Matrix Scaling - Optimization

» Question: Why are these two versions equivalent?
> Answer: Convexity of Fiy!
> Gradient of Fix (at (I,1)):

(VE4, (0,v)) = O Fa(el™, et)

ZAW ui +v;) — (ZUZ+ZUJ)

i,7=1




Matrix Scaling - Optimization

» Question: Why are these two versions equivalent?
> Answer: Convexity of Fiy!

> Gradient of Fix (at (I,1)):

(VFa, (0,v)) = dmoFa(e™, e")
ZAW ui +v;) — (ZUZ+ZUJ)
i,j=1

VFy = (r(A) ! -1, e¢(A) - L f)

Gradient <+ normalized row and column sums!

» Hence




Matrix Scaling - Optimization

Question: Why are these two versions equivalent?
Answer: Convexity of F4!

Gradient of Fy (at (1,1)):

v

(VFa, (0,v)) = dmoFa(e™, e")
ZAW ui +v;) — (ZUZ+ZUJ)
i,j=1

VFy = (r(A) ! -1, e¢(A) - L f)

Gradient <+ normalized row and column sums!
> Moreover:

» Hence

Aas(A) = IV Fall




Matrix Scaling

» Can prove that F) is convex! (exercise)
> Thus we get:

Minimizing the norm of gradient of 4 <+ minimizing Fs

Two formulations are “equivalent”!




Matrix Scaling

» Can prove that F) is convex! (exercise)
> Thus we get:
Minimizing the norm of gradient of 4 <+ minimizing Fs

Two formulations are “equivalent”!
Algorithm 1 is block-coordinate gradient descent!

P optimize over “row variables,” then over “column variables”




Matrix Scaling

» Can prove that F) is convex! (exercise)
> Thus we get:
Minimizing the norm of gradient of 4 <+ minimizing Fs

Two formulations are “equivalent”!
Algorithm 1 is block-coordinate gradient descent!

P optimize over “row variables,” then over “column variables”
Questions:

P> Can we get a tight quantitative connection?
» Can we prove convergence of Algorithm 17
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n n

1 By = [T 40
=1

i=1
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Matrix Scaling - Observations

1. logcap(A) = —oo < can scale A arbitrarily close to to 0

2. if logcap(A) > —oo gradient cannot be large all the time

3. Invariant property of scaling action:

. diag(x) A diag(y)
" det(diag(x))/ - det(diag(y))L/n

Then for any permutation o € 5,

n n

II By = IT 40w
=1

i=1
. If support of A contains a permutation, then cannot get “too
close” to 0 via scaling!

. Hall's theorem: bipartite graph has perfect matching <
adjacency matrix has no “big block of zeroes”!




Algorithm 1 - Recap & Remarks

- Let A©) := col-normalize(A)

2. Fort=0,...,T:

AR = row-normalize( AY)

ARH+2) — col-normalize( AHHD)

_If for any 7 € [2T + 2] we have Ay, (A7) < ¢ return YES.
Else, return NO.




Algorithm 1 - Recap & Remarks

1. Let A := col-normalize(A)
2. Fort=0,...,T:
ACHY = row-normalize( AY)
ACH2) — col-normalize( AGHD)
3. If for any 7 € [2T + 2] we have Ay (A™) < ¢ return YES.
Else, return NO.

Remarks:
> A has “big block of zeros” = Agy(AT)) > ﬁ for all 7 € [T]

So let's set € = 1/2n?
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2. Fort=0,...,T:
AR — pow-normalize( A1)
ARH2) — col-normalize(AHHD)
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> A has "big block of zeros” = Ay, (AM) > # for all 7 € [T]
» A7) is a scaling of A by diagonal determinant 1 matrices!
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Algorithm 1 - Recap & Remarks

1. Let A := col-normalize(A)
2. Fort=0,...,T:

AR — pow-normalize( A1)
ARH2) — col-normalize(AHHD)

3. If for any 7 € [2T + 2] we have A4, (A()) < ¢ return YES.
Else, return NO.
Remarks:
> A has "big block of zeros” = Ay, (AM) > # for all 7 € [T]
» A7) is a scaling of A by diagonal determinant 1 matrices!
> If A7) = diag(x(7)) A diag(y(™), let

f(r) = Fa®,37) = Fy (1. 1) = log | A7)

» Hence,

f(r)—=f(r=1) = %-log det (diag(r(A(T—l))) . diag(c(A)(T—l)))>




Analysis of Algorithm 1

» Quantitative AM-GM: if aq,..., a, € RY are such that
S =n

Yl —1)? =a
then
n o . <
Hai - {exp( a/6), ifa<l,

=1 |exp(—1/6), otherwise
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Analysis of Algorithm 1

» Quantitative AM-GM: if aq,..., a, € RY are such that
S =n
Y (=1 =a

then
H exp(—a/6), ifa<1,
a;
exp(—1/6), otherwise
> If Agg(AT— 1)) > 1/2n? then

det (diag(r(A(T_l))) -diag(c(A)(T_l)))) < exp(—1/12n?)
> Hence

f(r)=f(r—=1)= % - log det <diag(r(A(T—1))) . diag(c(A(T_l):
1
ST

> Ags(AD) >1/2n2 for all 7 € [T] = f(T) < f(0) — 15




Analysis of Algorithm 1
> if Ags(AM) > 1/2n2 for all T € [T]

T
12n3

F(T) < 5(0) = 15 = log 4] -
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Analysis of Algorithm 1
> if Ags(AM) > 1/2n2 for all T € [T]

T
12n3

F(T) £ £(0) = 5 = log|A]| -

» If support of A has a permutation o

n n
|A7|" = TT 4% = T 4w = va)"
=1 =1
where
v(A) = min A;
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» Thus
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Analysis of Algorithm 1
> if Ags(AM) > 1/2n2 for all T € [T]

T
12n3

f(T) < f(0) = log||A[| -

123

» If support of A has a permutation o

|A7|" = TT 4% = T 4w = va)"
i=1 i—1
where
v(A) = min A;
4) (i.j)esupp(4)
» Thus

f(T)zlogHA(T) > logv(4), VYr>0

> Setting T = 12n3 - log(||A|| /v(A)) we are done.




Recap

P> Proved that a non-negative matrix can be approximately
scalable to doubly-stochastic iff its support contains a
permutation (i.e. perfect bipartite matching)




Recap

P> Proved that a non-negative matrix can be approximately
scalable to doubly-stochastic iff its support contains a
permutation (i.e. perfect bipartite matching)

» Used a polynomial invariant (permutation polynomial) to
lower bound minimum (log) norm




Recap

P> Proved that a non-negative matrix can be approximately
scalable to doubly-stochastic iff its support contains a
permutation (i.e. perfect bipartite matching)

» Used a polynomial invariant (permutation polynomial) to
lower bound minimum (log) norm

» The log-norm function is convex (under proper
parametrization)




Recap

Proved that a non-negative matrix can be approximately
scalable to doubly-stochastic iff its support contains a
permutation (i.e. perfect bipartite matching)

Used a polynomial invariant (permutation polynomial) to
lower bound minimum (log) norm

The log-norm function is convex (under proper
parametrization)

gradient of log-norm is distance to doubly stochastic




Recap

Proved that a non-negative matrix can be approximately
scalable to doubly-stochastic iff its support contains a
permutation (i.e. perfect bipartite matching)

Used a polynomial invariant (permutation polynomial) to
lower bound minimum (log) norm

The log-norm function is convex (under proper
parametrization)

gradient of log-norm is distance to doubly stochastic

alternating minimization is block-coordinate descent




Recap

Proved that a non-negative matrix can be approximately
scalable to doubly-stochastic iff its support contains a
permutation (i.e. perfect bipartite matching)

Used a polynomial invariant (permutation polynomial) to
lower bound minimum (log) norm

The log-norm function is convex (under proper
parametrization)

gradient of log-norm is distance to doubly stochastic

alternating minimization is block-coordinate descent

Friday's lecture:

Generalization to quantum operators (and maybe more)!
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