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Lectures 01-02 recap

1. Dual potentials as prices. No-arbitrage condition:

u(x) < v(y) +c(x,y)
2. Hard c-transforms.

Qev(x) = inf{v(y) +c(x.9)},  Qeu(y) = sup{u(x) — c(x, y)}.
3. Softmin and entropy.
Qv = —5Iog/e_("+c)/5 du.
4. Zero-temperature limit.
Q: — Q., Gibbs kernels — contact sets.

5. Rockafellar theorem.

c-cyclical monotonicity <= existence of contact potentials.
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Lecture 03 roadmap

In this lecture we reinterpret quadratic optimal transport as nonlinear potential
theory.

1. Brenier theorem.
2. From transport maps to (Monge-Ampére, Poisson) PDEs.
3. PDE intermezzo.

4. Dynamic OT.

(6]

. PDE upper and lower bonds.
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Differentiation on the contact set

d
Specialize to ¢(x,y) =[x — y|P/p, p > 1. >(:7/: \K JZ’L :]>>i
The dual feasibility reads

1
l u(x) <v(y)+—|x— y|”‘\ for every x, y.
p

On the contact set (x,y) € T V(4)

() = V) + Sl . /1N

XK

—D

(B
¢’|’_AI ("f.‘:)\é\“
Assume that u is differentiable at x. Differentiating w.r.t x, J
S
Vu(x) =[x = y[P2(x = y) = (x —y)P7".
Inverting we obtain, y = x — (Vu(x))Y(P~1). For p = 2 it is particularly simple.
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Brenier’'s theorem

Let

2
po i1 € Pa(RY), g (g2 £ SIS\ J/«(«g <A

and assume that p is absolutely continuous with respect to Lebesgue measure.
- 7 7

Then there exists a convex function
\/

¢:RY - RU {+00}
such that . W‘
[ocsl//

T=Vo¢ ¢ qu(se)

is the unique optimal transport map from p to u for the cost

1
c(x,y) = §|x —y> or equivalently c(x,y) = —x -y
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The pushforward equation (Monge—Ampére)

[ Tag =
The condition that the coupling is induced by a map T means S

[ BT dx = [ h(y)uly) dy e
for all test functions h.
If T is sufficiently smooth and invertible, the change of variable gives

p(x) = p(T(x)) det DT (x).

For quadratic transport cost, Brauiery

T(x) = x — Vu(x), DT(x)=1I- D*u(x).
Therefore

Tl =P
p(x) = p(x — Vu(x)) det(! — D?u(x)). \
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Standard Monge—Ampeére

With Brenier's potential

60) = S ), = T=Vo

The change-of-variables formula becomes

p(x) = p(Vp(x)) det D*¢(x),
Equivalently,

2 ~ px)
det D¢(x) = Vo)

Brenier turns optimal transport into nonlinear PDE.
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(Formal) linearization of Monge—Ampére
clase Fo vui forun Oofgbr—
2

Assume p and p are close, so that T(x) = x — Vu(x) = x. Then
p(x) = p(x — Vu(x)) det(/ — D?u(x))
for small Vu, V2u ~ 0 dok(z48) =
= 4 +T(A) ...
det(/ — D*u) =~ 1—Au and p(x — Vu(x)) = u(x) =~ 1

Formally,

p—p~—plAu =~ div(pVu). /1?’ S ~A

Quadratic OT linearizes to a (weighted) Poisson equation.

Same argument for p-cost gives p'-Poisson equation. Iw=Jdiv@m g-
& P & P 9 be. (N = div (Cw\ )
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PDE intermezzo: flux formulation | D= g

Let Q C RY be a domain with smooth boundary, and let

f(=p—p) € LXQ), /Qfdx:o.

For p > 1, consider the primal flux problem
. 1 .
mf{/ |J|Pdx :—divJ=Ff, J-n=0on 89}.
pJa

The constraint says that the flux J transports positive and negative parts of f.

Claim: this is the linearized analogue of the primal transport problem.

60/97



PDE intermezzo: dual formulation
Introduce a Lagrange multiplier ¢ for
—divJ =f.

Formally,

1
L(J, )=~ [J|Pd —divJ —f)d
(o) = [P det [ o~ div ) — £ de

1
:—/|J|pdx+/Vg0-de—/(pfdx.
p o Q Q

Minimizing in J and then changing ¢ — — gives

sup {/ of dx — 1/ |Vpl|P dx}
©
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PDE intermezzo: the p’-Poisson equation

The dual functional is

1 /
sup{/ gofdx——// |Vpl|P dx}.
@ Q P JQ

The Euler-Lagrange equation is
— div (| Vg|” 2Vyp) = f.
The optimal flux is

J = |Vy|" =2V,

up to the sign convention chosen in the constraint.

The p-flux problem is dual to a p’-Poisson equation.
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Back to the Kantorovich semi-dual

Assume X = Y. The semi-dual reads

D,(v) :/chdp—/vdu.
Add and subtract [ v dp:

Du(v) = [(@Qev—v)dp— [vd(u—p).
= \/— QCV
Z/vd(p—u) —/(’HCV)dp @
) . : A L N
This looks like a PDE dual functlonaI/ 1"’
Lot ae—= [ 1617 ox 3
Q p'Ja

forcing term  —  energy term
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From Q; to a differential equation r f:io/:'z ’

Recall the time-dependent Hopf-Lax transform (quadratic cost for simplicity)

Qiv(x) = vy == iryn‘{v(y) + |X;t”2} .

We already saw the semigroup inequality (equality in Euclidean case)

Qs+tV = Q(Qtvs

Can we describe the evolution t — Q;v by a PDE? ‘

atVt = %Avt.

It should be the idempotent analogue of the heat equation
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The infinitesimal generator Hopf-Lax Lorudla

4

ve(x) = Qev(x) = inf {v(y) + ‘thy‘z} : )g(x) éarsh‘q::;q{ }

y

By the envelope theorem,

Vvi(x) = X_—i/t(x), and  Ovi(x) = —

Therefore

Hopf-Lax formula is (the) solution operator for Hamilton—Jacobi.
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Economic meaning of the Hamilton—Jacobi semigroup

Recall

Q:v(x) = iryuf{v(y)Jr |thy|2}

Interpretation:

Q:(x) = cheapest value of replacing good x within time t.

As t increases, replacement becomes easier, so values relax downward.

1
8tVt + §|Vvt|2 = 0.

Values decrease more where local gain opportunities are large.
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Continuous-time dual viewpoint

?
The static semi-dual C () = \ﬂ‘
2
1
SWalp, ) = supv/le dp — / vdp = Sldp/ vd(p — ) + /(le —v)dp

can be replaced by a continuous-time dual: \L
Lo
S Walp.p) = sup {/ vi dﬂ-/Vo du} =[sup {/ od(p — p) / Vvl dp}

subject to

1
3tvt + §|Vvt|2 S 0

The HJ inequality is the infinitesimal no arbitrage constraint.
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General power costs

For

1 p
c(x,y)==Ix—ylP,  p=—m0,
p | p—1
the time-dependent transform is

Q:v(x) = ir;f{v(y)+ m}

. . . / . .
The infinitesimal generator becomes %\VvtV’ , hence the continuous-time dual
constraint is

1 /
atVt + E|vvt|p S 0.

The p-transport cost leads to the p’-Hamiltonian.
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Theorem: Benamou—Brenier formula

Let p>1, p' = p/(p— 1), and let p, u € Pp(RY). Then

p
lep(P’ = |nf/ / L |Jt(X)|1 dx dt,
P Pty e R ppt(x)P

where the infimum is taken over narrowly continuous curves

t— pr € Pp(Rd)

and fluxes J; satisfying the continuity equation

atpt + div Jt =0

in the sense of distributions, with boundary conditions po = p, p1 = p
Equivalently, writing J; = p¢ by,

1
1 . 1
L W2 (o, ) = inf / / L, )PP dpe(x) dt
P pt;be 0 Rd P

References: Benamou—Brenier, A computational fluid mechanics solution to the Monge—Kantorovich mass transfer
problem, Numer. Math. 2000; Ambrosio—Gigli—Savaré, Gradient Flows, Ch. 8; Villani, Topics in Optimal
Transportation, Ch. 7; Santambrogio, Optimal Transport for Applied Mathematicians, Ch. 5.
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Rigorous PDE estimates: linear upper bounds

Let p > 1, and let p, i, be probability (densities) on a bounded domain Q C R?, with p>m>0. Let ¢
solve the Neumann Poisson problem

—Ap=p—pu inQ, Vé-n=0 on Q.

Then one has upper bounds of the form

W2 (pq dx, /Mk) < Capm'P / IVol|” dx.
Q

For p = 2, this gives the familiar estimate

W3 (po dx, pr dx) S m™*{lp1 — pollfy--

References: Peyré, Comparison between W, distance and H=1 norm; Ledoux, On optimal matching of Gaussian
samples; Ambrosio—Stra—Trevisan, A PDE approach to a 2-dimensional matching problem; see also
Ambrosio—Vitillaro—Trevisan, Prop. 2.1.
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Rigorous PDE estimates: nonlinear two-sided bounds

Let p>1, p' = p/(p — 1), and let po, p1 be probability densities on the flat torus T¢. Let ¢ solve the
p’-Poisson equation

—div (|V¢|p/_2v¢) = p1 — po, / ¢ dm = 0. fﬂff‘"’\‘c be.
Td
Assume that both densities are close to 1:
=2 i — 1 oo
¢ ,nl?ff llp l| o= (T4
is sufficiently small. Then there exist errors

5(c,p), 6(c,p) =0 as ¢ — 0, T [‘4, ;j
such that

(1- 5(C,P))/ V[P dm < WE(pom, pm) < (1 +3(C,P))/ VoI dm.
Td Td

Reference: Ambrosio—Vitillaro—Trevisan, Sharp PDE estimates for random two-dimensional bipartite matching
with power cost function, Thm. 1.2. For domains with boundary: Ambrosio—Tassoni—Trevisan, in preparation.
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Proof of the upper bound: quadratic case p=2

1
§W22(P7M): sup {/Vldu—/vodp}.
devi+3|Vve[2<0

We use the Dacorogna-Moser interpolation: set p; = (1 — t)p + tu. Let ¢ solve

—Ad=p—p, Vé-n=0.
Then, with flux J := V¢,
Otpt = b — p, divd=A¢p=p—p, hence 0:p:—divJ=0.

el
e

For any Hamilton—Jacobi subsolution v,

1
/v1duf/vodp:/ j(/vtptdx)dt
S S BN 1R

1
:/ /8tvtpt+vt8tpt dx dt

- W\'H

?
aé-/ //,\/pt Vv - dedt(%t +- X\%
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Conclusion: the H~! upper bound
Using

1
Oeve + §|VVt|2 <0,

1
/V1d,u*/vodp§/ /|:7épt|th|27th'J dx dt
0
1 2
g/ /&dxdt.
0 2p:

Assume (for simplicity) p > m and also g > m. Then p: > m, and therefore

1
/vldu—/vodpgﬁ/\quﬂzdx.

1 2 1 2
- pp) < — Vol dx.

we get

Taking the supremum over v;,
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Bridge to Lecture 04: stability

’ OT potentials are nonlocal analogues of nonlinear elliptic potentials.

Quadratic cost (Brenier)

T(x)=x—Vu(x) = —-Ap=p—pu.

Power costs:
T(x) =x = (Vu(x)") = —div(|Vel” Vi) =p— .

Lecture 04 question:

’Can PDE stability estimates predict stability of OT maps?‘

7497



References for Lecture 03

» Y. Brenier, Polar factorization and monotone rearrangement of vector-valued functions, Comm. Pure Appl.
Math., 1991.
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with power cost function, 2024.
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