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Schwartz functions and L-functions
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http://www.math.ubc.ca/~cass/arthur-25/arthur-talk.pdf



Contents

2/50

-t h

PO NOOO RN

=) - Lo < 3
110 = 14 o] o T 7
The Satake transform .........c.ociiiiiiiiiii i e ie i i ransnnrnnns 11
Basic fuUNCHiONS .....ccviiiiiiiii i iie s i et ie e i s snn s ransnnnnnns 14
Decomposition multiplicities ........c.ccocviiiiiiiiiiiiiiii e 20
Spherical embeddings ........coiiiiiiiiiiiii i 29
SChWartZ SPaces .......cuciveviiiroreirarasessarasnsrasassssasnnnnsnns 34
The formula ......cciiniiiiiii it i et te i sin e nsansannsansnnnsnns 38
Higher rank ........ociiiiiiiii e i i i i i i s e e ranannnns 42
Global matters ......cvviiiiiiiiii i it e e e 47
(=3 {1 (1= 3 10 =X 49



1. Preface
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Godement and Jacquet extended techniques of Tate’s thesis to prove ana-
lytic continuation and functional equation for local and global L functions
associated to the standard representation of GL,,. Around 2000, Braver-
man and Kazhdan suggested how their local results could be extended to
more general reductive groups. They proposed to replace the matrix al-
gebras in Godement-Jacquet by certain reductive monoids (first defined,

| think, by Vinberg), parametrized by irreducible finite-dimensional repre-
sentations of the L-group.

In particular, Braverman and Kazhdan conjectured the existence of a Schwartz
space of the monoid, which would generalize the Schwartz space of the

local matrix algebra. One of the functions in this space is the basic func-
tion—the inverse with respect to the Satake transform of the L function.

For Godement and Jacquet, this was the characteristic function of M,, (o),

and it played an indispensable role in the global theory (as first observed

by Tamagawa).
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Braverman and Kazhdan did not specify exactly what their Schwartz space
was, and in particular they did not describe the basic function very pre-
cisely. Lafforgue defined a Schwartz space in terms of a Plancherel for-
mula, but it is difficult to deduce useful properties from this. In this talk
I’'ll present an explicit formula for the basic function associated to any ir-
reducible finite-dimensional representation of G = GL,(C), and derive
from that a characterization of the Schwartz space. It is a space of com-
pactly supported sections of a certain sheaf on a spherical space gener-
ally distinct from the monoid proposed by Braverman and Kazhdan. The
introduction of these spherical spaces seems to be new, although quite
natural.
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The basic function turns out to be somewhat exotic, and it is by ho means
clear how it is to be used in subsequent work. The proof of its formula is

combinatorial in nature, and it calls on classical results due to nineteenth

century mathematicians as well as more recent results about vector parti-

tion functions.

Open questions remain unanswered: What happens for groups of higher
rank? Are there global applications? What about GL5y(RR)?

One might also wonder how the results | present here are related to work
of Ng6 and colleagues involving the original monoid introduced by Braver-
man and Kazhdan.

I'll say something about all these matters later on.
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2. Notation
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Throughout, let

t = a p-adic field

o = the ring of integers in ¢
p = the prime ideal of o

w = a generator of p

Fq=o0/p.
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G = a connected split reductive group defined over ¢

— a maximal split torus in GG
— a Borel subgroup containing A

K
A
B
G = Langlands’ dual of G
A= dualof AinG
W = the Weyl group

Also, let p in X*(A) be the sum of positive roots. Thus («, p)/2 = 1 for
simple coroots «, and 0}/ >() = ¢(*)/2,

The map )\ — = identifies X,(A) with A/A(0). The group E((C) is iso-
morphic to the group of complex characters of A. By specification, the
lattice X, (A) and the lattice X *(A) of algebraic characters of A are iden-
tical.

In the case of G = GL- define certain elements of A/A(o) :

) _ [w On] |

0 v
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| shall, in addition, require that the centre of G be identified with C*. Dual
to this, G will be assigned a homomorphism 0 onto £*.

For example, GL,,.
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3. The Satake transform
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Unramified characters of A are parametrized by elements y of E(CC). To
a character x corresponds the unramified principal series I,. The sub-
space of vectors fixed by /K has as basis a single function ¢,. For F'in
the Hecke algebra 7, (F') acts as a scalar F'(x) on K-fixed functions. the

Satake transform of . We have F(y) = F(wy) all w in W.

The Satake transform S is an isomorphism of the Hecke algebra H(G// K)
with the ring of conjugation-invariant affine functions on G. The spectrum
of this ring is the set of conjugacy classes in G(C). So each unramified
representation m, corresponds to a conjugacy class 5. (commonly called
its Satake parameter, but its Frobenius-Hecke class by Langlands).
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The only group for which we’ll need details about the Satake transform is
GLQ. Set

Xm:um_|_um—1v_'_.“_|_uvm—1_'_vm’

the character of o,,, = S (C?), evaluated at

u 0
0 v|
Let [}, » = chavy m.n) . Then
det” = u™v" if m=n
S: Fyn —  det” q'/%x1 ifm=n-4+1
det™ g(m=—m)/2y _— gm=n)/2=1 qet" Ty o ifm > n+ 2.

Theorem. The inverse of the Satake transform takes detnq(m_”)/ Xm—n to

(I)m,n — I'm,n + Fm—l,n—l—l + - § , , _Fm—i,n—l—i .
i|m—i>n+i
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4. Basic functions
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For the moment, allow G to be arbitrary reductive group assigned 0.

If = is an unramified representation of G and o an irreducible finite-dimensional
representation of (5, the associated L-function is

1
" det( — o(§n)q®)

Sr — L(s,8x,0)

For a fixed s, it is a rational conjugation-invariant function of § .

If A is any matrix, then

1
= t MCAYE™ .
det(I — At) 2z Tace ST (4)

This follows easily from the usual formula for 1/(1—z). As a consequence

L(s,§r,0) = Zmzo trace S™ (o (Fx))g™ ™ .
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Suppose ) to be the highest weight of 0. Set s = — (), p)/2, so that

L=\ p)/2,m00) =Y g™ 2 trace S (oA(Fr)) -

m>0

Each term is a conjugate-invariant function of § ., and the inverse trans-
form of each term makes sense, and also that of the entire sum, since
supports are disjoint. This inverse transform is the basic function deter-
mined by o).

In the literature, there is a restriction on the o for whigh the basic func-
tion is defined—it is required that o on the centre of G, which is isomor-
phic to C*, is the identity. If §; is the Satake parameter of 7 then that of
w-|det | is §r-q¢~°. If o(2) = z, this gives a natural interpretation of the
factor ¢~ °.

| shall assume instead only that o(z) = 2" for m > 1. This makes nota-

tion easier.
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If G = GL,, and 0 = 01, then each S (o) is irreducible. As first observed
by Tamagawa, and as we shall see later, the basic function in this case is

Fo.. .
Zm,nzO T

This is the characteristic function of the intersection of M (0) with GLy(£).
In fact, the characteristic function of M, (0) is the unique continuous func-
tion on M5 (#) restricting to this function on GL(%).
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In general, things are not so simple. Say o0 = o, with character
ub VR

We have .
S™ (o) = ZKkm/Qé}T(i)detz-akm_gi

for some decomposition multiplicities 9;"(¢). Here (), p)/2 = k/2, and

qkm/2Sm(O_) _ Zz<km/2qz(5;gn(z)q(km/Q_Z)O-km—Qz

Theorem. In these circumstances, the basic function is

DI L

The values of the basic function are polynomials in Z[q]. If we set ¢ = 1,
the basic function becomes the weight multiplicity w;" (7).
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For GL2, computing the basic function reduces directly to computing the
irreducible decomposition of symmetric powers.

This is not true in general—the inverse Satake transform for groups of
higher rank introduces certain affine Kazhdan-Lusztig polynomials.

Our task is now to find a formula for the decomposition multiplicities 6, ().
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5. Decomposition multiplicities
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Now take G = GLy () and o = 0,. Its character is
u* 4+ uv+ v?.

The irreducible decomposition of S (o) in this case is rather simple.

Let ¢g, ¢;, ¢2 be an eigenbasis of C?, with respect to the matrix
_ t O
|0 1/t

Toe; =12

Thus

Then an eigenbasis of S (o) is made up of the vectors ¢°¢; " ¢;"* with
> m; = m. lIts T-weight is

2mo + (2 —2)mq + (2 — 4)mg = 2m — (2mq + 4mo) .
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Therefore the 7-weights are all of the form 2m — 2: with 0 < 7 < 2m, and
its multiplicity w3 (¢) is the number of (m;) with

m = mg+ mq+ me and my + 2moy = 1.

m = 10
(0,0,m) 1= 2m
=
[ ] [ ]

o—0
[ ] [ ] [ ]

0—0—0
[ ] [ ] [ ] [ ]

O0—0—0—0
oY oY oY oo
.0.0.0.0.0. (07m’0)
[ ] [ ] [ ] [ ] [ ]

O—O0—O0—O
[ ] [ ] [ ] [ ]

O0—O0—0
[ ] [ ] [ ]

O—O—
=2 1 =20
[ ]

(m,0,0) 1 =mq + 2ms

As the picture illustrates:

_— 1/2] +1 if 1 <m
2 (Z):{héni—i)/ZjnLl if i > m.

The formula is quite different in each of the ranges [0, m|, [m, 2m].
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The span of 7-weights of o, is all of the range of 2: with —/ < ¢ < /. As a

consequence
Op (i) = wi' (i) —w' (i —1).

The functions 0 and w determine each other. Here
0y (1) = [i/2] .

It runs like this: 1,0,1,0,1,0,...

Successive values of the basic function at ("9, w{m—1L1) are
L, 1L, 1+¢% 14+¢°, 1+ +4",...
At 2m — 27 for ¢ < km/Q it is

2+2[i/2] _ 1
¢ —1

q
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1T TepPIrcsSClilaliorn 09 1o UIC Orlly SIITIPIC CasC. 111 UcLoInposition ol 03,
for example, is much more ... interesting.

What follows are the graphs of the multiplicity with which o3,,,_; occurs in

Sm(O'g).

m = 10
| | IIIIIIIIIII |
0 10 20 30

m = 20
. mesals ||||I|IIII|I|II|I T

m = 30
[ L ....|.uul|||||I|IIIII|I||||.|... :

0 90

For example,

510(03) = 030 + 030—4 + 030—6 + 030—8 + 030—10 + 2030—12 + - - -

The behaviour is distinctly different in the ranges

0<2:<2m

2m < 2, < 3m.
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An explicit formula is easy to guess, not quite so easy to prove.

m = 30
. ----I-IIII|I""I|""II""III"|II|II-I .
30 60

0 90

Let
A= [1,0,1,1,1,1].

Theorem. The multiplicity of 03,,—2; in S™(03) is

m(r\ — Li/6J+Aim06 if1 <m
%5°0) = { [i/6] + A; mojfs —[(t—(m—1))/2] otherwise.

The basic function is consequently rather messy.
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Here is 67 :

‘ | | | | ‘ ‘ I
s unla I||II|IIII|I|| | | | | | | I|I|

0

In general, the behaviour of 0;*, w;", and the basic function is distinct in
each range of width 2m. They are quasi-polynomials in each of these, ac-
cording to a very general theorem of Bernd Sturmfels.

(I recall that a quasi-polynomial function on a lattice L is one that is a
polynomial on each congruence class modulo some /VL.)

As m — oo, they become asymptotically polynomial of degree £ — 2.
(That is to say, those weird oscillations grow linearly, whereas the graph’s
height grows quadratically.)

What’s going on?
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We have seen that for each fixed m there is a simple pattern in the de-
composition of S (o3). But the different S™ fit together in a simple pat-
tern, too. The function 61" (7) is quasi-polynomial on certain cones.
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In the previous image, we are plotting data associated to weights of A—
i. e. on X*(A). But if we apply the inverse Satake transform, we wind up
with a plot of the basic function on X, (A) = A/A(o).

So the way the function 05" behaves is mirrored in the way the basic func-
tion behaves (although in a more complicated way, because of those g-
polynomials.

(7,0) (6,1) (5,2) (4,3) (3,4) (2,5) (1,6) (0,7)
(6,0) (5,1) (4,2) (3,3) (2,4) (1,5) (0,6)
(5,0) (4,1) (3,2) (2,3) (1,4) (0,5)
(4,0) (3,1) (2,2) (1,3) (0,4)
(3,0) (2,1) (1,2) (0,3)
(2,0) (1,1) (0,2) T

(1,0)(0,1)
0,1 1,0
(0,1) AN (1,0) 0.0)

(m,n) = (@™, w")
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6. Spherical embeddings
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What replaces the matrix algebra?

A spherical embedding of a split reductive group & is an open embed-
ding of G into a normal algebraic variety on which G x G acts compatibly
with its action on (G, and which is a finite union of B x B orbits. The ma-
trix algebra M,, (¥) is a spherical embedding of GL,,(¥), and the Vinberg
monoids are also spherical embeddings, which happen to be affine vari-
eties. But in general, the matrix algebra is replaced by spherical embed-
dings that are not affine varieties.

If G is an algebraic torus, a spherical embedding is the same as a toric
variety. The spherical embeddings that we are interested in are based on
certain toric varieties.
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Let A be a maximal split torus of (G, X a spherical embedding. The sub-
space X of points fixed by the conjugate action of A is a toric variety

(and is in particular normal). It is determined by a fan in X, (A) which is
necessarily associated to a I//-invariant fan. The G x G-orbits are parametrized
by the IV -orbits in the toric variety.

Conversely, a main result of Alexeev and Brion is that every such a toric
variety is equal to X for a unique spherical embedding.

For example, if G = GL,, and the toric embedding is that of G, in affine
space A", on which the permutation group &,, acts, we recover the matrix
algebra M,,.
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The basic function is a function on K'\G/K, and determines a Weyl-invariant
function on 2.. When ¢ = o3, this has support on the ("™ with m,

n > 0 and an extremely simple formula in that region. Something simi-
lar but more complicated happens for general o;..

32/50



First of all, there are more regions involved—£k of them for ;.. Here are
what happens for £ = 1, 2, and 3:

A4

Toric varieties are parametrized by fans in X, (A), which are complexes
assembled from strictly convex rational cones in X (A) that specify what
A looks like at infinity. For example, in the example above the fan con-
sists of a single simplicial cone spanned by the basis elements of X,(A),
together with it faces. The cone itself closes on the matrix 0.
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7. Schwartz spaces
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The whole Schwartz space of M (¥) can be similarly characterized as a
space of functions on GLy(%).

An admissible subset of 2l is something like a translation of one of the
following:

Every admissible subset in G is the intersection with G of a neighbour-
hood of a point in M5 (). These form a basis of a certain topology.
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Theorem. The restriction of a function in S(Ms(£)) to GLy(¢) is a finite
linear combination of characteristic functions of admissible subsets of G.
Conversely, any such linear combination is the restriction of a unique func-

tion in S(Ms(#)).

In other words, functions in the Schwartz space of M;(t) are compactly

supported sections of a sheaf on M- (¥) characterized by their behaviour
on the intersection of neighbourhoods with GL- (). They are also func-

tions on GL5(¢) which are locally on M (¥) equal to a scalar multiple of
the basic function.

This is a standard construction in this business.
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Schwartz functions are those functions on G that are locally (in the topol-
ogy defined by the spherical embedding) equal to linear combinations of
G-translates of the basic function. One can detect this on G x G trans-
forms of the torus itself.

| have computed the stalks of the sheaves on the spherical embeddings
defined in this way, in some cases. It shouldn’t be hard to do this for all.
But this still leaves open the question, what is their significance?
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8. The formula
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If A = [a;] is an array of positive integers, the associated denumerant is

the series for |

(1 —z)...(1—x9n)

That ¢ 4 is quasi-polynomial in this case was proved by Cauchy! There-
fore it is also defined for negative n.

D, =

39/50



For 0 < i < k define m; = mi +i(i + 1)/2, and let

((1,...,k) if i =0
(1,1,...,0,4,i4+1,...,k—1) 0<i<k/2

a; =<4 (1,1,...,4,4) i =k/2
(1,1,... k—ik—ik—i—+1,...,4) k/2<i<k
L (1,...,k) i =k

Theorem. For mi <n <m(i+ 1)

W (0) = 3 (1) Da 0= my)

This expresses the function as a quasi-polynomial in each of Sturmfels’
cones.

40/50



This formula is not easy to comprehend. One simple and, | hope, use-
ful consequence is due to the nineteenth century mathematician Joseph
Sylvester.

Define

1 i -k
_ . 1\J k-1 . .
D (z) = ] ijo( 1) (j)(:p 7) (i<x<i+l).
Thus @, has support in [0, k|, and ®; is the characteristic function of
0, 1].

Corollary. We have the asymptotic estimates

mk_ci,;((kn)_ o N Zcbk(n/k:m)
0t (n 1 )
m’f—lk/((k g D1~ o 2 iln/km)
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9. Higher rank
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For groups of higher rank, things are considerably more complicated.
One serious problem is that the inverse of the Satake transform is more
complicated—it involves Kazhdan-Lusztig polynomials of affine groups.
As a result, the computation of basic functions does not factor well into
the two steps (i) find symmetric multiplicities and (ii) apply the Satake in-
verse. To make up for this, Wenwei Li has found a single formula for the
basic function that, in principle, allows Sturmfels’ theorem to be applied.
That is to say, the cone spanned by the weights of an irreducible repre-
sentation can be partitioned into convex pieces, on which the basic func-
tion is a quasi-polynomial.

One curious feature of Li’s result is that it implies that the Kazhdan-Lusztig
polynomials are in a sense quasi-polynomial. | do not know any precise
consequence of this.
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Other bad news is that the Sturmfels partition can be extraordinarily com-
plicated. The following diagrams illustrate a transverse slice of the cone
for a small representation of GL3. Each open cell represents a region in
which the basic function will be a quasi-polynomial.
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Each open cell, according to Sturmfels’ theorem, corresponds to a poly-
nomial giving the dominant term of the irreducible decomposition. One
might expect each of these, at least, to be computable. For GL- the tran-
sition from one cell to a neighbour is relatively simple, and one might
hope that something similar happens here. But how to parametrize the
cells? It’s a classic problem in geometrical combinatorics.
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Is there any structural significance to the stalks of the L-sheaves?
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What about GL3(R) or GL2(C)? The basic function in Godement-Jacquet

for o, is the function e—"l=l” on the matrix algebra. In general, | expect it
to be related to some kind of diffusion initiated at the smallest GG-orbits in
the spherical embedding associated to o.
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10. Global matters
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Also around 2000, Langlands initiated a program of research into new
formulations of the Arthur-Selberg Trace Formula—going ‘beyond en-

doscopy’, as he put it. It poses the attractive idea that the stable trace
formula should be considered as a Poisson summation.

It is very likely that basic functions will play some role in Langlands’ pro-
gram. There are hints of this in his paper on ‘Singularités et transfert’, in
which he discusses (although not very successfully) the irreducible de-
composition of symmetric powers for GL,. This also appears in Ali Al-
tug’s thesis, in the choice of local functions to plug into the Trace For-
mula. But so far there has been nothing systematic.

Ng6 and various coauthors have explored the proposals of Braverman
and Kazhdan in a number of ways. It is not clear to me how their work
relates to what I've said here. They work only with the Vinberg monoid,
which is generally a proper quotient of my spherical embedding.
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