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THE CIRCLE S! AcTs ON C

.. and we get:

c/S' = R*
Here, the right hand side is a combinatorial object.

This extends to:

and is called “the standard action”.



TORIC MANIFOLDS

“PDefinition’:

A toric manifold M?" is a manifold such that:

(i) the real n-dimensional torus 7" acts on the manifold

(ii) M?" is covered by local charts C", satisfying the
property the action of the torus restricts to the
standard action

(iii) the quotient M=" /T™ has the structure of a simple
polytope P".

s Under the T™ action, each copy of C" must project to
an R neighborhood of a vertex of P".

Here, simple means that P" has the property that at
each vertex, exactly n facets intersect.



TORIC MANIFOLDS

The topological approach to non-singular projective toric
varieties, (and more general spaces), requires two
ingredients:

(i) A simple polytope P" of dimension n having a set of
m facets
F={F,F,...,F,}.

When P is simple, every codimension-/ face F' can be
written uniquely as

FZElmEQHHEl

where the F; are the facets containing I,



TORIC MANIFOLDS

(ii) A characteristic function

AN TF— 7"
which assigns an integer vector to each facet of the simple

polytope P".

[t can be considered as an (n X m)-matrix,
N 2" — 7"
with integer entries and columns indexed by the facets of

the polytope P".

We require A to satisty a reqularity condition: if
F=F,NF,N---NE,

then the vectors

{AFL), AE,), - A(E)}
must span an [-dimensional submodule of Z" which is a
direct summand.

(All n X n minors of \ corresponding to the vertices of
P"™ are required to be +1.)



TORIC MANIFOLDS

Next, regarding R" as the Lie algebra of 1", the map A
is used to associate to each codimension-[ face F' of P"
a rank-[ subgroup Gp C T".

Specifically for the facet F; , writing
)\(E ) — ()\lija AQij) c )\TLZJ)

J

gives G as the subgroup in (S1)"

{ (627Ti()\12'1t1+>\1i2t2+'°-+)\1iltg)7 . 2m‘(>\m1t1+>\m2t2+---+>\m~ltl)) }

.., €

where t;, e R, 1 =1,2,...,1L.

Finally, let p € P" and F(p) be the unique face with p
in its relative interior.

Define an equivalence relation ~y on I x P" by
(g.p) ~ (h,q)
if and only if:

i)p=q
(i) g7'h € Gpy =T

MQn o MQ’TL()\) _ Tn > Pn/ ~\



AN EXAMPLE

CP? is constructed from:

(i) P? is the two-simplex which has dimension n = 2

1 0 1
0 1 1

and m = 3 facets

(ii) The matrix A is



RECALL CP?

The diagram presents CP? as the cone on S? attached
to CP! via the Hopf map

S3 — §°

by “collapsing” by the action of the diagonal circle



A SECOND CONSTRUCTION

Davis and Januszkiewicz constructed a second space by

L =T x Pn/NQ
where here ~y does not involve the characteristic \.
Specifically, A has been replaced by

0: F — 7™

where 0(F;) = e, € Z™, so that the facets of P" index
“co-ordinate circles” in the torus 1™.

)

An equivalence relation ~y is defined On 7" x P™ by
exact analogy with ~y on T" x P".

[t's easy to see that the case when P? is the two-simplex
we get

L=T"x P"/ry
=T x A? [~y
= St (St xS
— G°



A SIMPLICIAL COMPLEX ASSOCIATED TO P

Let Kp denote the simplicial complex which is dual to
the boundary of a simple polytope P" having m facets.

The duality here is in the sense that the facets of P"
correspond to the vertices of Kp.

A set of vertices in Kp is a simplex if and only if the
corresponding facets in P" all intersect.

In the Buchstaber-Panov formalism, we have

L =T"xP'[~y = Z(Kp;(D*S")
a quotient a colimt

Here
Z(Kp; (D* SY) € D*xD*x---xD?* (m—factors)

is a natural subspace invariant under the action of T



COMPARING THE TWO CONSTRUCTIONS

The two toric constructions are related by a quotient
map given by the free action of

ker A\ = T " c T™
on
L= T" x P" [y,

(courtesy of the regularity condition),

and a commutative diagram

T x P" gy — T" X P"[roy — (T™ x P"/~vp) [kerA

| l%

Z(Kp: (D2, 5Y)) » Z(Kp; (D2, S")) /ker)

in which we are mindful of the linear extension
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MODIFYING THE EQUIVALENCE RELATIONS

Again, let P™ be simple polytope. Next, we replace each
of the circles in T by spaces X1, Xo, ..., X,, indexed by
the facets of P".

An equivalence relation ~q on the product
Xix Xox---x X, x P"
as follows:
(21,22, -, Ty ) ~1 (Y1, Y25 -+ -, Y, G)
if and only if:
(i) p =g and
(ii) when p is in the relative interior of the face
F(p)=F;,NF,N---F}

given as the intersection of the £k facets which are
complementary to {F;, Fy,, ..., F;,_,}, then

19 99+ *

z; =y, forall se{l,2,....m—Fk}
Equivalence classes are denoted by the symbol

[(,’,171, Loy ... ,xmap)} 1



QUICK REALITY CHECK

For the case X; = St foralli=1,2,...,m
we have

X1 X XogX o X Xy X P/ ~y
=S x St x o x St x P/~
=T" x P"/ ~
=T" x P"/ ~y
=L

The original Davis-Januszkiewicz space. Here, for the
relation ~y we have used the torus 7" action on itself in
the usual way:.

In fact:

Xy x Xogx oo x X,y x P/~ =2 Z(Kp; (CX, X))



MODIFYING THE EQUIVALENCE RELATIONS

Suppose now that S' acts freely on each of the spaces
X1, Xo,..., X,
giving a natural free action of 7" on
Xy X Xog X+ XX,
in the obvious way.

Recall now that the function 6 indexes the “coordinate”
circles in 1™ by the facets of P". This associates each
space X; to a facet Fj.

So, an intersection of k facets in P determines a
projection

" — Tmk
and by this projection, T acts on the product

Xz'1><Xi2><"'><Xi

m—k-



MODIFYING THE EQUIVALENCE RELATIONS

Next, let A be a characteristic map specified for the
polytope P", so that

ker\ = T™ " C T™.

For k < n, there is the induced action of ker A on the
product

Xi1XXi2><"'XXZ'

m—Fk

and a well-defined projection 7; ;,

c oy lm—k

X1 x Xox oo x Xy fkerA — X x Xjy X -+ x X; | /ker A

[3317 L, ... 7xm])\ = [Z’il, Ligy e« - 7ajim_k]/\

corresponding to each intersection of k facets.



MODIFYING THE EQUIVALENCE RELATIONS

We define next an equivalence relation ~5 on the
product

<X1 X X9 X +++ X Xm/ker)\) x P

as follows:
([iEl, X9, . .. ,mm])\,p) ~9 ([yl, Y2, -+ Yl q)
if and only if:
(i) p=g¢q and
(ii) when p is in the relative interior of the face
Fp)=F,NF;,N---F}

given as the intersection of the k facets which are
complementary to {F;,, F;,, ..., F; _ }, then

99 ¢

Wil,ig,...,im_k([fﬁl, L2y .. ,CUm]A) — Wil,ig,...,im_kdyl, Ya, ... ,ym]A)-

Equivalence classes of points in
(X1 X XQ X e X Xm/ker)\) X Pn/Ng
are denoted by the symbol

[([Ila L2y ... 7'%/!71]/\7p>}2



MODIFYING THE EQUIVALENCE RELATIONS

The group ker A acts on the space

(X1 X Xox -+ x X)) x P" /[~
by

t- [($1,$2,-.-,$m,p>]1 — [t (ZUl,.I'Q,...,.Tm),p)]l.

Property (ii) in the yellow construction ensures that the
action is well defined.

The next homeomorphism makes things worthwhile.

(X1 xXox- - x X, [ker \) X P [~sg = ((X1xXox- X X,) X P" [~ ) [ker A

[([331, T2y - 733m])\7p>]2 — [[(5’71, X9, ... ,xm,p)]l]X



MORE IS TRUE

The regularity condition on the characteristic map A
ensures that

ker\ = T™m™"

acts freely on Z(Kp; (CXZ-, XZ))

There is a commutative diagram:

Xi X Xy x oo X Xy X P Jop — (X X Xy X - X X, [ker A) X P" [~y

§ |

Z(Kp; (CX, X)) — Z(Kp;(CX, X)) /kerA

If we consider the case
X; = Z(Kp;(D* S"))

with S! acting by the free diagonal action, we very quickly
enter the realm of the Ayzenberg’s iterated polyhedral
product constructions.

(That’s for another course.)



ANOTHER REALITY CHECK

Our first example, reinterprets the basic construction.
Let A be a characteristic map for a simple polytope P".

Set X; =St foreachi=1,2,....m

Let S* act on itself in the usual way.

This reformulation sees the Davis-Januszkiewicz
construction as

T" x P”/NA = M (Tm/ker)\) X Pn/NQ

Notice here that the equivalence relation ~9 does not
involve the map A directly. Moreover, we have

(T™ /ker)) x P /~2 ~  Z(Kp; (D% 8 /ker)\



RECALL CP?

Here, P" = A? the two-simplex

The diagram presents CP? as the cone on S® attached
to CP! via the Hopf map

S3 — §°

by “collapsing” by the action of the diagonal circle



CP? FROM THE NEW POINT OF VIEW

The ingredients are:

(i) P" = Al a one-simplex. Here n =1 and m = 2.
(ii) X7 = St and X5 = S? with the usual free S! action.

(iii) the characteristic map \: Z* — Z is given by the
matrix [1, —1] .

(iv) ker A = T sits inside 7% as ¢t — (¢, t71).



CP? FROM THE NEW POINT OF VIEW




