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weak universality

o convergence to the KPZ equation
weak asymmetry limit

asymmetric exclusion process on /.
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stationary measure for the KPZ equation
Invariant measure

denote 1 (1) stationary height field
if at t=t0 h(x,t9) — h(0,tp) = H(x)

=> it remains true for all t>t0

since h(x,t) grows
h(0,t) ~ veot + Y t1/>
only height differences

can be stationary

expect that h(x,t)-h(y,t)

becomes stationary |z —y| < t%/3



stationary measure for the KPZ equation
Invariant measure

denote H(.ZE) stationary height field
if at t=t0 h(x,ty) — h(0,ty) = H(x)

=> it remains true for all t>t0

- on the full line £ € R

Bertini-Giacomin 1997

H(x) = B(x) + ax -

Funaki-Quastel 2014

since h(x,t) grows
h(0,t) ~ veot + Y t1/>
only height differences

can be stationary

expect that h(x,t)-h(y,t)

becomes stationary |z —y| < t%/3

full line ASEP stationary
measures are i.i.d Bernoulli

sites occupied independently

w probability 0 < p <1



stationary measure for the KPZ equation since h(x,t) grows

Invariant measure W0, 1) ~ vaot + Y /3

denote H(.ZE) stationary height field only height difterences
can be stationary

if at =10 h(ﬂ?, to) — h(O, t()) — H(QL’)

=> it remains true for all t>t0 expec.l. that h(x’.l.)_h(y,.r)

becomes stationary |z —y| < t%/3

- on the full line £ € R

Bertini-Giacomin 1997 full line ASEP stationary

H(QZ’) — B(a’:) + ax ) measures are i.i.d Bernoulli
sites occupied independently
Funaki-Quastel 2014 w probability 0 < p <1

- on the circle z € |0, 1]

H(CIZ’) IS Brownian bridge is unique invariant measure

H(()) — H(l) — 0 Hairer-Mattingly 2016
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very long polymer

with a slope initial condition unimportant
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KPZ equation on the half-line = directed polymer in half-space

h(z,t) =log Z(z,t) x>0 ol el
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KPZ equation on the half-line

h(x,t) =log Z(x,t) x>0

O Z(x,t) = 02 Z(x,t) + V2n(x, t) Z(x, 1)
Kardar 1985

replica Bethe Ansatz

0y 7 (2, 8) oo = A Z(0, 1)

A > 0 repulsive wall
A < 0 attractive wall

A < —1/2 polymer bound to wall
A > —1/2 polymer unbound

ground state

directed polymer in half-space
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— binding transition

t — 400



KPZ equation on the half-line = directed polymer in half-space

h(x,t) =log Z(x,t) x>0

0.7 (x,t) = 02 Z(x,t) + V2n(z,t) Z(x,t)

0:Z(x,t)|z—0 = A Z(0,1) Kardar 1985

A > 0 repulsive wall

A < 0 attractive wall ground state

A < —1/2 polymer bound to wall
A > —1/2 polymer unbound

replica Bethe Ansatz

Barraquand, Krajenbrink, PLD 2020
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— binding transition
L — 400

_ eB(a:)+(A+%)a: IS stationary
in bound phase

o B(@)+(A+1)z

— stationary endpoint distribution p(x) = 7 dy BTy
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KPZ equation on the half-line = directed polymer in half-space

N (z,1)
h(xz,t) =logZ(z,t) x>0 }ﬁﬁﬁﬁﬁﬁtﬁ ___________
0,7 (x,t) = 2 Z(x,t) + V2 n(x, ) Z(x, 1)
0pZ(,t)|z=0 = A Z(0,1) Kardar 1985
A > 0 repulsive wall replica Befhe Ansafz
A < 0 attractive wall ground state — binding transition

t — 400
A < —1/2 polymer bound to wall
A > —1/2 polymer unbound
IS stationar
Barraquand, Krajenbrink, PLD 2020 Z(x, 1) _ oB@)+(A+3)z | 4
Z(0,1) in bound phase
eB(ac)—l—(A—I—%)ac
— stationary endpoint distribution p(x) = 7 dy BTy
0
Barraquand, PLD 2020
formula for p(x1)...p(xr) using Liouville QM
2 k. (k) [\ 1 2\ ¢ 1 [ \E ~ —2k e=A+ -
[7F)° = —(=2)F ) (~2¢) W)~ @rrg @ xad -



KPZ stationary height profile on the interval

for any 10 {H(aj)} c[0,L] 8ach|:v:() — U = A+%
h(CIf,tQ) o h(()?to) — H(ZU) H(O) — () | aajh’x:L — U



KPZ stationary height profile on the interval

1
for any tO 8xh|:v:() —u = A+ =
h(z,to) — h(0,ty) = H(x) {H(x)}wé[OaL] 2

H(O) = () aa:h’x:L — —U
1
Main result H(:C) — —W(ZE) + X(:L‘)
V2 | ~
independent of W
W(0)=0 one-sided standard
W (L) free Brownian motion

measure of X(x) given by path integral

first form DX _ Lda;(M)Q 20X (L " —2X (x
any (6) Zuve fo 7 ) o (L) /O dx e (x)

X(0)=0

—(u+tv)




KPZ stationary height profile on the interval

for any 10 H 0 h| = U A+1
xlt|lx=0 — — Py
h(x,to) — h(0,ty) = H(x) { (m)}xe[o,[,] .
H(O) =0 aa:h’x:L — U
1
Main result H(:C) = —W(ZE) + X(:L‘)
V2 | ~
independent of W
W(0)=0 one-sided standard
W (L) free Brownian motion

measure of X(x) given by path integral

—(u4wv)
first form DX _ Lda;(M)Q 20X (L " —2X (x
any (6) Zuve fo 7 ) o (L) /O dx e (x)
X(0)=0

second form X(x)=U(x)—U(0)

u+v>0 DU I3 JU 2
—— exp (—QUU(O) —20U(L) — / dx {( (x)) + e_ZU(x)}>
Zu,v 0 dx

first obtained from second by integration over zero mode U(O)



how was that result obtained ?

stationary measure
from matrix product ansatz (MPA)

Derrida, Evans, Hakim, Pasquier, 1993

/
P(r) = 7 WIIOn + BG =)V

from open ASEP




how was that result obtained ? from open ASEP

stationary measure P A |/ﬁ‘

e e o6 e e
from matrix product ansatz (MPA) Yy \oyl
Derrida, Evans, Hak;m, Pasquier, 1993 represen’ra’rions of EDVW
P(t) = Zl( )<W\ [[(D7 +E@1—7))|V)  using Askey-Wilson orthogonal polynomials

ed i=1

¢ Uchiyama,Sasamoto,Wadati 2003

average of observables in open ASEP

from a Askey-Wilson (AW) process Bryc,Wesolowskiz0l8

'
Corwin-Knizel 2021 KPZ limit of ASEP BW formula
k
43( H B—Si(H(mi)—H(wi—l))) utv >0
i=1 in terms of explicit transition proba

of a limit AW process



how was that result obtained ? from open ASEP

stationary measure PN N PR
e e o6 e e
from matrix product ansatz (MPA) \ol \ol
Derrida, Evans, HakLm, Pasquier, 1993 . represenfa‘rions of EDVW
P(r) = L (W] H(Dn +E(1—1)|V) using Askey-Wilson orthogonal polynomials
Ze(q) =1 | Uchiyama,SasamotoWadati 2003
average of observables in open ASEP ,
Fromga Askey-Wilson (AW)Pprocess Bryc,Wesolowski2018
Barraquand, PLD 2021 !
recognized formula Corwin-Knizel 2021 KPZ limit of ASEP BW formula
from Liouville QM — k
allows to perform 4;( H e—Si(H(mi)—H(fEi—l))) w+v>0

inverse Laplace transform i—1 in terms of explicit transition proba

of a limit AW process



how was that result obtained ? from open ASEP

stationary measure PN N PR
e e o6 e e
from matrix product ansatz (MPA) \ol \od
Derrida, Evans, Hak;m, Pasquier, 1993 N represenfa’rions of EDVW
P(r) = Zl (W] H(D%’ + E(1—1;))|V)  using Askey-Wilson orthogonal polynomials
(9) =1 | Uchiyama,SasamotoWadati 2003
average of observables in open ASEP ,
Fromga Askey-Wilson (AW)Pprocess Bryc,Wesolowskiz018
Barraquand, PLD 2021 !
recognized formula Corwin-Knizel 2021 KPZ limit of ASEP BW formula
from Liouville QM — k
allows to perform 4}( H e_si(H(mi)_H(mi—l))) u—+v >0
inverse Laplace transform i=1 in ferms of explicit transition proba
l l of a limit AW process
Inverse Laplace from stochastic analysis
Barraquand, PLD 2022 Markov process with transition proba
more direct derivation using Bryc,Kuznetsov,WangWesolowski 2021
Enaud-Derrida representation of the MPA l
in terms of random walks Bryc,Kuznetsov, 2021

arXiv:2209.03131 proved quivalence of the two u + v >0



some formula..

PG ICS (ORI D DHNEACEE J(3)

— 64 j=1 J

J(0)
J(5) =
1 m /+OO dk m Iy (83 —SJH % T ij;l)
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i W(x)
33) also a one-sided standard
Brownian motion

The scaled process X(z) = VLX ()
i =x/L€0,1] W (z) = VLW/(

~ ~ dX(:zz) U - _oVLX (i v (/ ~ 2\/L(X(1)X(~))>
SiIX| = d — 1] d () )+ — 1o dzr e &
X /0 v ( dx ) " VL 08 (/o v e V'L 5 0

X(0)=0 X(1) free
L > 1 KPzZ fixed point limit

> DX N d;c(dx<a’))2€2amini{)’2(z>}+2@mini{)?(;z)—)?u)}

u, U0 — 400 (u,v>0) ming X (Z) =0 —> X(z)>0
ming (X (Z) —X (1)) =0 —»  X(0)— X(1) >0
- . — X(1)<0
X(x)é%E(x) N - | N( ) <
—> —> H(i@) = —=W(@)+ —=F() —> X(1)=0
standard Brownian excursion V2 V2

as for TASEP (universality) Derrida,Enaud,Lebowitz2004



Stationary measures for half-line KPZ equation

Take the .
L — oo limit H(z) = H(0) = Z5W(z) + X(z) ZL[X] = [, dee=>X®)
with x=0(1) fixed .

of ;)X o fo dw(%)ze_QvX(L) ZL[X]_(“+”>

Y

the hard work is already done !

Limiting distributions associated with moments
Y. Hariya, M. Yor (2004) of exponential Brownian functionals
Stud. Sci. Math. Hung. 41 193 (2004)



Stationary measures for half-line KPZ equation

u= boundary parameter

v= drift parameter such that h(x,0) has drift - v at infinity

l 7-[)7(:'_)2} denotes
o 1 H(z) = BY(z) + B? (2) + vz
drift : . x _2B(2)(Z)_2v2d
parameter Hy,(y(i) -+ log + Yu—v ; € z

defined in (34)

Standard Brownian

H(z) — H(0) ~ —vz
xr — +00

motion with drift w

0 —----------- )
u

boundary parameter

| 2 i t B '
: BO(z), B (x) independent Brownians

with diffusion coeff = 1/2

HYS)

defined in (35) Yu—v independent gamma RV
| param. u-v
0 u—v—1_—~

p(y) o<y e



Stationary measures for half-line KPZ fixed point

look at large scale I — +00C

define scaled field/parameters U = % U = %
— 1
Wz

H{(y) H(zy)
/l,} N
drift
parameter §(1)(y) + B®) (y)+

max 0, —Eg — 2mingg,g B(2) (4
Standard Brownian { y{ ( )}}

motion with drift @

0 —-----=----- )

~

U

|
|
: boundary parameter
|



Matrix product ansatz
Consider ASEP on {0, 1}* with boundary parameters , 3,7, §.

o 1 q 1 q 1 3
_ — — — e~ _
reservolr I —@— —@—@— —@— I reservolr
—1 2 3 /R—
Y d

We describe the state of the system by n € {0,1}*. The stationary
measure P can be written as [Derrida-Evans-Hakim-Pasquier 1993]

14
Pn) = 5 (wl [JnD + (1= n)E) v

where
Zy = (w|(E+ D)" |v)

and E, D are infinite matrices, and (w|, |v) are row/column vectors such
that

DE — gED =D + E
(w|(xE —vyD) = (w]|
(BD —3E)|v) = |v)



Enaud-Derrida’s representation

Enaud-Derrida found a very simple representation for any parameters

q,«, 3,v,d. Under Liggett's condition, it becomes :

([1]q [l 0 0 O \ ([1]q 0 O
0 [2]q [2]q 0 0 T [2]q [2]61 0
D=fo 0o By By 0 | E=]10 3y [
\E E 0o . “.':/ \o 0
where [n], = 11__‘3;.

Denoting by {|n)},>1 the vectors of the associated basis, let

00

W= () e =3 () kel

n>1 n>1

Then, E, D, (w|, |v) satisfy

DE — gED =D + E
(w| (xE —yD) = (w|
(BD —5E) v) = |v)

o



Sum over paths

Due to the bidiagonal structure, the normalization constant
Z; = (w| (D + E)*|v) can be written as a sum over lattice paths
7= (ng, ny,...,ne) € N of the form

Z, =" Q)

where
1 Q 0 Q Ny 14 14
Q(n) = — O) ( ‘ ) Vini—i, N; Njlq,
@=(52) (+%5) MversmIIn
with
2 ifn=nr,
vin,n')=<1 ifln—n|=1

0 else.

» This introduces a natural probability measure on random walk paths
n. The stationary measure IP(n) can be recovered from this measure.



Open ASEP invariant measure

Following arguments similar as [Derrida-Enaud-Lebowitz 2004, one
arrives at

heorem (|B.-Le Doussal 2022])

Under the stationary measure P(7), ASEP height function
H(x) =>"_,(2n; — 1) is such that

. (d)
(H(’))1<i<e = (nj — no + mi)1<i<€7

where (n;, mj)o<i<e Is @ two dimensional random walk on 7.2 starting
from (ng,0), distributed as

Tpso (1—00\"™ o0\ - SSRW
P(m, m) = — ( ) ( ) ||n,- X P T, m),
( ) 4_€ZE 00 1 — 0y i:O[ ]q 0,0 ( )

where P> denotes the probability measure of the symmetric simple
random walk (SSRW) on Z? starting from (ng, 0).



Scaling limit to the KPZ equation

Under the scalings such that ASEP’s height function converges to KP/Z,
in particular

1 1
q:]_—é“, 828_27 9025(1—'_”5)7 Qﬁzi(l_vg)

we find, denoting by Y, the rescaled version of the random walk n;

14

H[ni]q e Joe7ds

=0
n n
(1 o Qa) ’ ( Qb ) ‘ % e—2uY0—2VYL
Oa 1 — op

(mj, n;)) = (W, Yx)

so that

where W, is a Brownian motion and Y, is absolutely continuous to the
Brownian measure with Radon Nikodym derivative

1 ouve—owv — [Fe™?Ysds
e e Jo :

Y




Liouville field theory in dimension 1

Theorem

The KPZ equation on [0, L] with boundary parameters u and v with
u—+ v > 0 has a unique stationary measure

hy(x) = Wi + Y — Yo,

where
» W is a Brownian motion,

» Y is independent from W, and its law is absolutely continuous w.r.t.
to that of a Brownian motion with free starting point. The
Radon-Nikodym derivative is

1 L
—— exp (—QUYO —2vY| — / e_2Y5ds>
Zu,v 0

It was originally proved by [Bryc-Kuznetsov-\Wang-\Wesotowski 20211, [B.-
Le Doussal 2021 using results from [Corwin-Knizel 2021]. Uniqueness
was later proved by [Knizel-Matetski 2022].



stationary measure for 2 non-crossing polymers ?

on real line



stationary measure for 2 non-crossing polymers

in a random potential (on the line) G. Barraquand,PLD, arXiv:2205.08023

1 polymer  Zgtat(y) = ¢BW) U1 Y

B(0)=0 dB(y)* = dy ¢

2 NC polymers

that (Y1, 7y2) = o B1(y1)+B1(y2) /y2 dze—B1(2)+B2(2) t
Y1 < Y2 N
Y1 Y2
—_— B
O AN
0 - t — +00
equal to partition sum of Zy(Z; —t|y; 0) @ Z;* ()

2 NC semi-discrete O'Connel-Yor polymers



stationary measure for £ non-crossing polymers

3 NC polymers

Z558 (41 o, yj3) = o B1(y1)+B1(y2)+B1(ys)

" / 0227252~ B1(D)+Bs(:3)~ B (23) / dz1ePs ()= Ba(a)
Y1 <23 <y2<z3<ys3 27 <27 <23
Y1 Y2 Y3
| : : : B4
0
Bo
0 2 2z
Bs
0 21
g e ko - (k_l)e—1k i
stat g’ :/ ePt—k+1(27 )= De—k4+1(2;_4 dz!
NC polymers ) GT(ﬁ);gg kl;[lg ;

GT(y) = {(zk)lgigkg AR sz < zfjll for 1 <i<k</{-1, and zf =y, for 1 < < 0}

Gelfand-Tsetlin pattern

interlaced set of £(£ —1)/2 auxiliary variables



Liouville field theory and log-correlated Random Energy Models

X. Cao, A. Rosso, R. Santachiara, P. Le Doussal arXiv:1611.02193

An exact mapping is established between the ¢ > 25 Liouville field theory (LFT) and the Gibbs
measure statistics of a thermal particle in a 2D Gaussian Free Field plus a logarithmic confining
potential. The probability distribution of the position of the minimum of the energy landscape is
obtained exactly by combining the conformal bootstrap and one-step replica symmetry breaking
methods. Operator product expansions in LFT allow to unveil novel universal behaviours of the
log-correlated Random Energy class. High precision numerical tests are given.
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An exact mapping is established between the ¢ > 25 Liouville field theory (LFT) and the Gibbs
measure statistics of a thermal particle in a 2D Gaussian Free Field plus a logarithmic confining
potential. The probability distribution of the position of the minimum of the energy landscape is
obtained exactly by combining the conformal bootstrap and one-step replica symmetry breaking
methods. Operator product expansions in LFT allow to unveil novel universal behaviours of the
log-correlated Random Energy class. High precision numerical tests are given.

Log-Random Energy Model(REM)

normalized Gibbs measure of a particle
in log-correlated field

of 1 _
pﬁ(z) d:f Ee B(p(z)+U(z)) = C

7 def / —BH()HU () 42,
C

o(z)p(w) =4In(R/ |z — w|)
¢(z)? = 4In(R/e¢) e —>0,R— o0

U(z) ' 4ay In|z| +4azIn|z — 1|,a1,a2 >0
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Log-Random Energy Model(REM)

normalized Gibbs measure of a particle
in log-correlated field

of 1 _
pﬁ(z) d:f Ee B(p(z)+U(z)) = C

7 def / —BH()HU () 42,
C

¢(2)p(w) = 4In(R/ |z — wl)

¢(Z)2 :4IH(R/€) e—)O,R—> 00

A B re L S
—3-2-10 1

def

U(z) = 4a1In|z| +4asIn|z —1|,a1,a2 >0 Re(z)



Liouville field theory and log-correlated Random Energy Models

X. Cao, A. Rosso, R. Santachiara, P. Le Doussal arXiv:1611.02193

An exact mapping is established between the ¢ > 25 Liouville field theory (LFT) and the Gibbs
measure statistics of a thermal particle in a 2D Gaussian Free Field plus a logarithmic confining
potential. The probability distribution of the position of the minimum of the energy landscape is
obtained exactly by combining the conformal bootstrap and one-step replica symmetry breaking
methods. Operator product expansions in LFT allow to unveil novel universal behaviours of the
log-correlated Random Energy class. High precision numerical tests are given.

Log-Random Energy Model(REM) | FT <> LOgREM
2 th's univ. class
normalized Gibbs measure of a particle 3
in log-correlated field S U

2D GFF —— 2D logREMSs
pa(z) ¥ Le=80@+U() e ¢ defines

Z°

7 def / —BH(2)TU(2) 42,
C

¢(2)p(w) = 4In(R/ |z — wl)

¢(z)? = 4In(R/e¢) e —>0,R— o0

4 gl e e ! 1 i 1 "1. -y I
—-3-2-101 2 3 4

Ul(z )d—ef4a1 In|z| +4azIn|z — 1|,a1,a2 >0 Re(z)



. . A. M. Polyakov, Physics Letters B 103, 207 (1981)
Liouville CFT

Y = CU {0}

1 | A .
Sp = / {—(VSO)Q — —QRp+ Me_bgo dA R(z) = 876%(z — 00),dA = d?z
s | 167 S

rigorous probabilistic construction of LCFT path integral

_ —1 _ 2
Q =b+0 c = 1+6Q David, Kupiainen, Rhodes, Vargas, arXiv:1410.7318

axiomatic construction of LCFT

Ribault, arXiv:1406.4290, Ribault, Santachiara, 2015

Va(w) ~ =) A, = a(Q — a)
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invariant under duality b — 1/b

pPg>1 = P1 Jreezes
Fyodorov, Le Doussal, Rosso 2009 predicts PDF of position of the minimum of

¢(z) + U(2)

freezing duality conjecture



Left = Test of pg(2) BO<<1 Va1 (0)Va, (1)V(2)Vas, (OO)>b

Right = Test of  PDF of position of the minimum of  ¢(z) + U (2)
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Figure 3. (Color online) Test of (9) on the segment z € [0, 1].
(a) High-T regime (8 = .4). (b) Minimum position dis-
tribution versus LFT with &6 = 1. Numerical parameters:
L =2 =272 5x 10° independent samples.






KPZ equation on the half-line = directed polymer in half-space

N (,1)
h(x,t) =log Z(x,t) x>0 Efffffft _______ >
O Z(x,t) = 02 Z(x,t) + V2n(x, t) Z(x, 1)
0y Z (2, )]0 = A Z(0, 1) Kardar 1985
A > 0 repulsive wall replica Bethe Ansatz
ground state A < ”;1 %

A < 0 attractive wall
n (A_j‘|‘1)$j 0<a;<---<ux,

t — +oo  binding transition Uy (f) —Cpoa 5~G=1
A < —1/2 polymer bound to wall £y 4oo ? — 351% Ej

A > —1/2 polymer unbound ground state dominance \ e~z (n—(1+24))y
Barraquand, Krajenbrink, PLD 2020 Z(x1,t) ... Z(xn,t) = Z(0,1)" p2j—1(A—i+1)z;

Z(z,1) _ ,B@)+(A+3)z s stationary . Z(r1,) 2@n,t) _ 3 Blay)+(A+3)a;
Z(0,1) in bound phase Z(0,1) Z(0,1)

stationary endpoint distribution — e2j=1(AFn—j+1l)z;

eB(a;)—I—(A—i—%):c

P\r) = "+ 1
( ) fo ~dy eBW)HA+z2)y Barraquand, PLD 2020

formula for p(x1)...p(xk) using Liouville QM



back to 2 non-crossing polymers and Dyson BM

Y1 < Y2
2594 (1), ) = €B1 )+ B1(w2) / P e Bi(2)+Ba(2)
Y1
. Bi(y) _
short scale behavior ZEtat(g’) ~ H ((.3_ 1)'A(g’) A(y) — Hi<j (yj — yz)
Yi R Y i=1 \! ' |
large scale behavior i L log ZStat @ B B A _
lim og Z5® (xy1, xy2) 1(y1) + Ba(y1) + A1(y2 — y1)
yi — Y5 > 1 v

A1 (y) is independent of By 2(y1)

largest eigenvalue of the
GUE(2) Dyson Brownian motion



if we condition the first polymer
to end up in atypical position with slope b

=> the two endpoints are “"bound”

_ 2y
fo+oo dyZ(y)

Z(y) == Z5**(0, y; —b, —b)

P(y) Yy = Y2 — Y1

b < 1 small SlOpe => |arge scale y — g/bQ

y = argmax,g (A1(2) — 2)
GUE(2) DBM
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if we condition the first polymer Y
to end up in atypical position with slope b yr Y2

=> the two endpoints are “"bound”

_ Z(y)
P = o dyZ(y)

Z(y) == Z5**(0, y; —b, —b)

Yy =1Y2 — Y1
L

b < 1 small SlOpe => |arge scale y — g/bQ

y = argmax g (A1(z) — 2) —bt
GUE(2) DBM
D
— Ely)l=,s E ERIES % E|(y?) — ()| ~ %
any slope b= 0O(1) /
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