
2203



&espectral graphs



Assume & is a quantum permutation of index d.

Ther

Comm(8) = < M : Mel& & commute

is a coherent algebra. It contains I, in fact

it contains the coherent algebre generated by A.



If we have a set of now quantum permutations,

the commutant of the set is the intersection of

the commutants of its elements-

Note that any coherent algebra of non
matrices has dimension as most n2 . If 8

,

D
., D,

are coherent algebras and 8 =D,18 then

dim (2) & din /8
,
)
,
dim (D) Itrue for

subspaces)



Seil X is a groph and & is its quantum

automorphism group , the ammutant of &

is a scherent algebra. This algebra is a

subalgebra of thecoherent etgebra generated
by A(X). <Remark : the 'smallest coherent

algebra is span 1. 53 .)



If X & Y are quantum isomorphic via the

quantum permutation 0 of index d, then

P(AMeFa) s(AMIa)P

Since O is unitary , this implies that the

matrices AWeld & Al)Id are similar,

So yoy are cospectral, but more is true.



For any two non matrices MON,

MNEId = (MoFd)(NEIn)

(MoN) Id = (Metdo(NeEd

Thus

P(A(X)-In) -- O(A()Ia)(ANId

- (A(yeta) &(A(N)- In
i

- (ACPeFalD



16 follows that, if 8(X) denotes the coherent

algebra generated by AKX) and X &Yare

quantum is amorphic via 8
,
then

(this is not a

P(f/P" - SID type of isanorphism
listed before!

Hence O(X) = ON). This implies X2Y are

cospectral and XoY are cospectral



Let J
p
(X) denoke the communtant of the quantum

automorphism group of1. This is a coherent

algebra that contains 8(X).



Broup rings



LetGo be a finite group. The group ving over the

ringR mas be defined as the set of formal sums

Ea
, 9. ageR.

976

Only finitely many terus in this sun are not gero.

We have a product : RG

En9bi = /Eae convolution
nzh



To be rigorous , the elements of thegroup

ring are
functions from 6 LoR with finite

support. Addition and scalar multiplication are
defined in the usualway. The product of functions

f & g is dended Eag . and

(fagi -Efbigly)
xy= C



And now for what we'll actually do. Assume 1SH=n

Then we can represent the elements of C by

permutation matrices , where the map from G to

Matnon (IR) is an isomorphism. Now thegroup ring

is a subalgebra of Mather (1). This subalgebra is

a coherent algebra with the permutation matrices
as canonical basis.



The centre E(R) of the ring R is

Exe R : xy-gr Vy in R3

We are interested in the centre of the gramp ring.

Let us view subsets of to as sums of permutation matrices

Suppose Sc 6 & uc6 . 16 <S = Sn and afS,

there is bes such that na-be , and so be can

Thus if ass
,
then wanies & Thus <Su = S,



This implies that S is central if & only if it is a
union of conjugacy classes, and Hence the

Conjugacy, classes term a basis for the centre of the

group ring.

Therefore the centre of the group ring is a

coherent algebra , and the conjugacy classes are the

canonical basis. This coherent algebra is



homogeneous & commutable
- it is an association

scheme ,



Example Symm

cans
Co C G C S4

classesLeigenspaces () (121(3)) (12) (1234) (123)
-

I I 6 6 g
form of the

I s
-t -6 8

character

& ↑ is g f - 4
table of Sym(4)

- L -I &

3 1 - Y -2 2 f



involutions derangements

( C + 2 C. +C

9

T-Y ->

! 3 I 3

I - 3

7



Some quantum isamorphic graphs



Examples
-part of a

al The two Cayley graphs on 24 vys series

b) Graphs related to the Egroot graph on 120 vertices.

e Hadamard graphs.

first we introduce the Hadamard graphs



A Hadamard graph is an non ematrix. It such that

HH = n +

Iter . I

11 -
i

Ide 103.1-1 n is entre
- ...(ii) !
"

"I
111f

Lemma If an nan Hadamard matrix exists , either n =2

er 4/1 . Li

Converse! Who knows
.



16 It, 0 H, are Hadamard
matrices

, so is He

Lemma Let A be an non Hadamard matrix. If

10 is 11 = 01 (for somea) then n =G.
regular ⑪

Proof 18 H1-51 , then IH1 = n&. But H1 =5

then $1 = 141 = v and GINE = 12. So

-n - 2 - H1 = 45 . *



Hadamard graphs. Suppose I is an non Hadamard

Ht) -matrix. Then we can Wrike H - HH7) where

1 & HH are oc-matrices and HH +H6= 5. Define

N. = H(te(d) + H()0/:

and set

A : =I

This is the adjacency matrix of a bipartite graph.



Sea 1 = T (ii). Then Lite and ["(i)( = (bp),

I'l:b) = (vi) and consequently

(Ine()N(IneL) = H(+ -(c) + H6(bi) -

Therefore the matrices J
~

N
, (((t)

+(67) >

7 - [iseH()-Hf
↑ It ~permontabenep

are similar
,
in bases N = (InL(P(ais)P(neL)



We have (finally)

A = ( )-/NNN

NiN - (IneLip(in) P(50L")
from this we conclude that the spectrum of A is

I-m,
0 - -In 0 fr H



Theorem (Maniins/ad Roberson) Two graphs

↑ and Y are quantum isemorphic if &

only if, for each planar graph z, the

number of homomorphism=- equals the

number of homomorphism z->Y Er



Theorem (Chand Martin; Gromade

Hadamard graphs of the same order are

quantum isomerphic. [

We have no actual example of a

pair of Hadamard graphs and a

quantum isomorphism between there,



Nor do we know the quantum andomorphism group

of
any Hadamardgraph.

Lemma 186w0 trees are quantum isomorphic, they are

isomorphic .
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