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Bleason's theorem



We work with the Hilbert space le. A state

is given by a protection sey
* Skel-d) and a

measurement is given by the standard basis

2.. T / t . The outcome of a measurement is

i (in 31
,
2
,33) with probability <un*, Tip*

So each state determines a function of on the

zenit sphere sit that :



(a) 730

(b) 163
,7,3 is an erthonormal basis , then

f(x)nf(y)+ #(g) = 1.t

Certainly the function yo <an *, ya) has these

properties· Are there alternatives?

We call 6 as above a frame function. Do

all frame functions arise from inner products-



Theorem . (With notation as above.) Yes
. -

Gleason's argument proceeds in two steps.

I : If dis and frame function exists
,
it is continuous.

It : If di> and f is a continuous frame function,

there is a matrix M3C such that flu-nMa Us.
K

Only the first claim matter to us. <48
,M)



Theorem The chromatic number of p (3) is greater
than three,

Proof Assume we are given a 3-colouring of p /3)

and 126 S be one of the three colour classes.

IfSe, ens is an ortho normal basis then

1Sn 922 :31 =
1
. The characteristic function of S

is a frame function
,
but is not continuous, #



A Kochen-Specker set is a union of Orthonormal

bases from 2 (d). If the subgraph ofof (d)

induced by a Rochen-Specker set is d-colourable, it

contains a codique that meets each basis in

exactly one vertex. If X is such a subgraph and no
such coclique exists, then

3(X) < x
,
"(X).



It follows from bleason's theorem
, by ampactness,

that there are finite Kochen . Specker graphs with no

d-colouring .

In 13
,
this means we have graphs X with

3 (X) = 3 and X(X)34. 16 Xp (1) =3, then

x(X=3 and hence 3(X) < X (X).



There is a ratic bound on 3(X) (following

Slphick & Wojan) :

Theorem for any graph y, we have 3/X) > 1n *



Vector colourings



Let -(d
,
a) be the graph with unit vectors in 1Rd as its

vertices
,
with restors &y adjacent :6 <3) &.

I In practice. - = &10). The vestorchromatic number X of A is

inf[l-t : X-lidd , as 3.

18 & = -1
,
then X is bipartite.

-

laybi) 9 (2e
d



There is a related parameter. Let /, d) be the

graph with unit vectors in 1" as vertices , vectors

adjacent if (n,y) = &. The strict vector chromatic X,)

is infeld : X +Rid
,
d . *< 8].

Clearly Xs/X) > X(X). We also note that Xsr(X) is

the Lovass 0-number of *.

(We noke that Ys(X) is Levisz-8 of the complement ofX.)



Mancinska & Roberson also holds for Xu

Theorem If X*Y then NsuCX) =Xs(Y).

ProofSuppose+ + and Y ->* (d,a) for somed

We want to show-> -le, c) for somea

Since Y-/did
,
there exist unit restors 4,y) for y in VIN)

such that 4(px(z)= < when y: 3 0 We claim that entries of the

quantum homomorphismXi I can be assumed to be real. Assume

8 = (Pa
.
) (26V(A), yeU(Y)) .



16 e VCX)
,
define rectors plus by

CAB, (d)

9( = 67EY()& Pe - <A
, 2)]π- 03

Assume <&P
, vOQ) - 1 <P

, &). Then

191, 461) = 7)&+y &Pwy), )94(y)0P n
,g)

-> * & <N(p),N(7 > Pwy , Pgn)
4,3-V(y)



Since(Pwy , Pwz) = > when y +3 , we get

> g (a), p(m) =d.V >4(y) , 4 (4) <Pay, Pwy

- /&P (
WI

- tr/Ed)

- 1

Hence (Igcsl=1 and we need only check the value ofpins'g()

wqD .



Now (p
was Pag) = 0 When yuz and sa 3.

plu"pin = de < N(4),N() <Pwy , Pxy)

P- Es < -wysPse

- &Pwy >EP z
I a -



We point out that we can compute x(X) (semidefinite

programming), and2o we can use this theorem to prove

that there is no quantum homomorphism from X to Y.



The quantum clique number of a graph X is mayin : K*X3.

I is demoked by walk). The quantum independence/coclique
W

+
/D)

,
and is denoted by Cq(. (We willnumber is

offer another definition later .)

For practice , we start with a simple result.

Lemma If X is verter transitive, -(Wa(X) = NEI

slique-cocligne bounds



YProof Assume m = wal). Then kno : assume
this isgivenI

by an mxN(X)) matrix & of indexd, with all projections

of rank r. (So (VI)r = d .)

Lets be a codique in X and consider the submatriy

OCS) of a formed from the columns indexed by vertices in S

Then the entries in each column of 0(S) are pairwise arthogonal.

Further since km is complete and S is a codique, projections



in different columnsef P(S) are orthogonal. Summing up, any

two distinct projections in P(S) are orthogonal. House

their sum is a projection of rank mol)r, and thus

ma(X)- = d= V().

So wa()-(X) < N(X)) - #

If Kn => X , then Kn X and so wal)?wa. It

follows that -
,
(4) ? 6 (X).



We offer a second definition of a quantum colique.

We say a quantum codique of siges in X is given by

a IV(X)(S makix 8- (Pijl such that :

say for each verley in X
. Pu-Ed

(3) PuiP; = 0 if now are equal or adjacent. (iii



The homomorphic product



We are going to present a construction due to Nejetril Hell.

First we present a special case.

Lemma - (X0km) is the sige of the largest subgraph ofX

that is the union of m coignes. m

Proof (by picture.

Corollag (Nemes -XOKM-NI.. f XaKm



The hanomorphic product 104 is the graph with vertex set

U(X) xV() , with distinct vertices (n.> - <n,y) adjacent

if either nex
,
oo us and ofy

We have

"Ice ·A(Xay) = A(X0ky) + A(Xxy)

( = A(x)e1 + Ie(j,1) + A(X)aA(Y)

The graph of a function +: V(X)- USD) is < (ni flu)) :<ceVCX)]


