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Theorem Km -> P(m) => 10
, (m)

->& (m)

Theorem for any graph

x(X))3"(X)4
,
"(X)43(X).



Let Doc be the graph with the #1-vectors of length

has vertices, adjacent if they are orthogonal.

Then
as ifa is odd, $(n) is emply

(b) If n = 2 (mad4) , then Sin is bipartite.

cas if 4/ , then w() -n - the maximal digues

are the Hadamard matrices 108 order nxn).

non 1 Hi Hent



(d) Y"[(n) > 3) En
-
trustme

(e) <(B) Crabie bonds

We aim to prove the following :

dTheorem If 4/n and n > 8 ,
then x( n) > n.

From Cel above x(Q1n) In and,
if equality holds,

-(D)= and a is a power of two



18 n = 2
k then

(ix)h Sylvestermatrix

is a Hadamard matrix ; its columns form an

a-clique in $(n)

To prove the theorem we need some

results on Cayley graphs. (Note that $(n) is

a Cayley graph for T".)



digus - coclique bounds

Lemma If X is Cayley graph ona vertices
,
& W(X)=n.

Prost Suppose is a coclique inX and a b areadjacent

verbites. If S'an9"b +4,
then ga-hb for somesh in S.

Then hg-ba" .
As gihes, we have hi" is not in the

connection set, as bsa we have ba" is in the

connection set
.



Therefore it S is a colique in X ,
the sets

s", for in Care pairwise disjoint, and our lemma

fellows
.

-

A Cayley graph is normal if its connection set

is closed under conjugation ,
e

. s ., any Cayley graph for

an abelian group.



Scrollary If X is a normal Cayley graph anda/)wH)=n,

then 4(X) = w(X)

Proof Assume S is a coclique o is a clique in1.

The sets S'c for cin ) are pairwise disjoint. We

claim St is a coclique . Let D be theconnection set .

If g, he ?
"

and got then hy 0. Now q'hjg =g'h is

a conjugate of us and so the and hing".



But 5',heS. Consequently if o (X)w(X) In ,
the

sets I's give a proper coloring ofX with

ICI =w(X) colours. y

We have shown that /@In) > n if n is

not a power of two, and if X($(n) In then

6(((n)=



We finish our argument by appealing to a

deep result of Franke & Ridl.

Theorem There is a positive real number s such

that a ( & (m)) = (2-3)". -

Thus 4(8(4m) grows exponentially with m



Quaternions



The quaternions are the 4-dimensional algebra

ever i ,
with basis 1

,
i, k sabisfying

i =j=bed; ijjk , jhri , bitj

These relations imply the ji-ch , hi i ,
in=j

The quaternions are a skew field.

If x = M
, hi ily) EID4 then wedefine

q() : = xp + 2
,
1 + kjt2zt



We define conjugate
*

(2 + H,
i + 2jt(1jk) = x- 4

,
i--j -73k

This is an anti-automorphism ofH . We refer lock

as the trace of a quaternion : a quaternion is

pare if this is jero. We have

g(x)
*
q(x) = x-4 x+i

We call o the norm of the quaternion a.



If a 61t , we have a linear mapping

Ma : x > ax

Deline Mo = 4. Then

Mr : / c i a C Ol C o
T

L10 f -ce

I
&

0 - 0 b
-> Pic I

k C 0 -je

(ii)-1"i)



Similarly
T

Mj i 2 80j & 001

j 000-k
- I·I&

- o o 2

j - 1 0 C &

1 & 100

K · ( C C

/G -

1.
"

toe



Lemma 2f x/ Dz 23

jus - (-m My Ke -NII *
- U2- De x

-I M26, Pe

Looking at the diagonal entries of

I
2f x/ 22 23

(-m My y -N2&
:

b isis i
-ux40 1 -3/

- Iz 22
+6

,
70 Ys-y Ya



we see thatmnlyly has jero diagonal

ifa only ifa only if i =0. Also

M(xM(nt) = (2 +2 + (4+13) I4

and therefore ifcc is a unit restor in 14
,
then

My is a real orthogonal matrix.

Ifhal-1yll-1 ,
then my -o if o only mmply) is pure,

equivalently by if by are adjacent in MD,
(4)



Let Miss denote the unit vectors in 1".

Theorem There is a homomorphism Mip(4) ->MD, /7) .

I

Hence (Mp(n) = 4
.

Cameron
,
Newman

,
Severin...



We use his to denote the orthogonality graph
of the following 13 vectors :

I

I ·!"Proe I
8 &

16 We add a bottom now of yours, and a 14th veste

10001)", we get 614
-- 614
CGis



Facts
I

(a) X (513) = 4 (computers

(b)X(G,4) = 5 (Comet

(x)xq
" (G1) ,

X
,
"(8(4) -> 4

(
in fact 4 (G3) = 4

Mancinska & Roberson

Oddicies of quantum colorings



Where does his come from: It is an Erdos -Renyi

graph (but not an Erdds-Renyi random graph) .

To construct
,
choose a finite field if of odd order a

The vertices of the graph are 1-dimensional subspaces
of the 3-dimensional vestor space over F.

Two

1dimensional subspaces spanned by restors (by are

adjacent if ciy = 0.



As just defined thisgives a (p+1)-regular graph

on = pigt vertices ,
but there are q vertices

with loops. We delete the loops .

16 P- 3, We get his

The Erd's-Rengi graphs have no 4-cycles and,

given this ,
have many edges.



Bounds



We device some brands on quantum parameters

We have the following bounds on classical

parameters :

(2) IfX is boregular onn vertises
. 4(X)

(b) 18 / is walk regular, w(X) 31 *
~- mo

.
of we eigenvalue.

inertia O(X) min & n-n., -n
+ (x)). tre -

↳ound

(d) For any X, x(X) > 1-
in

. Hoffman bound



We prove (c) , the inertia bound .
Let A be a weighted

adjacency matrix for X-20 Ai = 0 if ije[(X) and

A is Hermitian .
Let V() be the subspace of Rar

spanned by the eigenvectors ofA with positive eigenvalues
and let V( be the span of the eigenrestors with

negative eigenvalues. Then USH1VG) -

&

.



suppose 9 is a codique in X and define W to by

the span of the vectorsIn fora in 8.

Claim WV()-WIVf = &

Corollary191min <n-dim (V(t) , n-dim (V(-)]



Next
,
the chromatic number. Let it bea partition

of V(X) with > cells and let P....P, be the diagonal
Ormatrices such that Pin-1 if & only if the vertex u

lies in the ith cell of i. As Pi-Pi , we see

that Pi is a projection . FurtherSP o



We also have

Lemma Let it be a partition of U(X) with c cells.

and with associated projectionsis ... Po. Then

the cells of i are codiques if only If

* P:AP; = 0
.

#
i = 1



Now led I be a flat unitary matrix of order <x

and define matrices Upd by

U:=WijP,

Then Un-U, are unitary (also diagonal, but that

plays no role)
Exercise

LemmaPietuie -



This implies the following

Corollary& PiAP: - UA"- -

This will give the Hoffman bound on x(X)

Theorem x(X) > 1-in
Proof Assume the partition a determines a c-colouring. Then

· = &PiAP:= UiB4!



and therefore

A = -", Kidn, e
Use in;

to denote- Hi'U;All, Us . Then

A = M2 + - + Mc

and accordingly

0, (A) => 0
, (M2) +

.. .
+ O

, (M)



As Me
... Me are similar to A

,
we have ? (Mj) = -0min (A)

and therefore

0, (A)3 -x-10min(A)
:

Diwhich implies that ex




