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Equitable partitions



A partition is of U(X) is equitable if :

cal each cell of i induces a regular graph,

(b) the edges joining one cell be another form

a biregular bipartite graph .

SWe will come to refer to this as "equitable relative to
"

.)

One class of examples is provided by the

Orbit partitions of a group of automorphisms ofX.
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And one more . If a6 U(X)
,
we can partition

the vertices of X by their distance from a

We call this the distance partition relative to a

Lemma
.

18 X is a verter in a strongly regular

graph, the distance partition relative to a is

equitable

Proof
.
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Theorem Let X be a graph on a vertices and let it

be a partition of U(X) with characteristic matrix M.

The following are equivalent :

(a) it is equitably.

(6) There is a mabrix E such that AM-MB.

In colM) is A-invariant.

(d) A commutes with the projection M(MM)"M..



Proof Assume i = Cod Cas and let M be the characteristic

matrix of i. Then (AlMes)); is the number ofneighbours

of verbexi in C. We see that it is equitable if &

only if (AlMes); is determined by ; and the

cell that contains i.

So (a) & (b) are equivalent. The equivalence of (b)

and (s) is an exercise in linear algebra.



d)ec Finally M1M) "M" is symmetricC

M(min)'mM(m'm) 'm = = M/Mi)"MT,

and thusM (mm)M is a projection into 201(M)

As M (mm('mi & (M'm) "mm - bi) have the same

non-gere eigenvalueswith the same multiplicities

-K (M(m'm)MY) = 11 and therefore M(MM)M

represents orthogonal projection onto col(M)

-



Now if P is a projection and AP-PA
,
then

col(P) is Aoinvariant . So (d) -> (c).

Se6 A = MYM
,
then AMD = MBA' = m*(xBA'S)

.

Idea AMAM - **M'MA(&B** -DOD and

therefore A*** is symmetric . Also

AMD'm'- AMD(Myty) 9 = MBD"m =My
.
AEY Sm

is symmetric & therefore A & MDM commute E



If A is a matrix algebra , we say i is equitable

relative toit if collm) is A-invariant.



Homomorphisms



homomorphisms quantum homs
-/ & S / &

colourings automorphisms quantum quantum
colorings automorphism



Some useful homemerphisms :

9 : % - km : m-colouring

2) 4 : 7 -> kmin : min value of / is the fractional chromatic

number, Af Yneser graph

3) f : unit sphere xsyns a Iflat vectors)
in Rd

4) I unit sphere any <30 (2000) Yves

Cr x -4()(x)
,
3)5d Xsr



5) V(y) = Symbd
, Cup PO" has no fixed points

Items indo Y ?



Quantum homomorphisms



first
,
we want represent homomorphisms- ↑ by

matrices. A homomorphism f :/ is a function

from UCX) into UTY). The sets [rcV(X) : q(v) =y)

is the fibre of f at y in VSY) . (I may be empty.)

The non-empty fibres form a partition of VIX) ,

we denote it by is.
Since 8 is a graph homems-phism

induces a colique in1.



TheCharacteristic matrix of if determines f. 16 is

a emabrix with each row summing to b , but not

every such matrix comes from a homomorphism.



Lemma Assume f:A-X is a map from UC) do USY)·

Let M be the characteristie matrix of if. Then is a

homonorphism ifa only if the following hold :

(a) M1 = 1 .

(b) The support of a column of M is a codique in 4.

( If i Is and Rise , then MinMe = 0. G so MinMjl-0 to

I



Lemma If +: Y =>X and g : 2xY are homomorphisms

and Mr . Ms are the characteristic matrices of

He &lig respectively , then MgM, is the characteristic

matrix of the homomorphism fog :-X. E



A quantum homomorphism from 4 b % is a matrix P with

rous indeved by VIX) , columns indexed by UCY),

and entries did projections Pij such that

(a) E P= Edis
j

(b) If i Is and hise , then Pinije = 0.

Note entries in the same rou are arthogonal projections

We call o the index of the quantum homomorphism,



A quantum homomorphism of index one is

a classical homomorphism.



Measurements on a graph



There is an alternative definition of quantum

homomorphism which is often useful .

First
, a projective measurement is a sequence of

projections Prid such that &P=1 1. If the

state of the system is given by a density O, the result

of the above measurement is an index; in 41 ...d)

with probability <0, PiY.



We note an important property of projective measurements.

Lemma If P
...s Om are projections and P=

then PiP; =0 when is].

Proof We have

I = Is Epi[P; = ?P + &PikI

L it,

'
= 14.&Pii, j

1 I

Hence [PiP; = 0 and so [K/PiP; )
=0. As Pil; 30

if) l'7j

br(P;Pj) = 0 = Pip; =0. I

/



I
Remark : If 9

, 930 , then P-C, & -0

tr(PG) = t()*DpB) = t(b*)(0) = ((*0, )*8)

and so if 6/P9)= 0 , then 180 =0 and

14= 2008 = 0
.



A measurement on a graphy is a projective

measurement P...Po where UCK = Es .ng) . So it is

indexed by VCY) . Sach new of a quantum homemorphism

from X toY is a measurement indexed by UM.

We say two measurements (Pi) . (Pi) indexed by Y

are compatible if the matrix ( ...) is a

guarbum homemarphism from K2 60 Y



Equivalently, two measurements are compatible if

P
: Gi = 0 When 1 j.



We define the measurement graph of 4 to be the

graph with the measurements on Y as vertices,

with two vertices adjacent if the corresponding

measurements areCompatible. If the projections are did,

wedenote this graph by M/X, d).

Theorem 1 3Y i & only if X -> MMd) for some of F


