
Coloring & derangementsf



Let O be a quantum homomorphism from X 10 Y.

of indexd . I M is dxd
,
define <P

, M) to

be the ((x)/xN(* matric with

<R
, M3i;; = Pij ,M)

Usually M will be a density makio and then

we are using the rows of 8 as a measurement on M.



Lemma 16O:X-Y and O has indeyd & O is a did

density matrix , then 20,0) is non-stochastic. E

Lemma Assume &P &are quantum homomorphism from

X by of index o se respectively , and assume that

C &D are density matrices of order dad sexe respectively.
Then 1042

,
(10) = 0

.
C) + <2

,
07. #



Lemma Suppose P :+* Y and 2: Z are quantum

homenerphism, of index dande respectively , and that

B
,
&R
,
are density matrices of orders did and eve respectively-

Then < 042
,
(00) = <P, C> /2, 5). O



Quantum Colourings



A quantum m-colouring of a graph X is a quantum

homomorphism from X 10 km. The minimum

possible value of m is the quantum chromatic

number ofX , denoted xg
.

As Kn is verkey transitive,

we may assume all entres of the quantum n-colouring

have the same rank.. 16 This rank is r
,
we say

we have a quantum ranlr coloring.



Fixing r. the minimum value ofi such that

* has a quantum mocdencing of rankr is

denoke X"
"

(X)
.

We have

↳
C
z4 (X) > x,"(X)>x K ... X

,
(X)

.
-

9



Lemma Km *ckn if & only if m ->n.

EProof If mon
,
then km-kn and thus km-kn

So suppose that Pikm*> > Kn , and that each projection inO

has rank r. For
y in VSKm) , the projectivene in the yoedumn

of P are pairwise orthogonal. If the index ofP is d.

When2 Pyj = Id & So,& Pi, = m-



The projections in a column of 8 must also be

pairwise orthogonal and therefore &Py
,
Ed

Hence Py ; caba , which implies m . a E

Lemma 16 X -K
.
then X is bipartite. *



finitary derangements



A permutation in Syman) is a derangement if it

has no fixed points. The set of derangements does not

contain the identity, but it does contain the inverse of

each elements. We use 8(n) to denote the Cagley graph for

Symers with the derangements as the connection set.



We note the following :

ca) the cosets of a point-stabilizer form a pairwisedisjoint

cocliques of size (n-1)!

(b) the news of an non Latin square form a clique

of size n ; any suchslight is maximal.

So n = w/P(n) = x /8cn)) <m, and hence (D/) =n .



Now for the unitary version.
-

M-N(x)

Assume N : X -km is a quantum in-colouring ofA

with ranler. 18 N is an entry of N , there there

inder
is a dar matrix M with pairwise orthonormal columns

Ci:e M*M - In) such that N-MM *. Let his be the

nor matrix assigned to Wit.



Consider the mabriy

has Us
,m ↳

*

Uz &↑ -

(ii 7 i 9

..I

"ol ... Un,m

which has order ndymr = ndod. The vectors in a row

of this matrix form a did unitary matrix; let Hi

denote the unitary matrix coming from the ith row.

Thus His /M, . .
. Mim]



LeMma If io] are adjacent inX ,
then M Mi=

for r=kn-M .

Proof It its then 8 =NitNir = MEMS. Min MOor
Scand se o =M . C .Mi = *M, M.. Mir MorMyr=MSir -

EM
, in

It follows that 4.4; is a did unitary matrix

with mod diagonal vor blacks of jere.



A unitary derangement of indevr is a unitary matri1

U such that KOImeN) =0. Thus is is mrymu

with diagonal our blocks zero. The set of did T
i

unitary derangements of indexr does not containI

and is closed under inversion. We use &D
,
(d)

to denote the Cayley graph on Ueds with the

indever unitary derangements as connection set.



Since Symin) > Usn) , a derangement in SymIn)

is a unitary derangement of index one.
((X)) = mr

Theorem X admits a rankor quantum m-colouring

if and only if X- MD <mr)· [

We next derive bounds on X," (X).



Let -(m) denote the graph with the unit

restors in I as its vertices, with two rectors

adjacent if they are orthogonal. This is the

orthogonality graph. The subgraph eb2/m) induced

by the flat unit vectors is & " (m).

We need a preliminary lemma-



Lemma Assume W is a flasunitary matrix and Dy &0,

are diagonal matrices, all of order mom . Then

<D, WYO,W) = tr (0. ) tr(02) -



Theorem Km -> P(m) => 10
, (m)
->& (m)

Proof. For the first arrow, we note that the columns of

any that unitary matrix form a clique in & (m)

For the second ,
if a fC define the diagonal

matrix By by (Pali: = 3 Let W be a flat unitary matrix.

If y is flat , the map ? DSW takes vertises of

-
°
(m) to unitary matrices-



Consider the matrix

Q = (Dyn)
*
OW-

Then Qi = br (eit!
"

,
W
*
D&OW) and applying the lemms
*

(with D, = <ie" & 02 =Oy0s) yields that

tr(eie!, wpgW) = t(5, W****DzW) = 1. ((D( = >y, 3).

(ii = 8 ) <,37 and there & If a derangement > <y,z) =0.



finally we have <Me ,Ne = (M
*
N)
1
.
2
and so

9- Ge, is the required homemerphism, -

The minimal value of m such that Mums

is the orthogonal rank of X .
denoted 3(X). The minimal

--

value of m such that A->MP(m) is denokeds"(X) .

The homomorphisms we have derived imply three quarters
of the following :



Theorem for any graph

x(X))3"(X)4
,
"(X)43(X)

ProofThe previous theorem yields all but the last

inequality. For this, if 2 :X- km ,
the rows of the

characteristic matrix of the partition determined by8

are standard basis vectors. Hence we have a homomorphism

from X to the subgraph of&"(*) induced by the sta basis vectors.


