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Perfect State Transfer



Let y be a unit vector in DP. Define a density

On: = ent *83
#

(2)(203)
I

Lemma If UrH = Dus and Kyle

then z-it 1
.

Proof Assume A has spectral decomposition A:ESA

Then U = &err Fr and



U Du,
U = Dvis

Since U & One are real , Ovgis real and 283 is real.

As Ul* = 1**, We have :

E

(1) Dug(1)-(enen e 339(1) = 1'39*

"Ou
,(1) -1 -

and therefore (1 . 3) = 50. . By CanckySchwarz,

44,2)(1,1)(3,3) =d



Equality helds if & only if z = c1 ,
when 2 =1 .

E

If UKRU = Or t ,
we say we have

perfect state transfer froma to v
.

Exercise UOugh
*

- Orig ,
Vyl11y11=) , y real =y =Y



Recall that
,
for continuous walks ,

if

O = UCHD,
Uft)

and O..0, are real
,
then taking complex conjugates yields

02 = 0 = 176)
.
Ul = U 0

,
U(6)

and therefore D1 = UH0
,
UGA

What about discrete walks:



Assume

D = 40
,
U

with 0,
0

,
real. Then

a = G =D
,
l

and than 0
,

= 4 OU".

Since i #H (in general) ,
this gives us nothing.

But still :



Theorem (HiZhan) Let U be the transition mabrit for the

arc-reversal walk on X and assume n
,
~- V (X)

If UPDLY - Ove ,
then Hte* - Dat E

This result is a consequence of the following

characterization of perfect state transfer.



1H .
Zh and

~
moregular

~

Theorem The arc reversal walk on X has perfect stake

transfer from a to r at time h if & only it all of the

following hold:

(a) For each 1 , We have Gen =* Eer

161 If Esen = Ger * c
,

there is an even integer ; sit b=deos(jn/k)

If Ee
,

=Est + & ,
there is an odd integer j sit. = o csgille). E



Since these conditions are symmetric in &V,

the theorem follows.

Question Does this theorem hold for 2-reflection walks based

en biregular biparbite graphs !



Mixing



H unitary -> U = explit) 1 Hermitian

Hamiltonian
UP = exp (bil))



Much of the theory of continuous quantum walks

carries over to discrete walks. We consider one

case of this: mixing.

If the initial stake of a discrete walk is Oo2

the state at time h is

Da : = U0
,

Uh



We define the average state be be

im Me sin

and denote it by B
..

18 H: Reorf, is the spectral

decomposition of U , we
have

4"PW -eim(Prs) Free

·E OftE eimlands s



We see that
11 eikOs)is eimcores)I

- el(Or -Os)

and accordingly

itiDo - EfrOof" it discards, Foren

If res
,
then for any

1 - eiKQ-Os

I- I ~ Toros
- ei(f

-Ps)



So we have

Theorem 16 U is unitary with spectral decomposition

U = Zeior) ,
the average state of the discrete walk

r

based on U & starting at D, is &Fr0ofr · E

Since UIFOFU = OGPf* - Froof ,
it follows

that the average state8o ammules with U.



Assume & farcs(1). The probability that, after k

steps starting from 00 ,
the walker is on 5 is

<Doct - 2012 (Und
18B is an arc and P. = ess then

>06 :%? = >Ukepes lik,e

- trlege"Uhepey
- (4
, (4)-



Applying the spectral decomposition, we rewrite this as

Seiber(Fr) & e-ikis (Esp,h S

-- E eincar-Rs/Fulap(Es)p,--

r,
6

Sai
f,= f

Lemma for a discrete walk starting on the are 6,

the average probability that the walker is on the arc

is [Fofup



We define the average mixing matrix of a discrete

walk to be

M =& FoF

You may show that

↳-in .



Lemma The average mixing matrix i is positive

semidefinity. All eigenvalues of i fis in 10
.

B.

Proof. IfI is Hermitian , so is F
,
and Fo F have

the same eigenvales .
So it he Geierf ,

then 7
.
30

and 738. By Schui's theorem this implies that GoF,

and so M = &F 38.



For the second claim,

I= 101 - ((f)v((π) = M + 44. ,
rf)

Therefore I-M30
. [



Mniform
averag mixingT



A quantum walk has uniform average mising if

is is flat. We aim to characterize when this

can happen.
-nan

LemmaIf U = EeifrF and i is the multiplicity of on

then or (M) > it &Mi. Equality holds if a only if

each idempotent has constant diagonal



Proof We have Medrlf) and , applying Cauchy·Schwarz

↓EM - CG/E Er(Fro
y

and se t(M) = in &M2. Equality holds if a only if

Er has constant diagonal, for each v. E



Corollary We have br(i) and equality holds if a only if

Mr -1 and F is flat, for allu

Proof We have EMrin and

0 : Elmr-Ep = &(Mus) = EMP -

↓ r

Hence"Ei = 1 . If equality holds Mr = 1 fr. Now

Fr is a rank-1 matrix with constant diagonal, so it

is flat. -



shew adj· mabrixS ,
gH1 ,
S S

exp(tS) is erthogonal



TheoremFor a discrete walk
,
the following are equivalent:

(a) The walk has uniform average mixing-

(b) tr(M) = 1

2) The eigenvales of U are simple and its spectral

projections are flat.



Proof 18 we have uniform average mixing, M=s

and tr(m)- 1
,
So (a) -> (b) -

From the corollary ,
(b) -> (c) . If holds,

M = & Frof
↓

and Fof is flab. -
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Other walks



We have been focussed on are reversal walks. We

briefly discuss some of the alternatives

Our approach to spectral decomposition works well

for the reflection walks coming from bipartitegraphs,

in particular biregular bipartite graphs. 16 can also

handle arcreversal walks on non-regular graphs

Creplace A by the normalized Laplacian).



We discuss shurt-decomposition walks, which

are not 2-reflection walks. A short decomposition of a

diregular digraph is a set of permutabler matrices

Pi-, Pa such that A-PP .

Given such a shunt

decomposition , we define

s = /" ..py)



So S is a permutation mabris of order ad and

Let C be a ded unitary matrix (acoin). The matrix

u = S((*In)~

is unitary , and so if the transition matrix of a

shunt decomposition walk.

In general, neither Snor CoIn haveerder two·



We can make some progress , but first :

Lemma 18 X is a dregular digraph , it admits a

shart decomposition-

Proof. Let B be the adjacency matrix of X and set

A = (3) -

ThenA is the adjacency matrix of a d-regular

bipartite graph , I say , and y admits a 1. factorization



Squivalently there are permutation matrices
...Go

such that Q-10 &G- =A .
We have

Dr -(

for a permutation matrix P , and PicsPd is a

shand decomposition of1 .
#



Remark : if X is the complete digraph on a vertices

with a loop on each vertex (A(x) = J)
,
then

shart decompositions of X correspond be

non Labi squares


