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Lemma for any graph Y
,

we have = MCY
,1)

Proof Any measurement on Y is a standard

basis vector. Two standard basis victors ence

are adjacent if a only if nur. E



18 8= (Pic- Pm) and 8 = (9.... Rn) are measurements

on 40 Y respectively, we define Oo&

to be 3 Pn & 93. . We claim that 002 is a
*

measurementen Xx/. A consequence of this is

Limma M(X
,
d)xM(y

,
e) is isomorphic to a subgraph

*

of M (XxY, de)
* exercises



We note that if z** and E Y ,
then

&> M (X
,
d) and E=M/1, 2) and hence

z => M(x
,
d)-M(y

,
e) => m(Xxy

,
det

Therefore ***. Accordingly the category of

graphs & g-hans has products , and thesecorrespond

to products in the category ofgraphs o homomorphisms.



Lemma It+** and y sz , then

Drys z . I

In the category ofgraphs , yoy is the sum of

↓&Y ; this result shows that XrY is also the

sum in the quantum category.



Y and + X

↑

Lemma 4 and M(a
,
X) are ghomemarphism equivalent

Proof Since Ma() -

->Malk) , we have Myl) **

Next, *** and therefore X *Mp() and

as homomorphisms are quantum homomorphisms)

we have * Nal)



Operations on homomorphisms

I



If I is a quantum homorphism , we define the

algebra als(P) to be the matrix algebra generated

by the elements of P. If this algebra is

commutative
,
we say

P is classical.



16 O & Gave quantum homomorphisms from
* boy , we define their direct sum 002 to

be the IV(x)1 < ((y)) matrix with

1002) ,j
= PyGij Pig

Eij

Lemma P& 1 is a quantum homomorphism. Further

002 is classical if &only if P & & are -



It P :A* & & :Y 2
,
we define

0** by selling

(402): = E PinQuj
n

We call it the coproduct of 0 0 2 .
If Po & have

index one
,

the coproduct is the usual matrix product.



Lemma If P : ** & &: 2
,
then

042 : 1 2 -

Lemma The coproduct is associative. Further

O*2 is classical if & only if & & are

(AEB) - A(Be))



We present a useful application of the direct

sum operation.

Theorem Assume P is a quantum homomorphism
from1 to Y with index d .

If a subgroup 8 of

Antly) acts transitively on UCY) , there is a

quantum homomorphism X*Y such that each

entry has rankdlyl and index alal E



did

F
Ed

IU(XIo = d

-



Proof Assume P : X 7 and let to be a transibile

subgroup of Aut(X) . If seG ,
thens gives a

permutation of US) , and hence a permutation
of the columns of P. Denote this matrix by $%

Then the direct sums is a quantum
hihomemerpism from X to Y

,
and each entry is the

the

direct sum of, same projections,



It O has indexd
,
the direct sum of 18) copies

of O has indexd6l. The rank of anentry is

a /6 : Gl = dIY) . 17



Fractional Isomorphisms



LetYay be graphs with respective adjacency

matrices A & B. A matex & determines a

fractional isanorphism from 1 to Y if

zas it is doubly stochastic.

(b) AS =St

A doubly stochastic matrix is necessarily square

as we will see),



Examples

ca) permutation matrices-so isnorphisms are

tractional isomorphisms

(b) If X & Y are h-regular graphs on a vertices

then A5-5A
,
and IS is a fractional isomorphism.

1) S : -Y and T: /-E are fractional isomorphisms

then is : < -z is a fractional isomorphism.



We can view a doubly stochastic matrix as a weighted

adjacency matrix for a directed graph . Recall

that a directedgraph is weakly connected if its

underlying graph is connected; it is strongly

connected if for each pair of vertices now,

there is a directed path from a to r.



We translate these terms into matrix theory . An

non matrix is reducibl if it contains a

submatrix of order Mycom) with all entres O.

16 is decomposable if it is permutation equivalent

to a matrix of the form 1 wher M& N

are square, (1) As spee

reducible - not stronglyamnested



18 a matrix is indecamposable , its digraph is

weakly ennected ; it it is irreducible it is

strongly connected.

Lemma If S is doubly stochastis
,
it is square .

further
,
each weaklyconnected component is

stronglyamnested m,
Als

entries ofIt see M



Proof Assume S = (9) with A mom. Then

1"A ? and so 1'813m. On the other hand A1

and so=m .
Hence each column of A sams to 1,

and therefore A is doubly stochastic. The lemma

follows. #

From this proof we see that a doubly stochastic

matrix must be square.



18 R & S are dombly stochastic , so is RS. Hence

thefractional isomorphisms of a graph form a monoid

(that contains Andly)) .

18 ARRE and AISE and 2 !0.1, then

A(cR + (1-af) = -RB + a --S

from which it follows that the fractional isomorphism

from 1 to % form a cissed convey polytope.



The permutation matrices are verticas of the

convey polytope formed by the fractional autsmorphisms
of X; if these are the only vertices we sayI

is compact. (This is a strong audition.

Tinhofer



Fractional isomorphism and

equitable partitions



Let F(X,1) denote the set of fractional isomorphisms from

X to Y
,

and abbreviate F(X* to F(X)

Lemma If REF(X,N , then MeF(4,4)

and RR < F (X) ( and RRE F(x).

(Note blab RR o R'M are doubly stochastic .)



Proof 18 R is doubly stochastic and AB-B8 , then

R'A = RA = E** = BR
.
Hence if Re F(X,Y

,
then

i 67(YA). Further ROR" = ARRY and since RBR

A and RR" are symmetric, we see that ARR = RRA. E



Theorem Assume ReF(X). Then the verley sets of

the strong components of the directed graph
determined by R are the cells of an equitable

partition of 7.

Proof We will need to apply the Perron-Frobenius

theorem
,
as follows :



Claim If A is a nonegative real matrix and its

underlying directed graph X is strongly emnected, then the

spectral radius of X is a simple eigenvalue. 8

Proof (of theorem) We have AR-RA .
Since R is

doubly stochastic , its weak components are strong.

Hence the spectral radius of each component his a

simple eigenvalue.



Further
, each row of 17 sums bo 1

,
and so the

6-eigenspace of R is spanned by the characteristic

vectors of the components. The projection only this

subspace it a polynomial in A , and it has form

/is its
where mi is the number of vertices in the i-emponent.



This matrix is the normalized characteristic matrix

of the "component" partition of1
,

and since it

commutes with A, this partition is equitable. C


