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Perceptron Algorithm

Algorithm to solve
ATy >0,

fora given A:=[a; a - a, € R™"

Perceptron Algorithm (Rosenblatt, 1958)
oy =0
e while ATy #0
y=y+ ||3in7 where aJTy <0
end while

Throughout this talk: ||- || = - |2
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Perceptron Algorithm

Attractive features of the Perceptron Algorithm

@ Simple greedy iterations

@ Simple convergence analysis (Block-Novikoff, 1962):
Algorithm terminates in at most p(—i‘)Q iterations where

p(A) = thickness of {y : ATy > 0}.

@ Dunagan & Vempala 2004: Randomized re-scaled version that

terminates in O (n log (ﬁ)) iterations with high

probability.

@ Belloni, Freund & Vempala 2007: Randomized re-scaled
perceptron for general conic systems with similar convergence.
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Thickness parameter p(A)

Assume
@ A=[ay -+ ap|, where |g]|=1,,=1,...,n
@ The problem ATy > 0 is feasible.

Definition

p(A) = max {r By, r) C{z:ATz> 0}}
llyll=1
= max min a;ry.
llyll=1 i

small p(A)

large p(A)
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Main Theorem

Theorem (Soheili & P, 2011)

Modified version of the perceptron algorithm that terminates in

O~ k()f\()n)) iterations.

p
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Main Theorem

Theorem (Soheili & P, 2011)

Modified version of the perceptron algorithm that terminates in

O~ I?f\()n)) iterations.

p

Remarks

@ The modified version retains some/most of the algorithm'’s
original simplicity.

@ Unlike Dunagan and Vempala's, our algorithm is deterministic.

@ Our iteration bound is weaker on p(A) but stronger on n.
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Classical Perceptron Algorithm

Classical Perceptron Algorithm

@ yo:=0

e For k=0,1,...
aJTyk = miin a;ryk
Yk+1 = Yk + aj

end for
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Classical Perceptron Algorithm

Classical Perceptron Algorithm

@ yp:=0
e For k=0,1,...
aJTyk = miin a;ryk
Yk+1 = Yk + 3j
end for
Observe

aJTy =mina]y & a; = Ax(y), x(y) = argmin(ATy, x).
! XEAn

Hence in the above algorithm y, = Ax, where x, > 0, |xk|[1 = k.
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Normalized Perceptron Algorithm

Recall x(y) := argmin(ATy, x).
XeAn

Normalized Perceptron Algorithm
@ yp:=0
e For k—O,l,...

Ok = k+1
Vi1 = (1 = 0i)yi + Ok Ax(yi)

end for

In this algorithm y, = Ax, for xx € A
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Modified Perceptron Algorithm

Key step: Use a smooth version of

x(y) = argmin(ATy, x),
x€EA,

namely, .
exp(—A'y/u)

X, =
)= T ATy /)]
for some p > 0.
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Smooth Perceptron Algorithm

Smooth Perceptron Algorithm
® yp = %Al; po = 1; xo 1= x,(¥0)

ofork_O,l, .

O = k+3

Va1 = (1= 0k)(yk + Ok Axk) + 02 Ax,, (vk)
pi1 = (1 — Ox) puk

Xk+1 7= (1 = Ok)xk + Orexpuyyy (Yi+1)

end for
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Smooth Perceptron Algorithm

Smooth Perceptron Algorithm
® yp = %Al; po = 1; xo 1= x,(¥0)

ofork_O,l, .

O = k+3

Va1 = (1= 0k)(yk + Ok Axk) + 02 Ax,, (vk)
pi1 = (1 — Ox) puk

Xk+1 7= (1 = Ok)xk + Orexpuyyy (Yi+1)

end for

Main loop in the normalized version:

fork_O,l,...

Ok k+1
Vi1 = (1 — 0k)yk + 0 Ax(yi)

end for
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Thickness parameter (again)

Recall our assumptions:

@ A=[ay -+ ap|, where |g]|=1,,=1,...,n

@ Problem ATy > 0 is feasible.
Thickness parameter

p(A) = max mlna y
Iyll=1 J

= max min aJT
lyll<t j

= max Y(y),

where

¢(y) == min (ATy, x).

XGAn
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Thickness parameter (again)
We have

Therefore, given ||y|| <1
ATy >0 1(y) >0

< 1(y) is within p(A) of its max on {y : ||y|| < 1}.

©(y)

Y
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Thickness parameter (again)

Similarly,
1
§p(A)2 = maXx (b(y)a
y
where )
o) =~ min ATy, ).

Furthermore, ATy > 0 if ¢(y) > 0.

Notice that ¢(y) > 0 < ¢(y) is within 3p(A)? of its maximum.
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Perceptron Algorithm as a Subgradient Algorithm

Main loop in the Normalized Perceptron Algorithm:

for k=0,1,...
Qk = %H
Vi1 := (1= 0)yk + OkAx(yk) = vic + Ok(—yi + Ax(yx))

end for

Observe: —y + Ax(y) € 9(—¢)(y).
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Perceptron Algorithm as a Subgradient Algorithm

Main loop in the Normalized Perceptron Algorithm:

for k=0,1,...
Qk = %H
Vi1 := (1= 0)yk + OkAx(yk) = vic + Ok(—yi + Ax(yx))

end for

Observe: —y + Ax(y) € 9(—¢)(y).

Normalized Perceptron Algorithm
Subgradient algorithm for

myin(—¢)(y) € max o(y)-
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Smooth Perceptron Algorithm

Application of Excessive Gap Technique (Nesterov 2005).

Consider the maximization problem

2
maxcb(y) = max min {—‘yH + <ATy,x)} .

Y x€A, 2

For ;1> 0 let

6uly) = 4 min {(ATy, ) + (),

where d(x ZXJ log(x;) + log(n).
j=1
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Smooth Perceptron Algorithm

Observe:
__Hyll2 AT d
buly) = 5 +(Ay, xu(y)) + nd(xu(y)),
where ( - / )
exp(—A'y/p
x,(y) = .
") = e ATy /)]l
Furthermore,

Vouly) = —y + Axu(y).
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Main Theorem Again
Smooth Perceptron Algorithm
° yp = %Al; po = 1; xo 1= x,(¥0)

° fork—O,l, ..
Ok = k 3
Yir1 = (1 = 0k) (v + Ok Axi) + 02 Ax,, (k)

k1 2= (1 — Ok ) i
X1 := (1 — Ok)xk + Okxp oy (Vi+1)

end for

Theorem (Soheili & P, 2011)
Smooth Perceptron Algorithm terminates in at most

24/log(n) 1
p(A)

iterations.
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Proof of Main Theorem

Claim
For all x € A, we have p(A) < ||Ax]|.

Claim
For all y € R™ we have ¢,(y) < ¢(y) + plog(n).

Lemma

The iterates x, € A,, vk € R™, k=0,1,... generated by the
Smooth Perceptron Algorithm satisfy the Excessive Gap Condition

1
A2 < 6, (v0).
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Proof of Main Theorem

Putting together the two claims and lemma we get

1 1
5P(A) < SIAXK® < due(yi) < @) + pux log(n).

N

So 1
(yk) > EP(A)2 — pui log(n).

: _ ko _ 2 2
In the algorithm py =1-3 -7+ 155 = ) (k12) < k+1)2-

Thus ¢(yx) > 0, and consequently ATy, > 0, as soon as

k> 24/log(n) L

p(A)

OJ
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Proof of Lemma

We need to show 1
S < (1)

The proof uses two key ingredients.

@ Bregman distance: For z,x € A,

h(z,x) :=d(z) — d(x) — (Vd(x),z — x) > %Hz —x||3.

@ (2,1)-norm of A

[All22 = max [[Ax]]
Il =1

= max{|lai],-..,]|an]|} = 1.
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Proof of Lemma

=0:
UAxl? = LIALI2+ (AL A(x — 1)) + [|A(x0 — 1)|I2
2
< Lyl + (ATyo. x0) + L% — I3
—31¥0lI% + (AT yo, 40 (¥0)) + d(x0(¥0))

I IA

Do (¥0)-

k = k + 1: To ease notation drop k, put X = (1 — 8)x + 6x,(y).
Hence y; = (1 —60)y + 0A% and x; = (1 — 0)x + Ox,. (v+).

¢,U«+(y+) = _%Hy-i-H2 + <ATy+)Xu+> + /J,+d(XM+)
(L=0) [=3lyl? + (ATy, xu, ) + pd(x.. )] +
+6 [ 3| AR|12 + (ATAR, x,, )] -

v
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Proof of Lemma

Next, observe that

=3y IP 4+ (ATy, X0, ) + pd(x,)
= =3yl + (ATy, xu) + pd(x) + p(d(x0.) = d(x) = (VA (x0), X, = X))
Ouly) + pu(d(x.,) — d(x.) — (Vd(xu), X4, — Xu))

> SAXI? + Fullxe, — xull3
> S ARIP + (ATAR, x = %) + 3 pllx0, — X3,
and 1 1
—§||A>?||2 + (ATAR, x,,) = §||A$<\|2 + (ATAR, x,, — ).

At iteration k we have 3(1 —0)u = rrajtersy < eiap = 20 Therefore

G (v) = FIARI? + O(ATAR X0, — %) + 362 (1x0, — xulld
> SIARIP + (ATAR, x;. — %) + 3llx: — %13
> 5llAx
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Numerical Experiments

Recall:
‘ Classical Perceptron Smooth Perceptron
. 1 2./log(n)
Complexity ——= 1
p(A)? p(A)

This suggests relationship:

Y =24y/log(n) - X

between
Y = number of iterations in Smooth Perceptron algorithm
X = number iterations in Classical Perceptron algorithm.



Number of iterations for randomly generated instances

10° 10°
10°
. 10° '
10
10° 10* 10° 10* 10°

Ac R100x500 Ac R200x1000
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CPU times for randomly generated instances

Ac R100x500 Ac R200x1000
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What if ATy > 0 is infeasible?
In this case the alternative
AX == 0, X E An

is feasible and p(A) = |maﬁx mina]y <0.

yll=1 i

[ll-posedness

Ais ill-posed when p(A) = 0. In this case both ATy > 0 and
Ax = 0,x > 0 are on the verge of feasibility.

Theorem (Cheung & Cucker, 2001)
1p(A)| = min{||A — Al|2.1 : A is ill-posed}.

We continue to assume A= [a; -+ a,], [laj]| =1, i=1,...,n
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Some geometry

Proposition (From Renegar 1995 and Cheung-Cucker 2001)

|p(A)| = min {||Ax| : x > 0, x € A,}.

p(A) <0
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What about the perceptron algorithm?

Assume ATy > 0 is infeasible.

Theorem (Dantzig, 1992)

The iterates x;, € A, generated by the normalized perceptron
satisfy

[[Axe]| <

1
A
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What about the perceptron algorithm?

Assume ATy > 0 is infeasible.

Theorem (Dantzig, 1992)

The iterates x;, € A, generated by the normalized perceptron
satisfy

1
Axll < —.
sl <
Proposition (Soheili & P, 2011)
The iterates x, € A, generated by the smooth perceptron satisfy

| Axe]| < 2 oeln)

k+1
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Von Neumann Algorithm

Algorithm to solve
Ax =0, x € A, (1)

Von Neumann Algorithm, 1948

= %1; o 1= Axp

@ For k=0,1,...
if v := min,-a;ryk > 0 then STOP; (1) is infeasible
L 1—v,
M= P2

X1 = Mexk + (1 — M) x(vk)

end for
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Von Neumann Algorithm

Algorithm to solve
Ax =0, x € A, (1)

Von Neumann Algorithm, 1948

= %1; o 1= Axp

e For k=0,1,...
if v := min,-a;ryk > 0 then STOP; (1) is infeasible
L 1—v,
M= P2
X1 1= Mexie + (1= Ai)x(vw)
end for

Main loop in the normalized perceptron:

for k=0,1,...
Ok == lerl
X1 i= (1 = i) xi + Oux(yi)

end for
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Von Neumann Algorithm

Theorem (Dantzig, 1992)

If (1) is feasible, then the Von Neumann Algorithm finds an
e-solution to (1) in at most

iterations.
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Von Neumann Algorithm

Theorem (Dantzig, 1992)

If (1) is feasible, then the Von Neumann Algorithm finds an
e-solution to (1) in at most

iterations.

Theorem (Epelman & Freund, 2000)

If (1) is feasible and p(A) < 0, then the Von Neumann Algorithm
finds an e-solution to (1) in at most

Sy s (1>

iterations.
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Conjecture

If Ax =0, x € A, is feasible and p(A) < 0 then the smooth
perceptron, or a suitable smooth Von Neumann algorithm, finds an

e-solution in ., (m - <1>>

p(A)l

iterations.
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Conclusion

@ Smooth perceptron algorithm improves complexity from
1 log(n)
O(tar) to OS5y )-

e Modification preserves some/most of the algorithm's original
simplicity.

o Current & future work:
— Smooth Von Neumann Algorithm

— General conic systems (in Belloni-Freund-Vempala's spirit).
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