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Given a set S of n points in dimension d, then there exists
an open simplex generated by points in S containing p

S, p general position
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Given a set S of n points in dimension d, the simplicial
depth of p is the number of open simplices generated by
points in S containing p [Liu 1990]

S, p general position



Deepest Point in Dimension 2

Deepest point bounds in dimension 2 [Karteszi 1955],
[Boros, Flredi 1984]
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Deepest Point in Dimension 2

Deepest point bounds in dimension 2 [Karteszi 1955],
[Boros, Flredi 1984]
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Deepest Point in Dimension d

Deepest point bounds in dimension d [Barany 1982]
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S, p general position



Deepest Point in Dimension d

Deepest point bounds in dimension d [Barany 1982]

1
(d+D)

" +0(n?) < max depth, (p) < 1 n®*+0(n%)
d+1 b ST 20(d +1)!

 tight upper bound
* lower bound uses Colourful Caratheodory theorem

— can we improve the lower bound?

...recent breakthrough [Gromov 2010] & further improvements
S, p general position
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Colourful Carathéodory Theorem
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Given colourful setS=5, U S,... U S, In dimension d,

and p € conv(S,) mconv(S,) N ... nconv(Sy,,), there
exists a colourful simplex containing p [Barany 1982]

dual of Lovasz Colourful Helly theorem



Colourful Simplicial Depth

epthg (p)=1

Given colourful setS =5, U S,... U Sy, In dimension d, the
colourful simplicial cepth of p is the number of open colourful
Implexes generated by points in S containing p

S, p general position
p e conv(S,) N conv(S,) N ... N conv(Sy,,)



Colourful Simplicial Depth

epthg (p)=2

Given colourful setS =5, U S,... U Sy, In dimension d, the
colourful simplicial cepth of p is the number of open colourful
Implexes generated by points in S containing p

S, p general position
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Colourful Simplicial Depth

epthg (p)=3

Given colourful setS =5, U S,... U Sy, In dimension d, the
colourful simplicial cepth of p is the number of open colourful
Implexes generated by points in S containing p

S, p general position
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Colourful Simplicial Depth
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Given colourful setS =5, U S,... U Sy, In dimension d, the
colourful simplicial cepth of p is the number of open colourful
Implexes generated by points in S containing p
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Deepest Point in Dimension d

Deepest point bounds in dimension d [Barany 1982]

#(d)
(d +1)d+l

with z.(d) = min depthg (p)
» P

" +0(n?) < max depth. (p) < 1 n*+0(n?)
d+1 T b ST 2%(d +1)!

[Barany 1982]: «(d)=>1

...recent breakthrough [Gromov 2010] & further improvements
S, p general position



Deepest Point in Dimension d
n
mg;\x depth, (p) > c, (d +J

o d+1
[Barany 1982] ¢, = (d+ 1)@
d*+1
[Wagner 2003] ¢ = (d +1)@D
[Gromov 2010] 20

C, >
(d+D)!(d+1)

simpler proofs: [Karazev 2010], [Matousek, Wagner 2011]
d=2: [Boros, Furedi 1984], [Bukh 2006]
d=3: [Kral, Mach, Sereni 2011] S, P general position



Colourful Research Directions

» Generalize the sufficient condition of Barany for the
existence of a colourful simplex

> Improve lower bound for z(d) = mln epths (p)
> Computational approaches for y(d) for small d.

» QObtain an efficient algorithm to find a colourful simplex :
Colourful Linear Programming Feasibility problem

wu(d
(d + (1)2“1 (d +1]+O(n ) p e conv(S,) N conv(S,) N ... nconv(Sy,,)

S, p general position and | | |So|,-. - |Sgsq| =2 d+1

max depth, (p) >
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Colourful Carathéodory Theorems

[Barany 1982] Given colourful setS=5,US,... U Sy, in dimension d,
and p € conv(S,) N conv(S,) N ... N conv(S,,,), then there exists a
colourful simplex containing p

[Holmsen, Pach, Tverberg 2008] and [Arocha, Barany, Bracho, Fabila,
Montejano 2009] Given colourful set S =5, U S,... U S, In dimension
d,and p € conv(5, N S) for 1 <1 <j=<d +1, then there exists a colourful

Implex containing p

[Meunier, D. 2011] Given colourful setS =5, U S,... U S,,, In
dimension d, if for 1 <1 <j < d +1 there exists k#i, k#], such that for all
X, €Sy the ray [x, p) intersects conv(S; N S)) in a point distinct from x,,
then there exists a colourful simplex containing p



Colourful Carathéodory Theorems
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[Meunier, D. 2011] Given colourful set S =5, U S,... U Sy, In

dimension d, if for 1 <1 <] < d +1 there exists k#i, k#|, such that for all
X, €S, the ray [x, p) intersects conv(S, N S)) in a point distinct from x,,
then there exists a colourful simplex containing p



Colourful Carathéodory Theorems

[Meunier, D. 2011] Given colourful set S =5, U S,... U Sy, In
dimension d, if for | # | the open half-space containing p and defined by
an i-facet of a colourful simplex intersects S, U S;, then there exists a

colourful simplex containing p



Colourful Carathéodory Theorems

[Meunier, D. 2011] Given colourful set S =5, U S,... U Sy, In
dimension d, if for | # | the open half-space containing p and defined by
an i-facet of a colourful simplex intersects S, U S;, then there exists a

colourful simplex containing p

s further generalization in dimension 2
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Given One, Get Another One

In a graph, if there is a vertex with an odd degree...
then there is another one
» Polynomial Parity Argument PPA(D) [Papadimitriou 1994]

(Hamiltonian circuit in a cubic graph, Borsuk-Ulam, ...)
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(Hamiltonian circuit in a cubic graph, Borsuk-Ulam, ...)



Given One, Get Another One

[Meunier, D. 2011] Given colourful setS=5, U S,... U S,
In dimension d with |5 |=2, if there is a colourful simple
containing p then there is another one



Given One, Get Another One

[Meunier, D. 2011] Any condition implying the existence of
a colourful simplex containing p actually implies that the
number of such simplices is at least d+1

S, p general position and |5,|,|S.|,...,|Sg.1| = d+1



Colourful Research Directions

» Generalize the sufficient condition of Barany for the
existence of a colourful simplex

> Improve lower bound for u(d) = mln epths (p)
> Computational approaches for y(d) for small d.
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Colourful Simplicial Depth Bounds
p(d) = mindepths (p)

[Barany 1982] 1< u(d)
max depth, (p) > ﬂ(dzm " +O(n®y P € conv(S,) neonv(S;) N ... N conv(Sg,y)
p (d+1) "~ (d+1 S, p general position and |5,|,|S.|,...,|Sq.q| = d+1



Colourful Simplicial Depth Bounds
p(d) = mindepths (p)

[Barany 1982] d+1< u(d)
max depth, (p) > ﬂ(dzj : " +O(n®y P € conv(S,) neonv(S;) N ... N conv(Sg,y)
p (d+D""\d+1 S, p general position and |5 |,|S.],...,|Sg.q| = d+1



Colourful Simplicial Depth Bounds
p(d) = mindepths (p)

[Barany 1982] d+1<u(d)
2d < (d) <d? +1

w1(d) even for odd d

[D.,Huang,Stephen, Terlaky 2006]

max depth, (p) >
p

#(d) n +o(n'y P € conv(S,) nconv(S,) N ... nconv(Sy,,)
(d+1D)% d+1 S, p general position and |5, [,|S.],...,|Sg.,| = d+1



Colourful Simplicial Depth Bounds
p(d) = mindepths (p)

[Barany 1982] d+1<u(d)
2d < (d) <d? +1

w1(d) even for odd d
)< u(d) ford=>3

[D.,Huang,Stephen, Terlaky 2006]

d2+d)
5

[Barany, Matousek 2007]  max(3d,

max depth, (p) >
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Colourful Simplicial Depth Bounds
p(d) = mindepths (p)

[Barany 1982] d+1<u(d)
2d < (d) <d? +1

[D.,Huang,Stephen, Terlaky 2006]
w1(d) even for odd d

(Barany, Matousek 2007] 3d < u(d) ford =3
max depth. (p) > p(d) n +o(n'y P € conv(S,) nconv(S,) N ... nconv(Sy,,)
p > (d+1D)% d+1 S, p general position and |5, [,|S.],...,|Sg.,| = d+1



Colourful Simplicial Depth Bounds
p(d) = mindepths (p)

[Barany 1982]

[D.,Huang,Stephen, Terlaky 2006]

[Barany, Matousek 2007]

[Stephen,Thomas 2008]

max depth, (p) > () ( " ]+O(nd)
p d+1

(d _|_1)d+1

d+1< u(d)

2d < u(d)<d?+1

1(d) even for odd d

3d < u(d) ford =3

(d +2)°

A

<u(d) ford=>8

p e conv(S,) N conv(S,) N ... nconv(Sy,,)
S, p general position and |5,],|S.|,...,|Sg.1| = d+1



Colourful Simplicial Depth Bounds
p(d) = mindepths (p)

Barany 1982] d+1< u(d)
D.,Huang,Stephen, Terlaky 2006] 2d < u(d)<d *+1
d*+d
Barany, Matousek 2007] max(3d, )< u(d) ford >3
d +2)°
[Stephen, Thomas 2008] ( 1 ) <u(d) ford=>8
_ .
[D.,Stephen, Xie 2011] (d _'2'1) < ,u(d) ford > 4
max depth, (p) > p(d) ( n ]_i_o(nd) p e conv(S,) N conv(S,) N ... nconv(Sy,,)
p (d+D**(d+1 S, p general position and |S.|,|S.|,...,|Sq.4| = d+1



Colourful Simplicial Depth Bounds
p(d) = mindepths (p)

u@=2 u(2)=5 w3)=10
(d+1)?
.

< u(d)<d?+1 ford >4

w1(d) even for odd d
conjecture: w(d) =d?® +1

max depth (p) > #(d) [d:—l]_l_O(nd) p € conv(S,) meconv(S,) N ... nconv(Sy,)
p

(d+1)*" S, p general position and |5, [,|S.],...,|Sg.,| = d+1



Normalization
#(d) =min depths (p)

assume p is the origin, scale the points to the unit sphere
(perturb if degeneracy)



Normalization
#(d) =min depths (p)

scale the points to the unit sphere

d+1 points for each color (convex hull contain origin p)



Colourful Simplicial Depth Bounds
#(d) = min depths (p)

< u(d)<d®+1

p e conv(S,) N conv(S,) N ... nconv(Sy,,)
S, p general position and |5,],|S.|,...,|Sg.1| = d+1



Colourful Simplicial Depth Bounds
#(d) = min depths (p)

5<u(2) <5

p e conv(S,) N conv(S,) N ... nconv(Sy,,)
S, p general position and |5,],|S.|,...,|Sg.1| = d+1
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Colourful Simplicial Depth Bounds
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Colourful Simplicial Depth Bounds
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9< 1(3)<10
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Colourful Simplicial Depth Bounds
#(d) = min depths (p)

9< 1(3)<10
1(d) even for odd d

p e conv(S,) N conv(S,) N ... nconv(Sy,,)
S, p general position and |5,],|S.|,...,|Sg.1| = d+1
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Colourful Simplicial Depth Bounds
#(d) = min depths (p)

depthg(p)=10

#(3) =10

p e conv(S,) N conv(S,) N ... nconv(Sy,,)
S, p general position and |5,],|S.|,...,|Sg.1| = d+1
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® color 2
@ color 3

) -transversal (0.,p,)



Transoversal

colourful set of d points (one colour missing)

o

® color 2
@ color 3

‘b antipode of g,
) -transversal (0.,p,) spans the antipode of g,

Iff (0.,p,,0,) IS a colourful simple



Combinatorial (topological) Octahedra

pair of disjoint |-transversals

® color 2
@ color 3

octahedron [(0,p4),(0,,p,)]



Combinatorial (topological) Octahedra

OF
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d, ® color 2
@ color 3

O3
P2

octahedron [(0,p3),(0.,p,)]



Octahedron Lemma

origin-containing octahedra

o

® color 2
@ color 3

octahedron [(0,p,),(0-,0,)]

2¢ colourful faces span the whole sphere if it contains
the origin (creating d+1 colourful simplexes)



Octahedron Lemma

origin-containing octahedron

Colourful simplexes:

(91,0.,P2)

O3
O antipode of g,

octahedron [(0,p,),(0-,0,)]

2¢ colourful faces span the sphere if it contains p
—> creating d+1 colourful simplexes



Octahedron Lemma

origin-containing octahedron

Colourful simplexes:

(91,0,,P2)
(92,04,P2)

octahedron [(0,p,),(0-,0,)]

2¢ colourful faces span the sphere if it contains p
—> creating d+1 colourful simplexes



Octahedron Lemma

origin-containing octahedron

Colourful simplexes:

(91,02,P,)
(92,01,P,)
(93,0.,P1)

octahedron [(0,p,),(0-,0,)]

2¢ colourful faces span the sphere if it contains p
—> creating d+1 colourful simplexes



Octahedron Lemma

octahedron not containing the origin

® color 2
@ color 3

octahedron [(0,p5),(0-,p,)] does not contain p



Octahedron Lemma

octahedron not containing the origin

o

® color 2
@ color 3

octahedron [(0,,p5),(0-,p,)] Spans any antipode an
even number of times



Octahedron Lemma

octahedron not containing the origin

Colourful simplexes:

(92:01,P3)
(92:02,P1)

octahedron [(0,,p5),(0-,p,)] Spans any antipode an
even number of times = creating an even number of
colourful simplexes (might be zero)



Octahedron Lemma

Given 2 disjoint transversals T1 and T2, and T1 spans X
(antipode of x),

» either octahedron (T1,T2) contains p,

» or there exists a transversal T#T1 consisting of points
from T1 and T2 that spans x.
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consider the d octahedra:

d+1 o 5)

1 O ® O
) .?_’ (Tl’Td+1)’ (T21Td+1), ey (Td,Td+1)
1
f; among them:
« b contain p, each generate
d+1-1 new colourful simplexes.
‘ =" |
[
O O ®

Td +1

1(d)>1+b(d+1-1)



consider the d octahedra:

1 @ @ O o ®
~ N g (T2, Tae)s (T2 Tgn)s +oos (T Tan)
1
5 o 5o d +1-1
T, among them:
e b contain p, each generates
d+1-1 new colourful simplexes.
d ° ?, >l d-b do not contain p, each
l Tq generates | new colourful
d+l o ® o simplexes (Octahedron Lemma)
Td+1

1(d)>1+b(d +1—1)+(d —Db)l



d+1

r O
()

© ® another counting (point-wise):

@)
T each antipode from S, is
© spanned by at least j transversals

A

r O
o

Td +1

1(d) > maxq{l +b(d +1—1) +(d —b)I, j(d + 1)}



1 o ® o © ® Octahedron Lemma:
T i >
> o e o o b+ j=>d+1
T2
b : number of transversals
containing p
d < ° ° ° ® U1 j: minimum number of
Ty transversals spanning an
d+1 o o ® o O antipode of a pointin S, ,
Td+l

(d +1)° d+1

forl <

1(d) > max{l +b(d +1— 1)+ (d —b)I, j(d +1)}>



Colourful Research Directions

» Generalize the sufficient condition of Barany for the
existence of a colourful simplex

> Improve lower bound for 1(d) = mln epths (p)
> Computational approaches for y(d) for small d.

» QObtain an efficient algorithm to find a colourful simplex :
Colourful Linear Programming Feasibility problem

wu(d
(d + (1)2“1 (d +1]+O(n ) p e conv(S,) N conv(S,) N ... nconv(Sy,,)

S, p general position and | | |So|,-. - |Sgsq| =2 d+1

max depth, (p) >




Computational Approach

hypergraph representation of colourful point configurations

S, S3
o
VRN

hyper-edge: colourful simplex containing p



Computational Approach
hypergraph representation of colourful point configurations
S2 SB

necessary conditions for the hyper-graph:
 every vertex belongs to at least one hyper-edge.

» Octahedron Lemma (parity) holds for any pair of transversals.



Computational Approach

S; S;

If no hyper-graph with t or less hyper-edges satisfies the 2
necessary conditions, then u(d) >t

— computational proof that x(3) =10

still intractable for d =4 (currently under investigation).



Colourful Research Directions

» Generalize the sufficient condition of Barany for the
existence of a colourful simplex

> Improve lower bound for 1(d) = mln epths (p)
> Computational approaches for y(d) for small d.

» Obtain an efficient algorithm to find a colourful simplex :
Colourful Linear Programming Feasibility problem

[Barany, Onn 1997] and [D., Huang, Stephen, Terlaky 2008]

wu(d
(d + (1)2“1 (d +1]+O(n ) p e conv(S,) N conv(S,) N ... nconv(Sy,,)

S, p general position and | | |So|,-. - |Sgsq| =2 d+1

max depth, (p) >




Colourful Simplicial Depth Bounds
p(d) = mindepths (p)

u=2 w(2)=5 w3)=10
(d+1)?

> < u(d)<d?+1 ford >4

w1(d) even for odd d
13< u(4) <17
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p(d) = mindepths (p)

u=2 w(2)=5 w3)=10
(d+1)?

> < u(d)<d?+1 ford >4

w1(d) even for odd d
13< u(4) <17
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