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Original Sorting Problem Simplicial Depth 

Given a set S of n points in dimension d, the simplicial 

depth of p is the number of open simplices generated by 

points in S containing p [Liu 1990] 



Deepest Point in Dimension 2 

Deepest point bounds in dimension 2 [Kárteszi 1955], 

[Boros, Füredi 1984] 
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• tight upper bound 

• lower bound uses Colourful Carathéodory theorem 

         can we improve the lower bound? 

 

…recent breakthrough [Gromov 2010] & further improvements 

Deepest point bounds in dimension d [Bárány 1982] 
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Colourful Carathéodory Theorem 

Given colourful set S = S1  S2…  Sd+1 in dimension d, 

and p  conv(S1)  conv(S2)  …  conv(Sd+1), there 

exists a colourful simplex containing p [Bárány 1982]  

dual of Lovász Colourful Helly theorem                                        
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Colourful Simplicial Depth 

Given colourful set S = S1  S2…  Sd+1 in dimension d, the 

colourful simplicial depth of p is the number of open colourful 

simplexes generated by points in S containing p 
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[Gromov 2010] 

 

simpler proofs: [Karazev 2010], [Matoušek, Wagner 2011] 

d=2: [Boros, Füredi 1984], [Bukh 2006]  

d=3: [Král, Mach, Sereni 2011] 
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[Bárány 1982]  Given colourful set S = S1  S2…  Sd+1 in dimension d, 

and p  conv(S1)  conv(S2)  …  conv(Sd+1), then there exists a 

colourful simplex containing p 

 

[Holmsen, Pach, Tverberg 2008] and [Arocha, Bárány, Bracho, Fabila, 

Montejano 2009] Given colourful set S = S1  S2…  Sd+1 in dimension 

d, and p  conv(Si  Sj) for 1 ≤ i < j ≤ d +1, then there exists a colourful 

simplex containing p  

 

[Meunier, D. 2011] Given colourful set S = S1  S2…  Sd+1 in 

dimension d, if for 1 ≤ i < j ≤ d +1 there exists k≠i, k≠j, such that for all 

xkSk the ray [xk p) intersects conv(Si  Sj) in a point distinct from xk, 

then there exists a colourful simplex containing p  
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dimension d, if for i ≠ j the open half-space containing p and defined by 
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[Meunier, D. 2011] Given colourful set S = S1  S2…  Sd+1 in 

dimension d, if for i ≠ j the open half-space containing p and defined by 

an i-facet of a colourful simplex intersects Si  Sj, then there exists a 

colourful simplex containing p 

  further generalization in dimension 2 

Colourful Carathéodory Theorems 
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[Meunier, D. 2011] Given colourful set S = S1  S2…  Sd+1 

in dimension d with |Si|=2, if there is a colourful simplex 

containing p then there is another one 

Given One, Get Another One 



[Meunier, D. 2011]  Any condition implying the existence of 

a colourful simplex containing p actually implies that the 

number of such simplices is at least d+1 
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[D.,Huang,Stephen,Terlaky 2006] 
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Normalization 

 assume p is the origin, scale the points to the unit sphere 

(perturb if degeneracy) 
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scale the points to the unit sphere 

d+1 points for each color (convex hull contain origin p)  
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 Improve lower bound for   

 Computational approaches for             for small d. 

 Obtain an efficient algorithm to find a colourful simplex : 
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Colourful Linear Programming Feasibility problem  

      [Bárány, Onn 1997] and [D., Huang, Stephen, Terlaky 2008]         
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