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THEOREM (CLASSICAL DISCRETE ISOPERIMETRIC INEQUALITY)

Among convex polygons of a given perimeter in E2, H? or in S?,
the regular one has maximal area.
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A more general approach (Brass, Moser, Pach: Research
Problems in Discrete Geometry, 2005):

Any inequality relating two geometric quantities (area,
perimeter, diameter, width, inradius, circumradius, etc.) of
convex (or simple) n-gons is called a “discrete isoperimetric
inequality”.

For most pairs the optimal polygon is the regular n-gon.
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The supremum of the perimeters in the question of Brass is
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FIRST RESULTS

THEOREM (L., 2011)

LetM be E? or H?, and let n > 3 be an odd integer. If C C M is
a disk and P is a simple n-gon contained in C, then there is an
isosceles triangle, inscribed in C and with side-lengths o > S8,
such that perim P < (n — 2)a + 25.

REMARK (L., 2011)

There is a real number £ > 0 such that for every odd integer
n>3and0 < p < ¢ the following holds. If C ¢ S? is a disk of
radius p, and P is a simple n-gon contained in C, then there is
an isosceles triangle, inscribed in C and with side-lengths

a > f3, such that perim P < (n — 2)a + 25.
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— The vertices of P are py,po, ..., pn = po in this
counterclockwise order.

— In a given Descartes coordinate system, the coordinates of
a point g are denoted by g = (wq, 65).

— The coordinates of p; are denoted by p; = (wj, 6;).

Letp,q,a,b,c € M.
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THE PROOF FOR M = [E?

Notations:

— The vertices of P are py,po, ..., pn = po in this
counterclockwise order.

— In a given Descartes coordinate system, the coordinates of
a point g are denoted by g = (wq, 65).

— The coordinates of p; are denoted by p; = (wj, 6;).

Let p,q, a, b, c € M. We say that the segment [p, q] and the
polygonal curve [a, b] U [b, c] do not cross, if the set
(p,q) N ((a,b] U [b,c)) is either empty or a segment.
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THE PROOF OF THE THEOREM FROM THE LEMMA

We may assume that
— [po, p1] is a longest side of P,
— [Po, p1] is a vertical segment (wg = w1).

Consider the (n+ 1)-element sequence 1, u2, . . . in1 defined
as follows.
Fori=1,2,...,n+1,

1, if0; <04,
pi=< =1, it >0;4;

0, if6;=0i1.

Observe that pg = pn # 0.

ZSOLT LANGI
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Since n+ 1 is even, there are two consecutive elements of the
sequence that are both nonnegative or both nonpositive.
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THE PROOF OF THE THEOREM FROM THE LEMMA

Since n+ 1 is even, there are two consecutive elements of the
sequence that are both nonnegative or both nonpositive.Thus,
we may apply Lemma.
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THE PROOF OF THE LEMMA

Notations:

— L(p, q): the line containing [p, q];

— Rp: the connected component of L(p, q) \ (p, q), containing p;
— Ry: the connected component of L(p, g) \ (p, g), containing q.

Assumptions: 6, < 64 and the centre of C is the origin.
c

Case 1, if [a, b] intersects Rg.
b—al <6 <|b-p|

a 0 <l|c—p|.

We may choose &, b’ and ¢’ as
p, b and c, respectively.

op
If [b, c] intersects Rp,, we may apply a similar argument.
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Case 2, if [a, b] intersects Rp.
If [b, c] intersects Ry, then 6 <
|c — al|, and we are done. Let
b, ¢ be in the closed half plane
H bounded by L(p, q).

C: the setof pointsue HN C
that satisfy 6, > 6.

z: the intersection point of Ry
and bd C.

x: the point of H N bd C with
Ox = Op

w: the intersection point of
bd C and the ray through o that
starts at b, and w = z other-
wise.
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THE PROOF OF THE LEMMA

lf w e C,then|c—b| < |w—b|,
and we may choose a, band w
as &, b’ and ¢, respectively.
Assume that w ¢ C. Then
|c—b| < max{|x —b|,|z— b|}.
If |[x—b| < |z—b|, then we may
choose a, band z as &, b’ and
¢/, respectively.

In the opposite case, we may
choose a, x and z, respec-
tively.

A similar argument proves the assertion in the case that [b, c]
intersects Ry.
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We may assume that o € H™, and that p, g € bd C. Now we
drop the conditions that |b — a|, |c — b| < ¢, and maximize
|b— a| + |c — b| under the conditions that
a,bccCNnH"=C"and 6, <0 < 0.
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THE PROOF OF THE LEMMA

r: the reflected image of a
about the y-axis

Observation: we < w_r = wgy
T: the reflection about the line
bisecting [a, b]

Then: T(a) = b, T(b) = aand
T(c)e Ct

b—al < |p—al,

lc—b| =[T(c) —al <|q—al,

.-r

Qe + da
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THE PROOF OF THE LEMMA

.-r

r: the reflected image of a
about the y-axis

Observation: we < w_r = wgy
T: the reflection about the line
bisecting [a, b]

Then: T(a) = b, T(b) = aand
T(c)e Ct

b—al < |p—al,

lc—b| =[T(c) —al <|q—al,
we can choose p,a,q as
a,pn,c.
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THE PROOF FOR M = H2 AND M = §2

What is the coordinate system?

qo
W,
(7—0
° z
3
po

An additional assumption for S2:
the radius p of the circle is p < 7.
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THE PROOF FOR M = H2 AND M = §2

2 T 2 s
InH* ¢ < 5,inS° ¢ > 3.



REMARK ABOUT S?

Lemma does not hold for some spherical disks with radius
7<p<3.

EXAMPLE
Let e > 0 and let p, g € S? be two points with
dists(p,q) =7 —e.

ZSOLT LANGI



REMARK ABOUT S?

Lemma does not hold for some spherical disks with radius
7<p<3.

EXAMPLE

Let e > 0 and let p, g € S? be two points with
dists(p, q) = m — . Let k, —k be the centres of the two open
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7<p<3.

EXAMPLE

Let e > 0 and let p, g € S? be two points with

dists(p, q) = m — . Let k, —k be the centres of the two open
hemispheres bounded by L(p, q). Let [a, b] be a segment of
length m — €, perpendicular to [p, q], such that g is the midpoint
of [a, b].
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Let e > 0 and let p, g € S? be two points with

dists(p, q) = m — . Let k, —k be the centres of the two open
hemispheres bounded by L(p, q). Let [a, b] be a segment of
length m — €, perpendicular to [p, q], such that g is the midpoint
of [a, b]. Note that k, —k € L(a, b) \ [a, b].
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Lemma does not hold for some spherical disks with radius
7<p<3.

EXAMPLE

Let e > 0 and let p, g € S? be two points with

dists(p, q) = m — . Let k, —k be the centres of the two open
hemispheres bounded by L(p, q). Let [a, b] be a segment of
length m — €, perpendicular to [p, q], such that g is the midpoint
of [a, b]. Note that k, —k € L(a, b) \ [a, b]. Thus, there is a disk
C of radius p < 7 that contains [p, g] and [a, b].
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REMARK ABOUT S?

Lemma does not hold for some spherical disks with radius
7<p<3.

EXAMPLE

Let e > 0 and let p, g € S? be two points with

dists(p, q) = m — . Let k, —k be the centres of the two open
hemispheres bounded by L(p, q). Let [a, b] be a segment of
length m — €, perpendicular to [p, q], such that g is the midpoint
of [a, b]. Note that k, —k € L(a, b) \ [a, b]. Thus, there is a disk
C of radius p < 7 that contains [p, q] and [a, b]. Set ¢ = a.
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REMARK ABOUT S?

Lemma does not hold for some spherical disks with radius
7<p<3.

EXAMPLE

Let e > 0 and let p, g € S? be two points with

dists(p, q) = m — . Let k, —k be the centres of the two open
hemispheres bounded by L(p, q). Let [a, b] be a segment of
length m — €, perpendicular to [p, q], such that g is the midpoint
of [a, b]. Note that k, —k € L(a, b) \ [a, b]. Thus, there is a disk
C of radius p < 7 that contains [p, q] and [a, b]. Set ¢ = a. If ¢
is sufficiently small, then 37 — 3¢ is greater than the perimeter
of any triangle inscribed in C.
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QUESTIONS

Letn>5beodd,0 < p< 5,andC C S? be a disk of radius p.
What is the supremum of the perimeters of the simple n-gons
contained in C?
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QUESTIONS

Letn>5beodd,0 < p< 5,andC C S? be a disk of radius p.
What is the supremum of the perimeters of the simple n-gons
contained in C?

QUESTION

Let n > 5 be odd, and let C C E? be a plane convex body.
Prove or disprove that if P is a simple n-gon contained in C,
then there is a triangle, inscribed in C and with side-lengths

a, B and ~, such that perim P < (n—2)a+ B + . Is it true for
plane convex bodies in the hyperbolic plane or on the sphere?
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QUESTIONS

Let n > 5 be odd, and let M be a Minkowski plane with the unit
disk C. What is the supremum of the perimeters of the simple
n-gons contained in C? In particular, can Theorem be
generalized for Minkowski planes? Can it be generalized for an
arbitrary plane convex body of M instead of the unit disk of M ?
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QUESTIONS

Let n > 5 be odd, and let M be a Minkowski plane with the unit
disk C. What is the supremum of the perimeters of the simple
n-gons contained in C? In particular, can Theorem be
generalized for Minkowski planes? Can it be generalized for an
arbitrary plane convex body of M instead of the unit disk of M ?

In the last two questions the optimal triangle inscribed in C is
not necessarily isosceles.
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A RESULT ABOUT PLANE CONVEX BODIES

Let n > 3 be an odd integer, and let C be a plane convex body
inE? or in H2. For every simple n-gon P contained in C there is
a triangle, inscribed in C and with side-lengths o > 3 > =, such
thatperim P < (n—2)a+ 5 + 7.
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THE PROOF FOR [E?

Our lemma fails:

p=1(0,0), g=(0,1),
go-P¢ a=(0.31,0.095), b=(0,0.095),
: ¢ = (0.208,1.05),
C =conv{p,q, a, b, c},

|b—al =0.3100...,
lc—b|=09773...,
lc—al =0.9604.. .,

|b—a|+|c—b|=1.2873...,
lc—p|+|g—c|=1.2843...,
la—p|+|g—al =1.2808...,
la—p|+|c—al =1.2846....
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THE PROOF FOR [E?

The idea of the proof

Step 1: To examine under what conditions does the assertion
of the lemma fail

Step 2: To prove the theorem in this case using a different
method.

ZSOLT LANGI



THE PROOF FOR [E?

The idea of the proof

Step 1: To examine under what conditions does the assertion
of the lemma fail

Step 2: To prove the theorem in this case using a different
method.

If &, b/, c satisfy |[p—q| < |c’ — &| and
|b—al+|c—b| < |b —d|+|c —b|, wesaythat &,b" and ¢’
satisfy Property (7).
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THE PROOF FOR [E?

Assumptions:
Q@ p=(0,0)and g = (0,1).
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THE PROOF FOR [E?

Assumptions:
Q@ p=(0,0)and g = (0,1).
e 03 S eb S 00!

@ ais not farther from the bisector of [p, q] than ¢ (or in other
words, 05 + 6c > 1),

Q at least one of wy, wp and we is positive.
Notation: ps = (0, 6a), pp = (0,6b), Pc = (0, b¢).
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Assumptions:
Q@ p=(0,0)and g = (0,1).
e 03 S eb S 00!

@ ais not farther from the bisector of [p, q] than ¢ (or in other
words, 05 + 6c > 1),

Q at least one of wy, wp and we is positive.
Notation: ps = (0, 6a), pp = (0,6b), Pc = (0, b¢).
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THE PROOF FOR [E?

LEMMA

If there are no points &,b', ¢’ € conv{p, q, a, b, c} satisfying
Property (*), then the following hold.
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THE PROOF FOR [E?

LEMMA

If there are no points &,b', ¢’ € conv{p, q, a, b, c} satisfying
Property (*), then the following hold.

(A) lc—al < 1.
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THE PROOF FOR [E?

LEMMA

If there are no points &,b', ¢’ € conv{p, q, a, b, c} satisfying
Property (*), then the following hold.

(A) lc—al < 1.

(B) a,b and c are in the same closed half-plane bounded by
L(p. q).
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LEMMA

If there are no points &,b', ¢’ € conv{p, q, a, b, c} satisfying

Property (*), then the following hold.

(A) lc—al < 1.

(B) a,b and c are in the same closed half-plane bounded by
L(p, q).

(B) fc>1and0 < ;< 3.
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LEMMA

If there are no points &,b', ¢’ € conv{p, q, a, b, c} satisfying

Property (*), then the following hold.

(A) lc—al < 1.

(B) a,b and c are in the same closed half-plane bounded by
L(p, q).

(B) fc>1and0 < ;< 3.

(D) b e conv{pa, pc, a,c}.
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THE PROOF FOR [E?

LEMMA

If there are no points &,b', ¢’ € conv{p, q, a, b, c} satisfying

Property (*), then the following hold.

(A) lc—al < 1.

(B) a,b and c are in the same closed half-plane bounded by
L(p, q).

(B) fc>1and0 < ;< 3.

(D) b e conv{pa, pc, a,c}.

(E) [b—al+|c—b| < |pa—al+|c— pal|
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THE PROOF FOR [E?

pcé c
/ We may assume that

a,b,c,p,q does not satisfy
Property (*).
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/ We may assume that
qo

- a,b,c,p,q does not satisfy
Property (*).
Observation: 6, — 0, > %.
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/ We may assume that
qo

- a,b,c,p,q does not satisfy
Property (*).
Observation: 6, — 0, > %.
Case 1, n=5.
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THE PROOF FOR [E?

Lo c
/ We may assume that
' - a,b,c,p,q does not satisfy
Property (*).
Observation: 6, — 0, > %.
Case 1, n=5.

P * Then the remaining two edges
Kﬁ of P are [p,a] and [c,q],
Lo a

ZSOLT LANGI



THE PROOF FOR [E?

ZSOLT LANGI

We may assume that

- a,b,c,p,q does not satisfy

Property (*).
Observation: 6, — 0, > %.
Case 1, n=5.

* Then the remaining two edges

of P are [p,a] and [c, q], and
perimP <3|p—c|[+[p—q|+

lq —cl.




THE PROOF FOR [E?
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THE PROOF FOR [E?

pcé c
/ Case 2, n > 7.

qo

K
H,() a
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THE PROOF FOR [E?

P.o c
/ Case 2, n > 7.f [c — a >
' “ |c — pal, then p, a, ¢ satisfies
Property (*). Thus, we assume
that we > %
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THE PROOF FOR [E?

pcé c
/ Case 2, n > 7lf |c — a >

|c — pal, then p, a, c satisfies
Property (*). Thus, we assume
that We > %.

7 " Since |g—p| = 1, itis sufficient
to prove that
i ‘ 5+ |pa—al +[c — pa| < 5lc—

pl+la—pl+[c—al
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THE PROOF FOR [E?

Notations:

= M(c) =5+|pa—al+[c— pal,
N(c) = 3|c—p|+|a—p|+|c—al,
v=>1,0), w=(%,60c).
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THE PROOF FOR [E?

Notations:

= M(c) =5+|pa—al+[c— pal,
N(c) = 5|c—p|+|a—p|+|c—al,
v=>1,0), w=(%,60c).
Observation: M(w) < N(w)
We need to show that v(M) <
vV(N).
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THE PROOF FOR [E?

Notations:

= M(c) =5+|pa—al+[c— pal,
N(c) = 5|c—p|+|a—p|+|c—-al,
v=>1,0), w=(%,60c).
Observation: M(w) < N(w)
We need to show that v(M) <
vV(N).
Observations: 0 < ¢ < 71— <
7'['
COS ¢ > — COS 7).
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THE PROOF FOR [E?

M(c) =5+ |pa—al +[c— pal,
N(c) = S|c—p|+|a—p|+|c-al,
v(M) = cos ¢,

v(N) = 5cosyx + cosyp >
5cos x — cos ¢.

We set:

I=5cosx —2cos¢ < v(N)—
v(M), and need to show that
/>0.
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THE PROOF FOR [E?

Swe 2we Swe 2we

\/wc+9 \/wc (0 — 02)? \/wc+9 \/wc + (6 /2)?
we (21w2 + 62)

\/wc+92\/wc 4 (0c/2)2 <\/wc (06/2)> +2\/wc+92)

> 0.
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THE PROOF FOR [E?

5&)0 sz 50.)0 20.]0

\/wc+9 \/wc (0 — 02)? \/wc+9 \/wc + (6 /2)?
we (21w2 + 62)

\/wc+92\/wc 4 (0c/2)2 <\/wc (06/2)> +2\/wc+92)

> 0.

For H? a similar proof works.
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AND FINALLY ...
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AND FINALLY ...

The End




