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OE between free abelian groups
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Theorem (Delabie-Koivisto-Le Maitre-Tessera 20)

Let d,k € N. There is no LP-OE from Z9+k to Z9 for p > d/(d + k).

Today, we will focus on the following converse:

Theorem (Delabie-Koivisto-Le Maftre-Tessera 20)

Let d, k' € N. Then Z9 and Z9+k are LP-OE for all p < d/(d + k).
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Theorem (Delabie-Koivisto-Le Maitre-Tessera 20)

Let d,k € N. There is no LP-OE from Z9+k to Z9 for p > d/(d + k).

Today, we will focus on the following converse:

Theorem (Delabie-Koivisto-Le Maftre-Tessera 20)

Let d, k' € N. Then Z9 and Z9+k are LP-OE for all p < d/(d + k).

Problem

What happens for p = d/(d + k)?
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Construction of quantitative OE: Fglner tilings

Quantitative
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theory
Let I be an amenable group and (Fi) be a sequence of finite subsets of . We
call (Fk) a (left) Fglner tiling sequence if the sequence of tiles (Ty) defined
inductively by To = Fo and Tyy1 = TxFj41 satisfies the following conditions:
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Construction of quantitative OE: Fglner tilings

Let I be an amenable group and (Fi) be a sequence of finite subsets of . We

call (Fk) a (left) Fglner tiling sequence if the sequence of tiles (Ty) defined
inductively by To = Fo and Tyy1 = TxFj41 satisfies the following conditions:

(tiling condition) for all k € N, Ty is a disjoint union:

Ten= || Tew
YEFK11
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k—+o00 | Tl ’
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Construction of quantitative OE: Fglner tilings

Definition

Let I be an amenable group and (Fi) be a sequence of finite subsets of . We
call (Fk) a (left) Fglner tiling sequence if the sequence of tiles (Ty) defined
inductively by To = Fo and Tyy1 = TxFj41 satisfies the following conditions:

(tiling condition) for all k € N, Ty is a disjoint union:

Ten= || Tew
YEFK11

(Fglner condition) (Ty) is a left Fglner sequence: for all v €T,
im DTATd _
k—+o00 | Tl

v

The first condition amounts to saying that every element of Ty can uniquely be
written as fy - - - f where each f; belongs to F;.
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Example: the case of Z
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To = Fo and Ty41 = TyFg41 satisfies the following conditions:
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To = Fo and Ty41 = TyFg41 satisfies the following conditions:

(tiling condition) for all k € N, Ty is a disjoint union:

Tirn= || Tww
YEFk41
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To = Fo and Ty41 = TyFg41 satisfies the following conditions:

(tiling condition) for all k € N, Ty is a disjoint union:

Tirn= || Tww
YEFk41

(Fglner condition) (Ty) is a left Fglner sequence: for all v € T,
im DTN _
k—+o00 | T| ’

<

m For Z, tilings by diadic integers: T = [0,2k*1 — 1]. We have F, = {0,2%}.
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To = Fo and Ty41 = TyFg41 satisfies the following conditions:

(tiling condition) for all k € N, Ty is a disjoint union:

Tirn= || Tww
YEFk41

(Fglner condition) (Ty) is a left Fglner sequence: for all v € T,
im DTN _
k—+o00 | T| ’

<

m For Z, tilings by diadic integers: T = [0,2k*1 — 1]. We have F, = {0,2%}.
m The writing t = fy - - - fx (where t € Ty), corresponds to the diadic
decomposition of t € N:

k
t= Z 8,'2i
i=0

where ; =0if =0, 0re; =1if f; =2'.
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pmp actions and OE
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theory Proposition

Assume that (Fy) is a Fginer tiling sequence for I'. Then I has a
measure-preserving action on the infinite product probability space

(X =TIk Fk» ), which almost surely generates the cofinite equivalence relation
on this product.
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Proposition

Assume that (Fy) is a Fginer tiling sequence for I'. Then I has a
measure-preserving action on the infinite product probability space

(X =Tl F«; 1), which almost surely generates the cofinite equivalence relation
on this product.

Definition

The cofinite equivalence relation on (X =[], Fi, ) is the equivalence relation of
equality except on a finite set of indices.

v
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pmp actions and OE

Proposition

Assume that (Fy) is a Fginer tiling sequence for I'. Then I has a
measure-preserving action on the infinite product probability space

(X =Tl F«; 1), which almost surely generates the cofinite equivalence relation
on this product.

Definition

The cofinite equivalence relation on (X =[], Fi, ) is the equivalence relation of
equality except on a finite set of indices.

Remark (Orbit equivalence)

Consider two amenable groups I and I’ admitting respective Fginer tiling
sequences (Fy) and (F}) such that |Fi| = |F/|. Then the proposition provides us
with free measure-preserving actions of I and T" on X =[], {1,...,|F«|}, with
same orbits.
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Construction of the free pmp action

Quantitative m We consider the product probability space (X = [, F, 1), where each

ergodic . . . B .
theory factor is equipped with the normalized counting measure.

Ro
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e factor is equipped with the normalized counting measure. We need to
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Construction of the free pmp action

Quantitative m We consider the product probability space (X = [, F, 1), where each
etLg;(:;,c factor is equipped with the normalized counting measure. We need to
define a free pmp action of T.
o m Each element x = (xx)ken of X defines a sequence (gk(x))ken of elements
of I given by gx(x) = xo -+ xx € Tk.
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Construction of the free pmp action

Quantitative m We consider the product probability space (X = [, F, 1), where each
e;g;.:.; factor is equipped with the normalized counting measure. We need to
define a free pmp action of T.

m Each element x = (xx)ken of X defines a sequence (gk(x))ken of elements
of I given by gx(x) = xo -+ xx € Tk.

m By condition (1), each g is an equidistributed random element of Tj.

Hence gn induces (X, = [T5_o Fks tn) =2 (T, uniform measure).
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Construction of the free pmp action

Q“:r"‘;:;‘izi"e We consider the product probability space (X =[], Fk, ), where each

thgeory factor is equipped with the normalized counting measure. We need to
define a free pmp action of T.

m Each element x = (xx)ken of X defines a sequence (gk(x))ken of elements
of I given by gx(x) = xo -+ xx € Tk.

m By condition (1), each g is an equidistributed random element of Tj.
Hence gn induces (X, = [T5_o Fks tn) =2 (T, uniform measure).

m In particular, the probability that vga,(x) ¢ Th is

[YTn & Tal
Tl
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Construction of the free pmp action

Q“:r"‘;:;‘izi"e We consider the product probability space (X =[], Fk, ), where each

thgeory factor is equipped with the normalized counting measure. We need to
define a free pmp action of T.

m Each element x = (xx)ken of X defines a sequence (gk(x))ken of elements
of I given by gx(x) = xo -+ xx € Tk.

m By condition (1), each g is an equidistributed random element of Tj.
Hence gn induces (X, = [T5_o Fks tn) =2 (T, uniform measure).

m In particular, the probability that vga,(x) ¢ Th is

[YTn & Tal
Tl

m Since (T,) is a left Fglner sequence, we deduce that for every v € I and
almost every x € X, there exists n such that ygn(x) € T,.
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m Since (T,) is a left Fglner sequence, we deduce that for every v € I and
almost every x € X, there exists n such that ygn(x) € T,.
m We can then write uniquely vgn(x) = x{ - - - x;, where x/ € F;, and we then
define
Y+ () ken = (X050 Xps Xnt 15 Xn4 2, ---)-
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Q“:r"‘;:;‘izi"e We consider the product probability space (X =[], Fk, ), where each

thgeory factor is equipped with the normalized counting measure. We need to
define a free pmp action of T.

m Each element x = (xx)ken of X defines a sequence (gk(x))ken of elements
of I given by gx(x) = xo -+ xx € Tk.

m By condition (1), each g is an equidistributed random element of Tj.
Hence gn induces (X, = [T5_o Fks tn) =2 (T, uniform measure).

m In particular, the probability that vga,(x) ¢ Th is

Ro

[YTn & Tal
Tl

m Since (T,) is a left Fglner sequence, we deduce that for every v € I and
almost every x € X, there exists n such that ygn(x) € T,.
m We can then write uniquely vgn(x) = x{ - - - x;, where x/ € F;, and we then
define
Y+ () ken = (X050 Xps Xnt 15 Xn4 2, ---)-

m Note that this does not depend on the choice of n because we have
V&n+1(X) = Y8 (X)Xn+1 € Tot1.
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Construction of the free pmp action

Q“:r"t;;aizi"e m In other words, the action of I on X is such that for every v € I and a.e.
thgeory x € X, for all n large enough,

&n(v - x) = vgn(x).
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Construction of the free pmp action

Q“:r"t;;aizi"e m In other words, the action of I on X is such that for every v € I and a.e.
thgeory x € X, for all n large enough,

gn(y - x) = vgn(x)- 1)
m Geometrically: there exists a scale n at which v moves x within the same

tile T,. Hence multiplication by v does not affects the sequence of larger
tiles to which x belongs.

Romain Tessera Quantitative ergodic theory



Construction of the free pmp action

Q“:r"t;;aizi"e m In other words, the action of I on X is such that for every v € I and a.e.
thgeory x € X, for all n large enough,

&n(v - x) = vgn(x). (1)

m Geometrically: there exists a scale n at which v moves x within the same
tile T,. Hence multiplication by v does not affects the sequence of larger
tiles to which x belongs.

m We claim that up to measure zero, this group action induces the cofinite

equivalence relation.
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Construction of the free pmp action

Q“:r"t;;aizi"e In other words, the action of I on X is such that for every v € I' and a.e.
thgeory x € X, for all n large enough,

&n(v - x) = vgn(x). (1)

m Geometrically: there exists a scale n at which v moves x within the same
tile T,. Hence multiplication by v does not affects the sequence of larger
tiles to which x belongs.

m We claim that up to measure zero, this group action induces the cofinite
equivalence relation.

m Indeed, we have just seen that for almost every x € X and all v € ', x and

7 - x are equal up to a finite set of indices.
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Construction of the free pmp action

Q“:r"t;;aizi"e In other words, the action of I on X is such that for every v € I' and a.e.
thgeory x € X, for all n large enough,

&n(v - x) = vgn(x). (1)

m Geometrically: there exists a scale n at which v moves x within the same
tile T,. Hence multiplication by v does not affects the sequence of larger
tiles to which x belongs.

m We claim that up to measure zero, this group action induces the cofinite
equivalence relation.

m Indeed, we have just seen that for almost every x € X and all v € ', x and
7 - x are equal up to a finite set of indices.

m Conversely, if x and x’ are such that x; = fo for all j > k + 1, the element

~v = gr(x)gk(x’) "1 € G satisfies vgx(x) = gx(x’) € Tk, and hence

vox=x".
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Construction of the free pmp action

Q“:r"t;:;zi"e In other words, the action of I on X is such that for every v € I' and a.e.
thgeory x € X, for all n large enough,

&n(v - x) = vgn(x). (1)

m Geometrically: there exists a scale n at which v moves x within the same
tile T,. Hence multiplication by v does not affects the sequence of larger
tiles to which x belongs.

m We claim that up to measure zero, this group action induces the cofinite
equivalence relation.

m Indeed, we have just seen that for almost every x € X and all v € ', x and
7 - x are equal up to a finite set of indices.

m Conversely, if x and x’ are such that x; = fo for all j > k + 1, the element
~v = gr(x)gk(x’) "1 € G satisfies vgx(x) = gx(x’) € Tk, and hence
vox=x".

m In particular the action is measure preserving: indeed the cofinite

equivalence relation can be realized through the natural action of the direct

sum @, S(Fk), which is obviously measure preserving.
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Construction of the free pmp action

Q“:r"t;:;zi"e In other words, the action of I on X is such that for every v € I' and a.e.
thgeory x € X, for all n large enough,

&n(v - x) = vgn(x). (1)

m Geometrically: there exists a scale n at which v moves x within the same
tile T,. Hence multiplication by v does not affects the sequence of larger
tiles to which x belongs.

m We claim that up to measure zero, this group action induces the cofinite
equivalence relation.

m Indeed, we have just seen that for almost every x € X and all v € ', x and
7 - x are equal up to a finite set of indices.

m Conversely, if x and x’ are such that x; = fo for all j > k + 1, the element
~v = gr(x)gk(x’) "1 € G satisfies vgx(x) = gx(x’) € Tk, and hence
vox=x".

m In particular the action is measure preserving: indeed the cofinite

equivalence relation can be realized through the natural action of the direct

sum @, S(Fk), which is obviously measure preserving.

The proposition is proved!
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Revisiting the 2-odometer

Quantitative
ergodic
theory m The 2-odometer: consider the action of Z on the {0, 1}, defined as
follows.
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follows. The generator a of Z acts as:
a-(0,0,0,1,...)=(1,0,0,1...)
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theory m The 2-odometer: consider the action of Z on the {0, 1}, defined as
follows. The generator a of Z acts as:
a-(0,0,0,1,...) = (1,0,0,1...)
a.(170707"') = (071707"-)
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Revisiting the 2-odometer

Quantitative
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theory m The 2-odometer: consider the action of Z on the {0, 1}, defined as
follows. The generator a of Z acts as:
a-(0,0,0,1,...) = (1,0,0,1...)
a-(1,0,0,...) = (0,1,0,...)
a-(1,1,1,0,...) = (0,0,0,1,...)
m This corresponds to X = Zp = {3_32, ax2X | ax € {0,1}}, the ring of
2-adic numbers.
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a-(0,0,0,1,...)=(1,0,0,1...)
a-(1,0,0,...)=(0,1,0,...)
a-(1,1,1,0,...)=(0,0,0,1,...)

m This corresponds to X = Zp = {3_32, ax2X | ax € {0,1}}, the ring of
2-adic numbers.

m The 2-odometer is the restriction to the subring Z C Z, of the action of Z»
on itself by addition.
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Revisiting the 2-odometer
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theory The 2-odometer: consider the action of Z on the {0,1}Y, defined as
follows. The generator a of Z acts as:
a-(0,0,0,1,...)=(1,0,0,1...)
a-(1,0,0,...)=(0,1,0,...)
a-(1,1,1,0,...)=(0,0,0,1,...)

m This corresponds to X = Zp = {3_32, ax2X | ax € {0,1}}, the ring of
2-adic numbers.

m The 2-odometer is the restriction to the subring Z C Z, of the action of Z»
on itself by addition.

As a measure space, Zo = [, {0, 2%}.
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Revisiting the 2-odometer

Quantitative
ergodic
theory The 2-odometer: consider the action of Z on the {0,1}Y, defined as
follows. The generator a of Z acts as:
a-(0,0,0,1,...)=(1,0,0,1...)
a-(1,0,0,...)=(0,1,0,...)
a-(1,1,1,0,...)=(0,0,0,1,...)

m This corresponds to X = Zp = {3_32, ax2X | ax € {0,1}}, the ring of
2-adic numbers.

m The 2-odometer is the restriction to the subring Z C Z, of the action of Z»
on itself by addition.

m As a measure space, Zo = [],{0,2¥}.

m We recognize the pmp action of I = Z associated to Fy = {0, 2}, the tiles
being Ty = {0, ...,2k*1 — 1}, with the product measure.
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Revisiting the 2-odometer

Quantitative
ergodic

theory The 2-odometer: consider the action of Z on the {0,1}Y, defined as
follows. The generator a of Z acts as:
a-(0,0,0,1,...) = (1,0,0,1...)
a-(1,0,0,...) = (0,1,0,...)
a-(1,1,1,0,...) = (0,0,0,1,...)

m This corresponds to X = Zp = {3_32, ax2X | ax € {0,1}}, the ring of
2-adic numbers.

m The 2-odometer is the restriction to the subring Z C Z, of the action of Z»
on itself by addition.

m As a measure space, Zo = [],{0,2¥}.

m We recognize the pmp action of I = Z associated to Fy = {0, 2}, the tiles
being Ty = {0, ...,2k*1 — 1}, with the product measure.

m Note that the presence of an initial sequence (1,1,...,1) (of length n)
means that the corresponding x, = f ... f; lies in the boundary of T,

(hence adding 1 make it jump to the neighboring tile
2"+ T, =[27,27F —1].
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Profinite Fglner tilings and profinite actions

Quantitative — "
ergodic Definition (Fglner tilings)
theory

Let I be an amenable group and (Fi) be a sequence of finite subsets of . We
call (Fk) a (left) Fglner tiling sequence if the sequence of tiles (Ty) defined
inductively by by To = Fo and Ty41 = TyFi41 satisfies the following conditions:

(tiling condition) for all k € N, Ty is a disjoint union:

Ten= || Tew
YEFK

(Fo Iner condition) (Tx) is a left Fglner sequence: for all v € T,
im TN Tel
k—+o0 |Tk| ’
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Profinite Fglner tilings and profinite actions

Quantitative — -~
ergodic Definition (Fglner tilings)
theory

Let I be an amenable group and (Fi) be a sequence of finite subsets of . We
call (Fk) a (left) Fglner tiling sequence if the sequence of tiles (Ty) defined
inductively by by To = Fo and Ty41 = TyFi41 satisfies the following conditions:

Romain
Tessera

(tiling condition) for all k € N, Ty is a disjoint union:

Ten= || Tew
YEFK

(Fo Iner condition) (Tx) is a left Fglner sequence: for all v € T,
im PTATH
k—+o0 |Tk| ’

Definition (Profinite Fglner tilings)

If in addition there exists a decreasing sequence of finite index subgroups 'y such
that each Fy is a set of left coset representatives of [',_; modulo 'y, then we call
(Fk) a profinite Fglner tiling sequence associated to ().
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Profinite Fglner tilings and profinite actions
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theory
Ro Definition (Profinite Fglner tilings)

A Fglner tiling sequence (Fi)ken is profinite if there exists a decreasing sequence

of finite index subgroups 'y such that each Fy is a set of left coset

representatives of 'y, _; modulo Ij.
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Profinite Fglner tilings and profinite actions

Definition (Profinite Fglner tilings)

A Fglner tiling sequence (Fi)ken is profinite if there exists a decreasing sequence
of finite index subgroups 'y such that each Fy is a set of left coset
representatives of ', _; modulo I',. Note that each tile T is then a set of
coset-representatives of ' modulo I'y.

Proposition

If (Fk) is a profinite Fginer tiling sequence associated to (I'y), then the
corresponding pmp action is isomorphic to the profinite action of I' on ||<_m I/Tg.

v

We recover the fact that the 2-odometer is the action of Z on Zy = I|<_m 7./2%Z.
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Profinite Fglner tilings and profinite actions

Quantitative
ergodic

If (F) is a profinite Fglner tiling sequence associated to (I'y), then the
corresponding pmp action is isomorphic to the profinite action of I' on ﬁ I/T.

<

m The restriction of the projection ' — /T, to T, induces a bijection
bp: Xn > /Ty,

m Since F, C Tp_1, we have mp_1(gn(x)) = mh—1(gn—1(x)) for all x € X.
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If (F) is a profinite Fglner tiling sequence associated to (I'y), then the
corresponding pmp action is isomorphic to the profinite action of I' on I|<_m I/T.

m The restriction of the projection ' — /T, to T, induces a bijection
bp: Xn > /Ty,

m Since F, C Tp_1, we have mp_1(gn(x)) = mh—1(gn—1(x)) for all x € X.

m Hence, the sequence (®,) induces a map ® : X — lim /Ty,
x — (wn(gn(x))), which is an isomorphism of probaﬁity spaces.
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If (F) is a profinite Fglner tiling sequence associated to (I'y), then the
corresponding pmp action is isomorphic to the profinite action of I' on I|<_m I/T.

m The restriction of the projection ' — /T, to T, induces a bijection
bp: Xn > /Ty,

m Since F, C Tp_1, we have mp_1(gn(x)) = mh—1(gn—1(x)) for all x € X.

m Hence, the sequence (®,) induces a map ® : X — lim /Ty,

x — (wn(gn(x))), which is an isomorphism of probaﬁity spaces.
m By Equation (1), for a.e. x € X and all v € T we have gn(7 - x) = vgn(x)
for all large enough n.
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If (F) is a profinite Fglner tiling sequence associated to (I'y), then the
corresponding pmp action is isomorphic to the profinite action of I' on I|<_m I/T.

m The restriction of the projection ' — /T, to T, induces a bijection
bp: Xn > /Ty,

m Since F, C Tp_1, we have mp_1(gn(x)) = mh—1(gn—1(x)) for all x € X.

m Hence, the sequence (®,) induces a map ® : X — lim /Ty,
x — (wn(gn(x))), which is an isomorphism of probaﬁity spaces.

m By Equation (1), for a.e. x € X and all v € T we have gn(7 - x) = vgn(x)
for all large enough n.

Hence @ intertwines the two -actions and we are done.
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Reminder on quantitative OE

Qu:rrg;;aizwe Definition (Word distance on X)

theory Let A be a group generated by a finite subset S and let assume A acts freely on
(X, 1), then the word distance on X associated to S is

ds(x,x") =min{n e N| x' = slil LosElox)

where s; € S if x’ and x lie in a same orbit,
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Reminder on quantitative OE

Qu:rrg;;aizwe Definition (Word distance on X)

theory Let A be a group generated by a finite subset S and let assume A acts freely on
(X, 1), then the word distance on X associated to S is
ds(x,x") =min{n e N| x' = slil LosElox)

where s; € S if x’ and x lie in a same orbit, and ds(x,x’) = co otherwise.
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Reminder on quantitative OE

Qu::;;:zwe Definition (Word distance on X)

theory

Let A be a group generated by a finite subset S and let assume A acts freely on

Romain (X, i), then the word distance on X associated to S is
Tessera

ds(x,x") =min{n e N| x' = slil LosElox)

where s; € S if x’ and x lie in a same orbit, and ds(x,x’) = co otherwise.

We use the measure 1 to compare the word distances associated to two distinct
pmp actions as follows:

Proposition (p-integrable orbit equivalence)

Assume N, ~ (X, ) with same orbits. The actions are (p,1))-OE iff for all
e 5/\,

. oldse (3 x))de) < oo,
X

and all v € Sr,
/X $(dsy (.7 - x))dp(x) < oo,
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A distance for the cofinite equivalence relation

Quantitative
ergodic
theory

Ror m Consider the following (possibly infinite) measurable distance on X given by

p(x,x") = inf{n € N: Vk > n,xx = x; }
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A distance for the cofinite equivalence relation

Quantitative
ergodic
theory

Ror m Consider the following (possibly infinite) measurable distance on X given by

p(x,x") = inf{n € N: Vk > n,xx = x; }

m Observe that x and x’ are equal up to a finite set of indices if and only if
plx,x') < +oo.
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A distance for the cofinite equivalence relation
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m Consider the following (possibly infinite) measurable distance on X given by

p(x,x") = inf{n € N: Vk > n,xx = x; }

m Observe that x and x’ are equal up to a finite set of indices if and only if
plx,x') < +oo.

m Hence the cofinite equivalence relation is defined by p(x,x’) < +oo0.
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A distance for the cofinite equivalence relation
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Consider the following (possibly infinite) measurable distance on X given by

p(x,x") = inf{n € N: Vk > n,xx = x; }

m Observe that x and x’ are equal up to a finite set of indices if and only if
plx,x') < +oo.

Hence the cofinite equivalence relation is defined by p(x, x") < +o0.

we have that p(vy - x,x) > k if and only if vgi(x) & Tk.
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A distance for the cofinite equivalence relation

Quantitative
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Consider the following (possibly infinite) measurable distance on X given by

p(x,x") = inf{n € N: Vk > n,xx = x; }

m Observe that x and x’ are equal up to a finite set of indices if and only if
plx, x') < +oo.

m Hence the cofinite equivalence relation is defined by p(x,x’) < +oo0.

m we have that p(v - x,x) > k if and only if ygk(x) & Tk.

m In particular,

AT\ Tl Tk A Til

B0 ol xx) > k) = e mE < TS @)
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Quantitative Fglner tiling sequences

Quantitative
ergodic
theory

Definition

A Fglner tiling sequence (F) of I is an (ek, Rk )-Fglner tiling sequence if

R
each tile Ty has ds -diameter at most Ry,
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Quantitative Fglner tiling sequences

Quantitative
ergodic
theory

Definition

A Fglner tiling sequence (F) of I is an (ek, Rk )-Fglner tiling sequence if
each tile Ty has ds -diameter at most Ry,
every s € Sr satisfies | Ty \ sTy| < ex| Tk|.

Ro
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Quantitative Fglner tiling sequences

CreEniffieie Definition
ergodic

theory

A Fglner tiling sequence (F) of I is an (ek, Rk )-Fglner tiling sequence if
each tile Ty has ds -diameter at most Ry,
every s € Sr satisfies | Ty \ sTy| < ex| Tk|.

Lemma

Let (Fy) be (e, Rk)-Falner tiling sequence of a finitely generated group I'
equipped with a finite generating set Sr. Then

for all s € Sp and k >0, p({x € X: p(s- x,x) > k}) < &x;
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Quantitative Fglner tiling sequences

CreEniffieie Definition
ergodic

theory

A Fglner tiling sequence (F) of I is an (ek, Rk )-Fglner tiling sequence if
each tile Ty has ds -diameter at most Ry,
every s € Sr satisfies | Ty \ sTy| < ex| Tk|.

Lemma

Let (Fy) be (e, Rk)-Falner tiling sequence of a finitely generated group I'
equipped with a finite generating set Sr. Then

for all s € Sp and k >0, p({x € X: p(s- x,x) > k}) < &x;
for almost every x € X, if |y|s. > 2Ry, then p(vy - x,x) > k.
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Quantitative Fglner tiling sequences

A Fglner tiling sequence (F) of I is an (ek, Rk )-Fglner tiling sequence if

each tile Ty has ds -diameter at most Ry,
every s € Sy satisfies | Ty \ sTx| < x| Tk|.

Lemma

Let (Fx) be (ek, Rk)-Fglner tiling sequence of a finitely generated group I
equipped with a finite generating set Sr. Then

for all s € Sr and k > 0, p({x € X: p(s- x,x) > k}) < e;
for almost every x € X, if |y|s. > 2Ry, then p(vy - x,x) > k.

Proof.

m The first item follows from Equation (3):

p({x, pls - x,x) > k}) = DJee il
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Quantitative Fglner tiling sequences

A Fglner tiling sequence (F) of I is an (ek, Rk )-Fglner tiling sequence if

each tile Ty has ds -diameter at most Ry,
every s € Sy satisfies | Ty \ sTx| < x| Tk|.

Lemma

Let (Fx) be (ek, Rk)-Fglner tiling sequence of a finitely generated group I
equipped with a finite generating set Sr. Then

for all s € Sr and k > 0, p({x € X: p(s- x,x) > k}) < e;
for almost every x € X, if |y|s. > 2Ry, then p(vy - x,x) > k.

Proof.

m The first item follows from Equation (3):

p({x, pls - x,x) > k}) = DJee il

m For the second item, we simply observe that if |y|s. > 2Ry, then
YT N Tk = D as diam(Tk) < Ry.
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Quantitative Fglner tiling sequences
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theory

Proposition

Suppose that (Fi), (F]) are (ex, Rk), (g}, R,) Folner tiling sequences for I and T,
such that |Fi| = |F}| for all k € N.
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Quantitative Fglner tiling sequences

Quantitative
ergodic
theory

Proposition

Suppose that (Fi), (F]) are (ex, Rk), (g}, R,) Folner tiling sequences for I and T,
such that |Fi| = |F}| for all k € N. Let ¢: [0,00) — [0, 00) be a non-decreasing
function such that the sequence (o(2R;)(exk—1 — €))ken is summable.
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Quantitative Fglner tiling sequences

Quantitative
ergodic
theory

Proposition

Suppose that (Fi), (F]) are (ex, Rk), (g}, R,) Folner tiling sequences for I and T,
such that |Fi| = |F}| for all k € N. Let ¢: [0,00) — [0, 00) be a non-decreasing
function such that the sequence (o(2R;)(exk—1 — €))ken is summable.

Then the orbit equivalence coupling from T to I is (¢, L°)-integrable.

m By the Lemma, for all s € Sp and for all kK € N,

u({xEX: ds., (x,s - x) > 2RL}> <p({x € X:p(s-x,x) > k}) <e.

Romain Tessera Quantitative ergodic theory



Quantitative Fglner tiling sequences

Quantitative
ergodic
theory

Proposition

Suppose that (Fi), (F]) are (ex, Rk), (g}, R,) Folner tiling sequences for I and T,
such that |Fi| = |F}| for all k € N. Let ¢: [0,00) — [0, 00) be a non-decreasing
function such that the sequence (o(2R;)(exk—1 — €))ken is summable.

Then the orbit equivalence coupling from T to I is (¢, L°)-integrable.

m By the Lemma, for all s € Sp and for all kK € N,

m ({x e X: dsr,(x,s~x) > 2RL}> <p({xeX:p(s-x,x) > k}) < e
m Using that ¢ is increasing, [y ¢(ds., (x,s - x))du(x) is less than

o0
©(2RY) + 3 (2R ({x € X:2R|_; < ds,,(x,5x) < 2R;})
k=1

< @(Rg) + D> (2R (ek—1 — &x),
k=1

which is finite by assumption.
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The case of abelian groups

Quantitative
ergodic
theory

Proposition

Let n be a positive integer. The group Z" (equipped with its standard generating
set) admits a profinite (gy, Ry )-Fglner tiling sequence (Fy), with |Fi| = 2",
Ry = n2ktL and e = 2= (k1) for any k > 0.

Ro
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The case of abelian groups

Quantitative
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theory

Proposition

Let n be a positive integer. The group Z" (equipped with its standard generating
set) admits a profinite (gy, Ry )-Fglner tiling sequence (Fy), with |Fi| = 2",
Ry = n2ktL and e = 2= (k1) for any k > 0.

Romain
Tessera

Proof.

m We let F, = {0,25}" for any k > 0.
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The case of abelian groups

Proposition

Let n be a positive integer. The group Z" (equipped with its standard generating
set) admits a profinite (gy, Ry )-Fglner tiling sequence (Fy), with |Fi| = 2",
Ry = n2ktL and e = 2= (k1) for any k > 0.

Proof.
m We let F, = {0,25}" for any k > 0.
m One can check that T, = {0,1,..., Zharll — 1}", which is a coset

representative for the finite index subgroup Iy = (24T1Z)".
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The case of abelian groups

Proposition

Let n be a positive integer. The group Z" (equipped with its standard generating
set) admits a profinite (gy, Ry )-Fglner tiling sequence (Fy), with |Fi| = 2",
Ry = n2ktL and e = 2= (k1) for any k > 0.

Proof.
m We let F, = {0,25}" for any k > 0.
m One can check that T, = {0,1,..., Zharll — 1}", which is a coset

representative for the finite index subgroup Iy = (24T1Z)".
m The diameter of T is bounded by n2k*1 and its size equals 27(k+1),
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The case of abelian groups

Proposition

Let n be a positive integer. The group 7" (equipped with its standard generating
set) admits a profinite (gy, Ry )-Fglner tiling sequence (Fy), with |Fi| = 2",
Ry = n2ktL and e = 2= (k1) for any k > 0.

Proof.
m We let F, = {0,25}" for any k > 0.
m One can check that Ty = {0,1,...,2k*1 — 1}", which is a coset

representative for the finite index subgroup 'y = (2k+1Z)”.
m The diameter of Ty is bounded by n2%*t! and its size equals 2n(k+1)

m Finally take s a generator of Z". Without loss of generality, we can assume
that s is the first basis vector in Z".
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The case of abelian groups
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Proposition

Let n be a positive integer. The group 7" (equipped with its standard generating
set) admits a profinite (gy, Ry )-Fglner tiling sequence (Fy), with |Fi| = 2",
Ry = n2ktL and e = 2= (k1) for any k > 0.

Romain
Tessera

Proof.

m We let F, = {0,25}" for any k > 0.

m One can check that Ty = {0,1,...,2k*1 — 1}", which is a coset
representative for the finite index subgroup 'y = (2k+1Z)”.

m The diameter of Ty is bounded by n2%*t! and its size equals 2n(k+1)

m Finally take s a generator of Z". Without loss of generality, we can assume
that s is the first basis vector in Z".

m Then, we have
T\ ((1,0,...,0) + Ti) = {0} x {0,1,..., 2" —1}71,

whose cardinality is 2k+1 smaller than that of Ty, so we are done.
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The case of abelian groups

Quantitative -
ergodic Proposition

theory

Let n be a positive integer. The group Z" admits a profinite (s, Rx )-Fglner tiling
sequence (Fy), with |F| = 2", R, = n2k+! and e, = 2=(+1) for any k > 0.

Corollary

Let n and m be positive integers. The group Z" admits a (e, Ry )-Fglner tiling
sequence (F]), with |F}| = 2", Ry = n2Mk+1) and e, = 2=m(+1) for any k > 0.

v
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The case of abelian groups

e Proposition

theory

) Let n be a positive integer. The group Z" admits a profinite (s, Rx )-Fglner tiling
L oman sequence (Fy), with |F| = 2", R, = n2k+! and e, = 2=(+1) for any k > 0.

Tessera

Corollary

Let n and m be positive integers. The group Z" admits a (e, Ry )-Fglner tiling
sequence (F]), with |F}| = 2", Ry = n2Mk+1) and e, = 2=m(+1) for any k > 0.

Proof of Corollary.

m Let (Fk)x be the Fglner tilling sequence given in the proposition and for
any k > 0 let F, = FrFmit1 - - - Frk+m—1- Note that
F] ={0,2mk 2. 2mk _ (2m —1)2mk}" and T/ = {0,1,...,2mk+m — 1}n.
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The case of abelian groups

Let n be a positive integer. The group Z" admits a profinite (ex, Ry )-Folner tiling
sequence (Fy), with |F| = 2", R, = n2k+! and e, = 2=(+1) for any k > 0.

Corollary

Let n and m be positive integers. The group Z" admits a (e, Ry )-Fglner tiling
sequence (F]), with |F}| = 2", Ry = n2Mk+1) and e, = 2=m(+1) for any k > 0.

”
Proof of Corollary.

m Let (Fk)k be the Fglner tilling sequence given in the proposition and for
any k > 0 let F, = FrFmit1 - - - Frk+m—1- Note that
F/ ={0,2mk 2.2mk _ _ (2m —1)2mk}n and T} = {0,1,...,2mk+m _ 1}n,
m As TL is the set Tx+m—1 from the proposition, we have that the diameter
of T/ is at most n2™<*™ and the set T} \ (s + T}) has cardinality at most
2=mk=m|T/| for any standard generator s of Z".

O

’
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Corollary

The group Z" admits a (e, Ry )-Fglner tiling sequence (F]), with |F/| = 2",
Ry = m2™k+1) and g, = 2=m(k+1) for any k > 0.

Theorem

There exists an OE from Z™ to Z" which is (¢e, 1¢)-integrable for every € > 0,

where y /
Xn m XI'" n
Pe(x) = fog()Te and Ye(x) = Tog()te
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The group Z" admits a (e, Ry )-Fglner tiling sequence (F]), with |F/| = 2",
Ry = m2™k+1) and g, = 2=m(k+1) for any k > 0.

v
Theorem

There exists an OE from Z™ to Z" which is (¢e, 1¢)-integrable for every € > 0,
where

xn/m xm/n
Pe(x) = fog()Te and e(x) = Tog()te

In particular if n < m, the OE is (LP, LP") for all p < Loand p' < O
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The case of abelian groups

Corollary

The group Z" admits a (e, Ry )-Fglner tiling sequence (F]), with |F/| = 2",
Ry = m2™k+1) and g, = 2=m(k+1) for any k > 0.

Theorem

There exists an OE from Z™ to Z" which is (¢e, 1¢)-integrable for every € > 0,

where y /
Xn m XI'" n
Pe(x) = fog()Te and Ye(x) = Tog()te

In particular if n < m, the OE is (LP, LP") for all p < Loand p' < O

m By the corollary, we find a (e, R )-Fglner tiling sequence (Fy)x for Z™
with |Fy| = 2", R, = m2n(k+1) and ¢ = 2~ n(k+1)+1,
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The case of abelian groups
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The group Z" admits a (e, Ry )-Fglner tiling sequence (F]), with |F/| = 2",
Ry = m2™k+1) and g, = 2=m(k+1) for any k > 0.

Theorem

There exists an OE from Z™ to Z" which is (¢e, 1¢)-integrable for every € > 0,

where y /
Xn m XI'" n
Pe(x) = fog()Te and Ye(x) = Tog()te

In particular if n < m, the OE is (LP, LP") for all p < Loand p' < O

m By the corollary, we find a (e, R )-Fglner tiling sequence (Fy)x for Z™
with |Fy| = 2", R, = m2n(k+1) and ¢ = 2~ n(k+1)+1,

m Similarly, we find a (g}, R} )-Fglner tiling sequence (F,)« for Z" with

|F/|=2"", R, = n2m(k+1) and e = 2= m(k+1)+1
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The group Z" admits a (e, Ry )-Fglner tiling sequence (F]), with |F/| = 2",
Ry = m2™k+1) and g, = 2=m(k+1) for any k > 0.

Theorem

There exists an OE from Z™ to Z" which is (¢e, 1¢)-integrable for every € > 0,

where
xm/n

log(x)1+e :

Pe(x) = and e(x) =

( )1+s

In particular if n < m, the OE is (LP, LP") for all p < Loand p' < O

m By the corollary, we find a (e, R )-Fglner tiling sequence (Fy)x for Z™
with |Fy| = 2", R, = m2n(k+1) and ¢ = 2~ n(k+1)+1,

m Similarly, we find a (g}, R} )-Fglner tiling sequence (F,)« for Z" with
|F/|=2"", R, = n2m(k+1) and e = 2= m(k+1)+1

m Note that ¢c (R} )ek—1 = O(k~(1+9)) and e (Ri)e}_, = O(k~(1+9)).
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Ry = m2™k+1) and g, = 2=m(k+1) for any k > 0.

The group Z" admits a (e, Ry )-Fglner tiling sequence (F]), with |F/| = 2",

Theorem

where
xm/n

log(x)1+e :

eel) = (oot )HE and 1 (x) =

In particular if n < m, the OE is (LP, LP") for all p < Loand p' < O

There exists an OE from Z™ to Z" which is (¢e, 1¢)-integrable for every € > 0,

with [Fye| =2, R, = m2"(k+1) and gy = 2 n(k+l)+1,

|F/|=2"", R, = n2m(k+1) and e = 2= m(k+1)+1
m Note that ¢c (R} )ek—1 = O(k~(1+9)) and e (Ri)e}_, = O(k~
m We obtain an OE from Z™ to Z" which is (¢¢, 1) )-integrable.
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m By the corollary, we find a (e, R )-Fglner tiling sequence (Fy)x for Z™

m Similarly, we find a (g}, R} )-Fglner tiling sequence (F,)« for Z" with
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Ry = m2™k+1) and g, = 2=m(k+1) for any k > 0.

The group Z" admits a (e, Ry )-Fglner tiling sequence (F]), with |F/| = 2",

Theorem

where
xm/n

log(x)1+e :

eel) = (oot )HE and 1 (x) =

In particular if n < m, the OE is (LP, LP") for all p < Loand p' < O

There exists an OE from Z™ to Z" which is (¢e, 1¢)-integrable for every € > 0,

with [Fye| =2, R, = m2"(k+1) and gy = 2 n(k+l)+1,

|F/|=2"", R, = n2m(k+1) and e = 2= m(k+1)+1
m Note that ¢c (R} )ek—1 = O(k~(1+9)) and e (Ri)e}_, = O(k~
m We obtain an OE from Z™ to Z" which is (¢¢, 1) )-integrable.
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m By the corollary, we find a (e, R )-Fglner tiling sequence (Fy)x for Z™

m Similarly, we find a (g}, R} )-Fglner tiling sequence (F,)« for Z" with




