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Motivation

Our objective is to investigate the statistical behaviour of
arithmetic using techniques from quantum statistical mechanics.

Arithmetic information is used to construct a C*-algebra with an
R-action, and various features of this C*-dynamical system are
analyzed:
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Motivation

Our objective is to investigate the statistical behaviour of
arithmetic using techniques from quantum statistical mechanics.

Arithmetic information is used to construct a C*-algebra with an
R-action, and various features of this C*-dynamical system are
analyzed:
® equilibrium (KMSg) states at various temperatures T = %;
® symmetries of equilibrium states;

® partition functions, Z(3).
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The ax + b Systems

[Laca-Raeburn| The left ax + b system is the universal C*-algebra
T(Z x N*) generated by a unitary U (addition) and isometries V,
(multiplication), satisfying the relations:

1 VoV = Vap
2 Vo,V = ViV, when ged(a, b) =1
3L VLU =UV,

4L VIURV, =0if 1< k < a,
spanned by elements of the form U"V,V;U™, n,m € Z and
a, b € N*, with the R-action defined on spanning elements by

n * [ ym d it n * [ ym
o (UMV,VEUM) = <B> UV, ViU
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The ax + b Systems

[An Huef-Laca-Raeburn] The right ax + b system is the universal
C*-algebra 7(N* x Z) generated by a unitary U (addition) and
isometries V, (multiplication), satisfying the relations:

1 VoVp = Vo
2 VoV = V;V, when ged(a, b) =1
3R UV, = V,U?

Spanned by elements of the form V,U"V}, n € Z and a,b € N*,
with the R-action defined on spanning elements by

oe(VoUTVY) = (Z)it VUV
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Equilibrium/KMS states

Let A be a C*-algebra, o; a strongly-continuous R-action, and
B eR.

Definition
A KMSg state on (A, o) is a state ¢ such that

P(xy) = d(yois(x))

for all x,y in a dense subalgebra of A.

{3 is the inverse temperature. The set of KMSg states is a
Choquet simplex.
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Different KMS structures

(Left) The simplex of KMSg states is affinely isomorphic to:
¢ [LR] probability measures on the circle T, when 8 € (2, c0);
¢ [LR] a point, when 3 € [1,2];
e [LR] @, when g < 1.
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Different KMS structures

(Left) The simplex of KMSg states is affinely isomorphic to:
¢ [LR] probability measures on the circle T, when 8 € (2, c0);
¢ [LR] a point, when 3 € [1,2];
e [LR] @, when g < 1.
(Right) The simplex of KMSg states is affinely isomorphic to:
¢ [aHLR] probability measures on the circle T, when 3 € (1, c0).
® Open for g < 1.

We provide a partial answer for g < 1.
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Theorem (Laca-S.)

For 8 € (0,1], there is a simplex of KMSg states affinely
isomorphic to the simplex of probability measures on the compact
space N* U {oo}.

The extremal KMSg states v, g corresponding to 6,, n € N* are
also extreme in the simplex of all KMSg states, and the GNS
representation is a Type Il factor.
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Theorem (Laca-S.)

For 8 € (0,1], there is a simplex of KMSg states affinely
isomorphic to the simplex of probability measures on the compact
space N* U {oo}.

The extremal KMSg states v, g corresponding to 6,, n € N* are
also extreme in the simplex of all KMSg states, and the GNS
representation is a Type Il factor.

Tentatively, this simplex contains every KMSg state if the periodic

zeta function
oo n

(B.2) =3 5.

n=1
converges conditionally at § =1 for all z € T\{1} (awaiting some
details).
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The Diagonal Subalgebra

[aHLR] For the right system, KMSg states factor through a faithful
conditional expectation to a commutative C*-subalgebra C(X).
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The Diagonal Subalgebra

[aHLR] For the right system, KMSg states factor through a faithful
conditional expectation to a commutative C*-subalgebra C(X).
e T isthecircle, A,={deN*:d|a}, and X; =T x A,.

® When alb, f,5: Xp — Xa, fap(z,d) = (29/849) gcd(a, d)).
These satisfy f, 0 fpc = foc.
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The Diagonal Subalgebra

[aHLR] For the right system, KMSg states factor through a faithful
conditional expectation to a commutative C*-subalgebra C(X).
e T isthecircle, A,={deN*:d|a}, and X; =T x A,.

® When alb, f,5: Xp — Xa, fap(z,d) = (29/849) gcd(a, d)).
These satisfy f, 0 fpc = foc.

Proposition (LS)

X = m X, along N* ordered by division. We write f; : X — X,
for the structure maps.
The isometries V,U" V7 are functions supported on £, (T x {a})

and the co/isometries V, and V. act by partial homeomorphisms
of X.
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¥, explained

This bears a striking resemblance to the Bost-Connes System
(Cqg, ot), wherein KMSg states factor through a conditional
expectation to C(Z), 7 = lim 7] aZ.
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¥, explained

This bears a striking resemblance to the Bost-Connes System
(Cqg, ot), wherein KMSg states factor through a conditional
expectation to C(Z), 7 = lim 7] aZ.

Proposition (LS)

The extremal KMSg state 1), g factors through a composition of
R-equivariant *-homomorphisms

T(N*x Z) — T(N* x (Z/nZ)) — Co,

where T(N* x (Z/mZ)) is the universal C*-algebra gen. by U and
V, with the extra relation

4R U" =1.
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Modular Quotients

Theorem (LS)

For every m € N*, the simplex of KMSg states of
(T(N*x (Z/mZ)),0¢) is affinely isomorphic to
® probability measures on Z./mZ for B € (1, 00);

® probability measures on Ap, for 5 € (0,1].
The group of the units (Z/mZ)* acts on T(N* x (Z/mZ)) by
R-equivariant isomorphisms. The induced action on the KMSg
states leaves states invariant when 3 € (0,1] and acts transitively
on extremal KMSg with the same gcd(m, -) when 8 € (1, 00).

Spontaneous symmetry-breaking, the Galois action on Cq lifts).
Q
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Modular Quotients

Theorem (LS)

For every m € N*, the simplex of KMSg states of
(T(N*x (Z/mZ)),0¢) is affinely isomorphic to
® probability measures on Z./mZ for B € (1, 00);

® probability measures on Ap, for 5 € (0,1].
The group of the units (Z/mZ)* acts on T(N* x (Z/mZ)) by
R-equivariant isomorphisms. The induced action on the KMSg
states leaves states invariant when 3 € (0,1] and acts transitively
on extremal KMSg with the same gcd(m, -) when 8 € (1, 00).

Spontaneous symmetry-breaking, the Galois action on Cq lifts).
Q

Thank you!
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