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We recall the concept of a self-similar groupoid action (G, E) on the path space of a finite
graph.

We describe when the corresponding ample groupoid of germs G(G, E) is Hausdorff,
minimal, effective and purely infinite.

Inspired by the work of Nekrashevych, we define the Higman-Thompson group Vg (G)
associated to (G, E) using G-tables and relate it to the topological full group [G(G, E)].
After recalling some concepts in groupoid homology, we discuss the Matui’s
AH-conjecture for G(G, E).

We give a particular example of an element that is not in the kernel of the index map
1:]G(G,E)] — H\(G(G,E)).
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Graphs and trees

o Let E = (E%, E', r,s) be a finite directed graph with no sources.

€3 €6

o The set of paths of length k is
EX={ejey---e; - e; €E', rleir) = s(e)}

@ The space of finite paths is E* := U E* and E*° is the infinite path space with the
k>0
topology given by Z(a) = {a : £ € E*°} for a € E*.

@ The set E* is indexing the vertices of a forest Tk, where the level n has |[E"| vertices.
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Graphs and trees

@ The forest Tx looks like

AN AN AN A A

ejeg eje3 L3e'7 e3c6 e X egeq eges eqe) egeq esey eseq

@ A partial isomorphism of Tk is given by a bijection g : u; E* — up E* preserving length
and such that g - (ae) € (g- @)E! fora € Efand e € E'.

@ The set PIso(7g) forms a discrete groupoid with unit space E°.

o In this example, PIso(7E) is transitive, but it could happen that there is no bijection
g :uE* — upE* for uy # up.

@ PIso(Tg) could be a group bundle. If |E®| = 1, then PIso(Tg) =Aut(Tk) is a group.
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Self-similar groupoid actions

o Let E be a finite directed graph with no sources, and let G be a groupoid with unit space
E°. We denote by d and ¢ the domain and target maps G — E°.

o Definition. A self-similar action (G, E) on the path space of E is given by a faithful
groupoid homomorphism G — PIso(Tg) such that for every ¢ € G and every e € d(g)E!
there exists a unique & € G denoted by g|. and called the restriction of g to e such that

g-(ep) = (g-e)(h-p) forall u € s(e)E*.

@ We have

d(gle) = s(e), 1(gle) = s(g-¢) = gle - s(e), r(g-e) =g r(e).

g-r(e) £° s(g-e)
8 gle
1) = d(g) b————25(¢)

In general s(g - ¢) # g - s(e), i.e. the source map is not G-equivariant.

@ A self-similar action (G, E) is said to be level transitive if it is transitive on each E". The
action is level transitive iff its extension to 9T = E°° is minimal.
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o Example. Let E be the graph

e e4
e
131 S .
u v\_/w
€3 €6

o Consider the groupoid G = (a, b, ¢) and define the self-similar action (G, E) given by
a-ej=e, dle, =u, a-e3 =eq, ale; =D,
b-ey=es5, bley =0a, b-esg =e4, bleg =c,
c-eg =€y, Cle, =q c-es =eg, Cles=>h.

o Then for example

b-ere; = es(ble, - €1) = es(a-e;) = eses.

o Note that the action of G is level transitive. It can be shown that G is a transitive groupoid
with isotropy Z = {(a~cba).
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The groupoid G(G, E)

o Theorem. If (G, E) is pseudo free (g - ¢ = e and g|. = s(e) implies g = r(e)), then there
is a locally compact Hausdorff étale groupoid of germs

G(G.E) = {lo g, B:€] s a, B € E*, g € GY(3), € € BE®Y,

where [a, g, B; Byn] = [e(g - 7). 8ly, B; Bym].-

The unit space of G(G, E) is identified with E®° by the map [«, s(«), o; €] — &.

The topology on G(G, E) is generated by the compact open bisections of the form
Z(a,g,8) ={le,8,8:¢] € G(G,E) : £ € Z(B)}.

If G is amenable, then G(G, E) is also amenable and C*(G, E) = C*(G(G, E)) is nuclear.
G(G, E) is minimal iff E is G-transitive.

G (G, E) is effective (essentially principal) iff

(a) every G-circuit (a pair (g, «) with s(cr) = g - r(a)) has an entry;

(b) forevery g € G\ G(O there is ¢ € Z(d(g)) such that g - ¢ # (.

If G(G, E) is effective and minimal, then G(G, E) is purely infinite since it contains the
graph groupoid G,

Ge = {(af, ol — |B],88) € E™ X L X E* : o, B € E¥, s(ar) = 5(B)} =

>~ {[a, s(a), B; BE] € G(G,E) : a, B € E*, s(a) =5(8), € € E®}.
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G-tables and the Higman-Thompson groups

e A G-table for (G, E) with |uE"| constant is a matrix of the form

[e3] [e%) te Qm
T = 81 82 T 8m y
Br B2 o Bm

where «;, i € E*, gi € GEEZI’)) and E*° = | 'L, Z(ow) = |, Z(Bi)-

A G-table T determines a homeomorphism 7 of E°° taking §;€ into c;(g; - §).

@ The set of all such homeomorphisms is a countable subgroup Vg (G) of Homeo(E),
called the Higman-Thompson group.

o ay o Qp
o Given a G-table 7 = g & 8&m , the map
:8 1 52 e ﬂm

T T = Sa, Uy, S5, + SayUgy S, ++++ + S Ug, S5,

defines a faithful unitary representation of the group Vg(G) in the C*-algebra C*(G, E).
@ The Cuntz-Pimsner algebra C*(G, E) is generated by Uy, P, and S, such that
e g+ U, is arepresentation of G with U, = P, forv € E°;
o S, are partial isometries with S;'S, = P,y and Z S.S; =Py
r(e)=v

Se.cUy, if d(g) = r(e) P, U, ifd(g) =v
U.S, = 4 °%esle U.P, = gve
¢ Ve {O, otherwise; 8 0, otherwise.
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Moerdijk-Crainic Homology

o If m : X — Y is a local homeomorphism between locally compact Hausdorft spaces, then

forf € Cc(X,Z) define
() = D ).
7 (x)=y

@ It follows that 7« (f) € Cc(Y,Z).

o Given an étale groupoid G with domain and target maps d,7: G — G let G() = G and
for n > 2 let G( be the space of composable strings of 1 elements in G with the product
topology.

e Forn>2andi=0,...,n, weletd; : G — G("=1) be the face maps defined by

(82,83, +58n) ifi=0,
0i(81,82,,8n) = { (&1, 8i8ig15 - 8n) 1< i<n—1,
(81,825, 8n—1) ifi =n.

We define the homomorphisms 8, : Cc(G™ | Z) — C.(G=1) | Z) given by

n
01 =dw —te, 6= (—1)'p forn>2.
i=0
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Moerdijk-Crainic Homology

@ It can be verified that 6, 0 §,41 = Oforalln > 1.
@ The Moerdijk-Crainic homology groups H,(G) = H,(G, Z) are by definition the

homology groups of the chain complex cc(g(*) ,Z) given by
042 C.(6©,2) & (60, Z) & (6D, Z) +— -,

i.e. Hy(G) = ker 8, /im 8,41, where §p = 0.

o Example. For the action groupoid I' X X associated to a countable discrete group action
I" ~ X on a Cantor set, it follows that

Ha(T % X) 2 Hy (T, C(X, Z)).

o Two equivalent groupoids have the same homology.

o Theorem (Ortega). For G an ample Hausdorff groupoid and p : G — Z a cocycle, we
have the following long exact sequence

0 «— Ho(G) +— Ho(G X, Z) 2 Ho(G x p Z) +— H{(G) — -~
ce e Ho(G) —— Ha(G X Z) L Hy(G % Z) — Hyy1 (G) — -+

where p is the map induced by the action p : Z ~ G X, Z.
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Topological full groups and the AH-conjecture

o The study of full groups in the setting of topological dynamics was initiated by T.
Giordano, I. F. Putnam and C. F. Skau.

@ Topological full groups associated to dynamical systems and to étale groupoids are
complete invariants for continuous orbit equivalence and for groupoid isomorphism.

o They provide means of constructing new groups with interesting properties, most notably
by providing the first examples of finitely generated infinite simple groups that are
amenable.

@ The topological full group of an effective étale groupoid G is
[G] := {mv | U C G full bisection},

where 7y == 1]y o (d|y) ™" from d(U) = G to t(U) = G©, which is a subgroup of
Homeo(G©).

o Theorem. For a self-similar action (G, E) such that G(G, E) is effective, we have
Ve(G) =2 [G(G, E)]. In particular, Vg = [Gg] C [G(G,E)].

a (6%) e QA m
@ A table g & 0 &m determines a full bisection I_I Z(«i, gi, Bi)-
Br B2 o Bm i=
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Topological full groups and the AH-conjecture

@ The commutator subgroup of [G] is denoted by D([G]) and the abelianization of [G] is
[9)as = [91/D(IGD)

@ The AH-conjecture of Matui claims that for G effective minimal étale with G(%) the Cantor
set, the following sequence is exact

j I[I
Ho(G) ® Zr — [Glaw ~% Hy(G) — 0.
@ The map I, is induced by the index map I : [G] — H,(G) given by 7y — [xv], where
xu € kerd; = ker(dy — t4).

o The map j takes [xq(yy] ® 1 into [7], where U C G is a bisection with d(U) N #(U) = @
and 7;, € [G] is the transposition corresponding to the full bisection

U:=vuu="u@GO\ @(U)ud))).
@ Matui proved that the AH-conjecture holds for the graph groupoid Gg and for other
groupoids.

o If 7(G) denotes the subgroup of [G] generated by all transpositions, then 7(G) C ker([).

@ We say that G has property TR if 7(G) = ker([). In order to verify the AH-conjecture for
G, it suffices to establish property TR.

o The initial motivation was to check the AH-conjecture for G(G, E) in particular cases and
to understand the index map I : [G(G, E)] — Hi(G(G,E)).
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Topological full groups and the AH-conjecture

@ Using the new results of Xin Li, the AH-conjecture holds for all groupoids G(G, E), as
long as they are purely infinite, minimal and ample. In particular, G(G, E) has the property
TR.

o Example. The groupoid G(G, E) obtained from the self-similar action in the Example on
page ?? has H,(G(G,E)) 2 Z,so 1l : [G(G,E)] — Z.

u v ey4 es
o Consider the G-table 7 = a”' b b a and the transpositions
€y es v u
u ey es v v es ey u
T = a' a v v , Ty = b bV v o and
ey u es v es v ey u
u v w
Ty = a~'eb b7 '¢7la w
v u w
@ A computation shows that
ey es v u
TTTIT = v v v (a"lcha)? ,
ey es v u

which is not a product of transpositions, since G% = Z. In particular, 7 is not in ker (7).
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Homology of G(G, E)

o Given a self-similar action (G, E), there is a cocycle
p:G(GE) = Z, p(l,g B;€]) = |af — |B]

with kernel
N(G,E) = U Ni(G,E), where
k>1
Ni(G,E) = {lo, 8, 8;€] € G(G,E) : |a] = [B] = k} = (E* x G) X Ry,
and Ry is an equivalence relation on EX.
@ There is a homomorphism 74 : Nx(G,E) — G, o, g, B; €] — g with kernel E° X Ry.

e Since N'(G, E) is equivalent to the skew product G(G, E) X, Z, we have an exact
sequence

0 «— Ho(G(G,E)) +— Ho(N'(G, E)) “C2* Hy(N'(G,E)) «— H,(G(G,E))
/l\

- — Hy(N(G,E)) — H»(G(G,E)) — H{(N(G,E)) gy H,(N(G,E))

where p, is the map induced by the action p : Z ~ G(G, E) X, Z which takes (-, n) into
(v,n+1).
@ This allows to compute H, (G (G, E)) in some cases and to compare it with K. (C* (G, E)).
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