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Polytopes
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Combinatorial isomorphism
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Example: Cubes

Standard cube: Cd =
{
x ∈ Rd | 0 ≤ xi ≤ 1 for all i ∈ [d]

}

Klee–Minty cube: Perturb vertices—simplex algorithm might have
to visit all 2d vertices
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Example: Cubes

For d ≥ 3, there exist d-cubes for which each pair of opposing facets is
perpendicular.
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A more precise question

Realization space of P : Set of all polytopes that are combinatorially
isomorphic to P

Type cone of P : Set of all polytopes that are combinatorially
isomorphic to P with the same facet normal vectors
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Minkowski sums and summands

+ =
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Minkowski summands. . . in other words

Theorem (Shephard)

Let P = {x ∈ Rd : Ux ≤ z} be an irredundant inequality description for
a polytope. The following are equivalent.

(i) Q is a weak Minkowski summand of P .

(ii) (Edge lengths) There exists a map ϕ : V (P )→ V (Q) such that
for vi, vj ∈ V (P ) with {vi, vj} ∈ E(P ) we have
ϕ(vi)− ϕ(vj) = λi,j(vi − vj), for some λi,j ∈ R≥0.

(iii) (Facet heights) There exists an η ∈ Rm such that
Q = {x ∈ Rd : Ux ≤ η} and for any subset of rows S such that the
linear system {〈ui, x〉 = zi,∀i ∈ S} defines a vertex of P , the linear
system {〈ui, x〉 = ηi, ∀i ∈ S} defines a vertex in Q.
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Those other words. . . in other words

Q is a Minkowski summand of P

Edge lengths

Facet heights
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Type cones and type polytopes

Type cone of P : TC(P )

Type polytope of P : TP(P )
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An example: Facet heights
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An example: Facet heights
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Type cones of polygons

P N (P )
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Type cones of polygons
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Example: The dodecahedron
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(278, 2340, 6616, 8812, 6105, 2192, 375, 30)
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Type cones of products of simplices

Theorem (McMullen 1973)

Let P be a polytope, A = {a1, · · · , am} be the vertex set of its polar P ◦,
and Gale(A) = {b1, · · · , bm} be a Gale transform for A. Then

TP(P ) ∼=
⋂
S

conv{bi : bi ∈ S},

where the intersection is over all cofacets S of A.
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Our main result

Theorem

If P is combinatorially isomorphic to a product of k + 1 nontrivial
simplices, TP(P ) is a simplex of dimension k.

In particular, the type polytope of any combinatorial d-cube is a
(d− 1)-simplex.
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“Proof”

Key step of proof: Show that the intersection of all rainbow simplices
from a particular rainbow configuration is itself a simplex.

x1

x2

y1

y2

z1

z2 z3

This rainbow configuration is the Gale transform of the polar of the
product of nontrivial simplices. We then apply McMullen’s result.
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The end

Thanks for listening!

TP( ) ∼= TP
( )

∼= TP
( )
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