
FOUNDATIONS OF
MATROIDS

Matt Baker

joint work with Oliver
Lorscheid

the talk was delivered at

Fields Matroid Seminar by
Matt Baker

Ahmed Ashraf scribed
these notes from the talk.



What is a matroid ?

A matroid is a finite set F- and non -empty collection B

of subsets such that

413,13
'
C- B s.tt/-bEBiB' ← symmetric

3- b' C- B' 113 sit Bub' - b C- B exchange

/
and B'Ubi b ' C- B property

aptiori stronger
(but actually equivalent )

rkm Ef IBI f BE B

Eg : Let 1k be a field .

A mxn matrix over 1k
.

E columns of A :

B maximum linearly independent sets of columns.
of A

. I
such a matroid is called

representable over 1k

Recall the example of Fano matroid

i i
A = !

° ° O I

I 0 I 0 I *
.

00 1 1 10 I } / IF
, .

M[A] depends only on the row space of A.

MIA ] = M /row (A) ]
determined by r- dim't

subspace WE 1k
"

where n= LEI
i.e. by a pt of Gr(In )

1k



Pliicker coordinates
I

= det AI
-

where I C- (E) where A is rxn

matrix

A - (
±
) C- IP

" "

representation over 1k of matroid where N= (f)
over n elements

of rank also in

Baker- Jin
'
22

but actually✓
Theorem ( Folklore) ← Orthogonal matroids folklore.

A point = (
±) C- IPN- '

I C- (E)

comes from a subspace W it supp ( e) = { basis of }
a matroid

and satisfies the 3- term thicker relations

✗ X - X X
,

+ ✗ × = 0

Jab Jed Jae bd Jad Jbc

3- term thicker relations generate
all Pliicker relations

.



ya
matroid .

A representation of M over 1k is a point e- Gr(r,n) / Ik)

≤
""

( IK)
s.li

. supp (A)
= M

.

Two representations ID
,
ID

'

are equivalent if I c. E -71kt

s .

-1. c : F-→ 1k
"

s.t.

b- I C- (E)
, A- = IT Cci>

IEI

n

so and are in the same orbit

of 1- = (MT/ × on Gr(r,n)( 11<7

We are interested in equivalence classes of representations
over ttr

.

Functor : Fields -7 Equivalence
classes of representation

§ of M

Pasture
→

Therein : Pastures → Sets

1K -1-7 equivalence
classes of representations

is representable. by .

a pasture called the foundation of
the matroid M .



For partial fields : similar theory : Universal Partial Field

Pendavingh - van Zwarn

↑
matroids exist but foundation always exist .
sit. it is not matroids always representable
representable over over some pasture

any partial field . estudent)

Dress-Wenzel

Foundation
=

how do we compute it ? £
inner Tutte

of a matroid has a multiplicative group : group .

does it depend
on

the field ?

We don't require the additive structure in 1k comes from a binary
operation .

Eg : Ik : Krasner hyperfield

1K = {0,1 } with usual multiplication

0+0 = 0 } ☐ + n = 0 example of a pasture .

0 + I = I ↑ true
in all

I + I = 0

I + I = 1
pastures.

/



Eg : IF
,

±

regular partial field

F.
±
= {0,1 , -1 } with usual multiplication

Ot × = ×

It C- 1) = 0

Pasture : A multiplicative written monoid F with 0,1
s.tt

"
= Fi {o} is an abelian gp

0.x = O tf x

together with an involution he -7 - x Pliicker
.

and a set secret

NF E Sym
>
(F)

. !is )ENe
null duty+2=0

iff ✗ try = -z

① (0/0,0) C- NF and (1,0/0)-4 NF

② CE f-
×

"

(my,z ) C- Nf if Ccr
, cy.cz) C- NF

③ (0,4g) C- N ,= it ✗ = -y
generally

Eg : ① Every field is a pasture . Tracts

(4%2) C- Nf iff k+y+2=0

② Hyperfselds are pastures 1K field ,
G ≤ 1kt

the multiplicative
F- = KIG is a pasture group.

<



(my ,z) C- Nis it 3- a,b,c C- G at

an + by + Cz - O in 1k
.

Eg : Krasner hyperfield

11<=112/1551 = {on}

← sign hyperfield

Eg :
$ = 154112

> ☐

← 1+1 - C- 1) = 0

but I + I + I#Ns

Partial fields
Let R be a commutative

ring .

- I C- G '≤ R
"

let F ¥ Gu { o} then F is a pasture

n + yt 2- = 0 in F iff =D in R

Eg :
F-
±

1
which can be obtained from { 1

,
-1} ≤ 2 .

CIkgoIy : Pastures S morphism & : F
,
→ F mutt . map

2

preserving 0,1 ,
'

-1 and NF
,

→ Nfz

This category has tim
,
colin

,
initial = F-

±

1 / final = 1k

prod , tensor prod ↑ ↑
minimal all

rel . relation .

Ref : A representation of M over a pasture F is

a pt C- IPN- ' (F)

s - t suppl /D) = M and satisfies the

3- term relation

Q : How to deal with associativity . of addition .



Thin : (B- Lorscheid) The functor

Pastures
-7 Sets

F - {F-repofm } .tv
13 representable .

= Hom( Fm ,F ){ rep. of M }µover F ↑
pasture

Pasture
.original proof

used homotopy
theorem

TuHe'em : M is regular iff M is rep oven

regular if M is repo#every field .

GF(2) SEEB
matroid
theorem

representable FzÉ GFK)
over 7L Its # GF (3)

Observation .

Ploof : i. M is regular IH M is representable
over lF± regular partial field

r Initial
in pastures object

↓Ég 2- 15-2×15-3 I F-
±

,
as pastures .

sit
* 3 . Hom(Em , 15-2×15-3) = Hom (F.milt, )xHom(Fmx -53)

4. IF
,

±

initial in pastures - contrast with

•modern proof
by Kalman



related to athm of Tutte

Them : M is binary ( representable over IF
≥
)

←
how Uniform

iff Ifm -5 IF
,

±
or D=
,

matroid .

Them : (B-Lovscheid) M is ternary (representable ones Es)

iff Fm I P
,

⊕
. . .

☒ Pie where Pi E { UP,Hits}

Notation : If R is commutative ring
PCR) = PF (G) . × G= R'

'
≤ R

and consider RIG
.

1 . PCI ) = IF,± with ✗ + y +2=0 if
Nty +2=0 ER

2- P(I[É ) = ID

3. P( 74%3) = IH

4 P(21T¥ , ¥
,
] ) = µ

I
cross ratio in projective
geometries

study of cross ratios

in matroid theory

4 pts on a projective U(2,4)
line have a cross

ratio .

Can
give a presentation for Fm in terms of cross ratio

i



\
One uses Tutte 's homotopy theorem.

sign hyperfield

Application : Suppose we take Its S $ - BYIR
,

repr . of M over $ if I orientation
of M .

Theorem (Lee - Scobie)
←

their proof 's hammering

M is repible over It
,
S $ iff M rep

?ble over D.

Proof :(Sketch)
-

☐→ IF
>
✗ $

deg 2 homomorphism

ID IF
>
✗ $

98!
Fm = ④Pi

113,4111153

corefleetwins .?

Q : Is there a converse question - final field

symmetric exchange ⇔ Pliicker relation

property over HK

Krasner field.



Christian If I hand
you a pasture whether it is a foundation

Haase

F-
<→E,☒\
IF
,✓

Fields don't generally have tensor product -

Tannic Vargas
Are there geometrical properties of the matroid polytope

coming from the representability of the functor
characterizing M .

Chris Eur → Hodge theory 1

Chern class generators
presentation

Tutte group . ✓
Fmx = inner Tutte

group
.

Fm -7

dodd pasture 11=-1

IF
,
✗ IF


