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» Critical mathematical abstraction is the notion of a zero-sum game
[von Nevmany 1928, ...] and the concept of Nash equilibria [Nasu 1950]

» Asymptotic stability around/towards Nash equilbria not clear a priori
— Hamiltonian structures occur [Horsauer 1996, BaLpuzzi BT AL 2018, ]

» Role of noise/uncertainty for dynamics around Nash equilibria?
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> We denote by u; = {Ay}; and v; = {Bx}; the utility of the agent for
playing strategy i (resp. j) when the opponent chooses y (resp. x).

> A game is called zero-sum if A = —BT such that for all (x,y) € D

x Ay +y Bx =0.
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» A Nash equilbrium (p,q) is called interior (or fully mixed) if
pi,q; > 0 for all i,/ (in this case, above inequalities are equalities).

» Otherwise, there is a unique maximum support of Nash
equilibrium (and anti-equilibrium) strategies.
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point (xo, o) € D the cross entropy

V((p,a); (x(t),y(t))) = — Zp; Inx;(t) — Z giIny;(t)

between (p,q) and (x(t),y(t)) is a constant of motion.

2. Otherwise, let (p,q) be a not fully mixed Nash equilibrium of
maximal support; then for all t' > 0

dv((p,a); (x(t),y(t)))
dt

|t:t’ < Oa

and reversed for anti-equilibria.
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where /€ and J¢ denote the complements of / and J respectively.

Theorem ([Piliouras/Shamma 2014])

1. If the game does not have an interior equilbirum, then given any
interior starting point z € D, the orbit ®(z,-) converges to the
boundary of the state space.

2. Furthermore, if (p,q) is an equilibrium of maximum support on
Ay C 0D, then the omega-limit set satisfies w(z) C int(Aq).
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A stochastic replicator model with two agents
Our stochastic model (generalizing [Foster/Younc 1990]) is the [td SDE
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n-dimensional and m-dimensional Brownian motions,

> (X(0),Y(0)) ~ uo in D, where g is some probability measure on D

» R:D— R™" and S: D — R™*™ are locally Lipschitz continuous
and for all (X,Y) e D

XTR(X)=0, YTS(Y)=0,
giving >, dX;(t) = 0 and >, dYj(t) = 0 such that D is invariant.

> 3650t Vi s Y, R0 + Xy RA() > €, and
i Ra(x) =0iff x; = 1, (and the same for S).
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A specific version

Specific choice of R and S such that (in matrix form)

dX(t) = (diag(Xl(t)7 L Xo(t)) — X(t)X(t)T) (AY(t) dt + diag(o,

ay(t) = (diag(Yl(t)7 o Y(t)) — Y(t)Y(t)T) (BX(t) dt + diag(ns, . ..

where 01, ...,0, and n1,...,n, indicate noise intensities.
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dX(t) = (diag(Xl(t)7 L Xo(t)) — X(t)X(t)T) (AY (t) dt + diag(o1, . .., 00) AWS),
aY(t) = (diag(Yi(2), .., Yn(£)) = Y(OY(8) ) (BX(t) dt + diaglns, ..., m) AWA),

where 01, ...,0, and n1,...,n, indicate noise intensities.

» Model describes uncertainty about outcome of the game via random
fluctuations around the utilities given by AY(t) and BX(t).

» Similar to [Horsauer/Ivuor 2009] for monomatrix games, but with
crucially different derivation of noise model.
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Generator and Lyapunov functions
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Generator L of the associated Markov semigroup P; acts as
1
Lh(x,y) = ItTg : (IE(W)[h(Xt,Yt)] — h(x,y))
= ZXI ({Ay}l - XTAY) ax,'h(xa y) + Zyl ({BX}I - yTBX) a_yfh(x7 y)

+ - Z Dij(x)0xx; h(x, y) Z D,J(y)ay,yj h(x,y),

ij

where the diffusion matrices D D,-j are given as

ijs
x) = ZX:‘)Q'Rik(X)Rjk(X)a Dj(y) = ZYi}/jSik(Y)Sjk(Y)«
k=1 k=1

Main idea: Use cross entropy functions
—ZPHHX,' - Z%"nyﬁ
icl jed

as Lyapunov function for determining invariant measures on D U 9D.
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Theorem B (Zero-sum game with noise)
Consider the SDE model with the assumptions as above. Then

(a) any invariant probability measure y on D is
(i) supported on the boundary 9D,

(i) given by a convex combination of the ergodic Dirac measures ., ;,
(i,j) € {1,...,n} x {1,..., m}, supported on the corners v;; of ID.

(b) If the Nash equilibrium (p,q) is interior, all 0, are attracting with
respect to the interior.

(c) If there is no interior Nash equilibrium but only a Nash equilibrium
(p,q) with maximal support, then

(i) for “large” noise all o, ; are attracting with respect to the interior.

vij
(ii) otherwise, for sufficiently “small” noise, the only invariant measures
which attract the interior are contained in the subset Ay of 0D

which contains the Nash equilibrium of maximal support.
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i J

we have lim,_9p V(z) — oo and
Hx.y) = £V(x09) = 32 (=p0) ({Ayhi = x Ay) + 3 (a0 ({Bx): — y Bx)

3 <ZR,-1(X ) Y (zs )
i k=1
> Recall that for any strategy profile (x,y)
Lix,y) = (=) ({Av} —xAy) + 3 (- ({Bx}; —y"Bx) <0
i j

1. If Nash equilibrium (p, q) is interior, then L(x,y) = O:

» H=LV(x,y) > 0onDUJID.

» In particular, on 9D, H = LV(x,y) =& > 0.

Hence, almost all trajectories accumulate at 9D [Kuasminskir 2012,

Benan/STriCKLER 2019], where the only invariant measures lie.
11/15



Sketch of proof Il

2. Otherwise, consider NE (p, q) of maximal support with index sets / and J,
the anti-NE (p*,q") and

Np1:={(x,y) €OD : x;=0=y; forallielje JY}
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Sketch of proof Il

2. Otherwise, consider NE (p, q) of maximal support with index sets / and J,
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2. Otherwise, consider NE (p, q) of maximal support with index sets / and J,
the anti-NE (p*,q") and

Np1:={(x,y) €OD : x;=0=y; forallielje JY}
Do :={(x,y)€ID : x=0=y; foralliel,jeJ}.

Setting

Vo(X y ZP:'"XI qulnij
Vi(x,y) Zp, Inx; — qu' In yj,
J

we define Ho(x,y) := LVo(x,y) and Hi(x,y) := LVi(x,y), and find
2.1 for “large noise”: Hp + Hi > 0 on 9D = similar to 1.

2.2 for “"small” noise: Hyp(x,y) < 0 on Ay and Hi(x,y) > 0on Ay =
convergence to Ay 1.
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1 -1
=407

> Support of ergodic meas-
ures for deterministic case

Ergodic (physical) meas-
ure for stochastic case

(im0 L [§ f(Zs)ds = [ F(y) duly) for

2

n= % Zi,j 3 j» Lebesgue-almost all z = Zy.)
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Matching pennies Il: 2 x 3 with non-interior NE
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Summary
Effects of noise in this replicator model:

» Invariant, ergodic measures concentrated on pure strategy profiles
even if the Nash equilibrium is fully mixed

» Attracting, physical measures are convex combinations of pure
strategy profiles

» Behavior in contrast both to the Nash equilibrium prediction as well
as deterministic replicator equation (recurrence/cycles).

Additional directions:

» Similar analysis for randomized discrete-time dynamics such as
Multiplicative Weights Update

» Noise models that help to approximate Nash equilibrium?

Thank you very much for your attention!
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