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Network dynamics

Examples

• Traffic network

• Power grid

• Neural circuit

• Physiological system

𝑑𝑋𝑖(𝑡)

𝑑𝑡
= 𝐹𝑖 𝑋𝑖 𝑡 +෍

𝑗=1

𝑁

𝐺𝑖,𝑗(𝑋𝑖 𝑡 , 𝑋𝑗 𝑡 )
Interaction

Network dynamics is important for the understanding 
of various phenomena in nature and human society
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Koopman operator

𝑓:𝒳 → 𝒳, ℱ ⊆ (ℂ𝑁)𝒳: function space

Koopman operator 𝐾 on ℱ with respect to 𝑓 is defined as 

𝐾𝑣 = 𝑣 ∘ 𝑓

e.x.

• 𝒳: measure space, ℱ = 𝐿𝑝(𝒳)

• 𝒳: unit disc in ℂ, ℱ = 𝐻𝑝(𝒳) (Hardy space)

• 𝒳 = ℝ𝑑, 

ℱ: RKHS associated with Gaussian or Laplacian kernel

𝑘 𝑥, 𝑦 = 𝑒−𝑐 𝑥−𝑦 2
𝑘 𝑥, 𝑦 = 𝑒−𝑐 𝑥−𝑦
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Phase model (synchronization and interaction)

𝜃𝑖(𝑡)

𝑋
𝑖(
𝑡)

𝑑𝜃𝑖
𝑑𝑡

= 𝜔 + 𝛤𝑖(𝜃𝑖 − 𝜃1, … , 𝜃𝑖 − 𝜃𝑁)

Common frequency
Phase coupling function (interaction)

Transformation by a phase 

function 𝛩𝑖: 𝑋𝑖 𝑡 ↦ 𝜃𝑖(𝑡)

𝑑𝜃𝑖
𝑑𝑡

= 𝜔 + 𝛤𝑖(𝜃𝑖 − 𝜃1, … , 𝜃𝑖 − 𝜃𝑁)

𝑑𝑋𝑖(𝑡)

𝑑𝑡
= 𝐹𝑖 𝑋𝑖 𝑡 +෍

𝑗=1

𝑁

𝐺𝑖,𝑗(𝑋𝑖 𝑡 , 𝑋𝑗 𝑡 )

Goal : To reconstruct the phase model only with given data using a
Koopman operator

Phase space [0,2𝜋)State space 𝒳 = ℝ𝑑
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Connection between Koopman operators and 

phase models (without interactions)*1

Koopman operator (linear operator) on 

a complex-valued function space

Estimate

Eigenvalues and 

eigenvectors of the 

Koopman operator

Dynamical system on 𝒳 Data

Original nonlinear 

dynamical system

Linear operator on a 

function space

Phase model

𝑑𝑋(𝑡)

𝑑𝑡
= 𝐹(𝑋 𝑡 ) 𝑥𝑘 = 𝑋(𝑘Δ𝑡)

𝜃 𝑡 + Δ𝑡 − 𝜃 𝑡

Δ𝑡
≈ 𝜔

𝑥0

𝑥1

𝑥2

𝑓

𝑣

𝑣 ∘ 𝑓

𝑣 ∘ 𝑓 ∘ 𝑓
𝐾

*1 S. Shirasaka, W. Kurebayashi, H. Nakao, Phase-amplitude reduction of transient 

dynamics far from attractors for limit-cycling systems. Chaos, 27, 023119 (2017).

𝐺𝑖,𝑗 = 0
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Estimate

Network dynamical system on 𝒳𝑁 Data

Phase model

𝒙𝒌 = 𝑿(𝑘Δ𝑡)

𝑿 𝑡 = [𝑋1 𝑡 , … , 𝑋𝑁 𝑡 ]

𝜃𝑖 𝑡 + Δ𝑡 − 𝜃𝑖 𝑡

Δ𝑡
≈ 𝜔 +

1

Δ𝑡
෍

𝑗=1

𝑀

arg ෍

𝑘=1

𝑁

𝑎𝑖,𝑘
𝑗
𝑒− −1𝑗 𝜃𝑖 𝑡 −𝜃𝑘 𝑡

𝑑𝑋𝑖(𝑡)

𝑑𝑡
= 𝐹𝑖 𝑋𝑖 𝑡 +෍

𝑗=1

𝑁

𝐺𝑖,𝑗(𝑋𝑖 𝑡 , 𝑋𝑗 𝑡 )

𝑖 = 1,… , 𝑁

Connection between Koopman operators 

and phase models (with interactions)

Koopman operator (linear operator) on 

a vector-valued function space

Original nonlinear 

dynamical system
Linear operator on a 

function space

Multiparameter

eigenvalues and 

eigenvectors of the 

Koopman operator
𝒙𝟎

𝒙𝟏

𝒙𝟐

𝑓

𝒗

𝒗 ∘ 𝑓

𝒗 ∘ 𝑓 ∘ 𝑓
𝐾
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Multiparameter eigenvalue problem

ℋ : ℂ𝑁-valued function space (Hilbert space)

𝐾, 𝐵𝑖,𝑘 (𝑖, 𝑘 = 1,… ,𝑁) : linear operators on ℋ

Multiparameter eigenvalue problem :

Find 𝑎𝑖,𝑘 𝑖,𝑘=1

𝑁
⊆ ℂ, and 𝒖 = 𝑢1, … , 𝑢𝑁 ∈ ℋ such that

𝐾𝒖 = σ𝑖,𝑘=1
𝑁 𝑎𝑖,𝑘𝐵𝑖,𝑘𝒖 (1)

Find M ∈ ℕ and 𝑎𝑖,𝑘
𝑗

𝑖,𝑘=1

𝑁
, 𝒖𝒋 = 𝑢1

𝑗
, … , 𝑢𝑁

𝑗
∈ ℋ (𝑗 = 1,… ,𝑀) such that

𝐾𝒖1⊙⋯⊙𝐾𝒖𝑀

= σ𝑖,𝑘=1
𝑁 𝑎𝑖,𝑘

1 𝐵𝑖,𝑘𝒖
1 ⊙⋯⊙ σ𝑖,𝑘=1

𝑁 𝑎𝑖,𝑘
𝑀 𝐵𝑖,𝑘𝒖

𝑀 (2)

Generalize

Linear interaction

Nonlinear interaction
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Reconstruction of phase model with 

interactions

𝑓𝑠:𝒳𝑁 → 𝒳𝑁 : Flow of the dynamical system (𝑓𝑠(𝑋 𝑡 ) = 𝑋(𝑠 + 𝑡))

𝐾 : Koopman operator on ℋ defined as 𝐾𝒗 = 𝒗 ∘ 𝑓Δ𝑡

𝐵𝑖,𝑘 𝑢1, … , 𝑢𝑁 : = [0, … , 0, 𝑢𝑘 , 0, … , 0]

Find 𝜔 ∈ [0,2𝜋) , 𝑎𝑖,𝑘 𝑖,𝑘=1

𝑁
⊆ ℂ, and 𝒖 = 𝑢1, … , 𝑢𝑁 ∈ ℋ such that

𝜆1
−1𝐾𝒖1⊙⋯⊙ 𝜆𝑀

−1𝐾𝒖𝑀

= σ𝑖,𝑘=1
𝑁 𝑎𝑖,𝑘

1 𝐵𝑖,𝑘𝒖
1 ⊙⋯⊙ σ𝑖,𝑘=1

𝑁 𝑎𝑖,𝑘
𝑀 𝐵𝑖,𝑘𝒖

𝑀 (3)

ς𝑗=1
𝑀 𝑢𝑖

𝑗
(𝑋𝑖 𝑡 + 𝛥𝑡 ) = ς𝑗=1

𝑀 𝑒 −1𝑗𝜔Δ𝑡 σ𝑘=1
𝑁 𝑎𝑖,𝑘

𝑗
𝑢𝑘
𝑗
(𝑋𝑘 𝑡 ) (4)

where 𝜆𝑗 = 𝑒 −1𝑗𝜔Δ𝑡.

𝑖

⇒
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Reconstruction of phase model with 

interactions

𝐾 : Koopman operator, 𝐵𝑖,𝑘 𝑢1, … , 𝑢𝑁 : = [0, … , 0, 𝑢𝑘 , 0, … , 0], 𝜆𝑗 = 𝑒 −1𝑗𝜔Δ𝑡

Let 𝜃𝑖
𝑗
𝑡 ≔ arg 𝑢𝑖

𝑗
𝑋𝑖 𝑡 .

If 𝑎𝑖,𝑘
𝑗
≈ 1 (𝑖 = 𝑘), 𝑎𝑖,𝑘

𝑗
≈ 0 (𝑖 ≠ 𝑘), 𝐾𝒖𝑗 ≈ 𝜆𝑗𝒖

𝑗, and 𝜃𝑖
𝑗
≈ 𝑗𝜃𝑖

1,

𝜃𝑖 𝑡+Δ𝑡 −𝜃𝑖 𝑡

Δ𝑡
≈ 𝜔 +

1

Δ𝑡
σ𝑗=1
𝑀 arg σ𝑘=1

𝑁 𝑎𝑖,𝑘
𝑗
𝑒− −1𝑗 𝜃𝑖 𝑡 −𝜃𝑘 𝑡 (5)

𝑖

= 𝛤𝑖(𝜃𝑖 − 𝜃1, … , 𝜃𝑖 − 𝜃𝑁)

Interactions are weak

Interactions are weak

𝑋1

𝑋2

𝑋3

𝑋4
𝑎1,2
𝑗 𝑎2,4

𝑗

𝑎3,4
𝑗

𝑎1,3
𝑗

𝑎𝑖14
𝑗

𝑎2,4
𝑗
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Experiments with Stuart–Landau model

• Generated data from Stuart–Landau model with 𝑁 = 2, 𝒳 = ℝ2, 

and estimated the Koopman operator.

• 𝐹𝑖 [𝑦𝑖 , 𝑧𝑖] = 𝑦𝑖 − 𝑎𝑧𝑖 − 𝑦𝑖
2 + 𝑧𝑖

2 𝑦𝑖 − 𝑏𝑧𝑖 , 𝑎𝑦𝑖 + 𝑧𝑖 − 𝑦𝑖
2 + 𝑧𝑖

2 𝑏𝑦𝑖 + 𝑧𝑖

• 𝐺𝑖,𝑗 𝑧𝑖 , 𝑧𝑗 = [𝜖 𝑧𝑗 − 𝑧𝑖 , 0]

• Computed the phase function 𝛩𝑖:𝒳 → 0,2𝜋 , 𝛩𝑖 : 𝑋𝑖 𝑡 ↦ 𝜃𝑖(𝑡).

Phase function calculated 

from the model

Phase function estimated by 

the data (proposed method)

[𝑦, 𝑧] ∈ ℝ2



12

Difference of the phase coupling functions

𝑑𝜃1
𝑑𝑡

= 𝜔 + 𝛤1(𝜃1 − 𝜃2)

𝑑𝜃2
𝑑𝑡

= 𝜔 + 𝛤2(𝜃2 − 𝜃1)

𝑑(𝜃1 − 𝜃2)

𝑑𝑡
= 𝛤1 𝜃1 − 𝜃2 − 𝛤2(𝜃2 − 𝜃1)

Equation with the phase difference

𝛤𝑑 (𝜓):= 𝛤1 𝜓 − 𝛤2(−𝜓)

sign 𝜓 ≠ sign(𝛤𝑑 𝜓 )

⇒ Synchronization of two oscillator

（The phase difference changes so 

that it becomes closer to 0.）

𝛤 𝑑
(𝜓
)

𝜓
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Experiments with Stuart–Landau model

• Computed the phase coupling functions 𝛤1, 𝛤2 and their 

difference 𝛤𝑑 (𝜓):= 𝛤1 𝜓 − 𝛤2(−𝜓).

Phase coupling function 

Blue : calculated from the model    Orange : estimated by the data

𝑀 = 1 𝑀 = 2

𝑀 = 3 𝑀 = 4
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Experiments with FitzHugh-Nagumo model

• Generated data from FitzHugh-Nagumo model with 𝑁 = 2, 𝒳 =

ℝ2, and estimated the Koopman operator.

• 𝐹𝑖( 𝑦𝑖 , 𝑧𝑖 ) = 𝑦𝑖 𝑦𝑖 − 𝑐 1 − 𝑦𝑖 − 𝑧𝑖 , 𝜇
−1 𝑦𝑖 − 𝑑𝑧𝑖

• 𝐺𝑖,𝑗 𝑧𝑖 , 𝑧𝑗 = [𝜖(𝑧𝑖 − 𝑧𝑗), 0]

• Computed the phase function 𝛩𝑖:𝒳 → 0,2𝜋 , 𝛩𝑖 : 𝑋𝑖 𝑡 ↦ 𝜃𝑖(𝑡).

Phase function calculated 

from the model

Phase function estimated by 

the data (proposed method)

[𝑦, 𝑧] ∈ ℝ2

Orbit is more complicated than SL model
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Experiments with FHN model

• Computed the phase coupling functions 𝛤1, 𝛤2 and their 

difference 𝛤𝑑 (𝜓):= 𝛤1 𝜓 − 𝛤2(−𝜓).

Phase coupling function 

Blue : calculated from the model    Orange : estimated by the data

𝑀 = 1 𝑀 = 2

𝑀 = 3 𝑀 = 4
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Conclusion

• Considered network dynamical systems and 

Koopman operators on vector-valued function spaces.

• The phase model is reconstructed by the solution of  

a generalized multiparameter eigenvalue problem 

with respect to the Koopman operator.

• Numerical results show the validity of the estimation.


