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Network dynamics

N
dX;(t)
—— = F(X(0) + ; 6. (X0, X, (0))

Interaction

Network dynamics is important for the understanding
of various phenomena in nature and human society

Examples N
« Traffic network N
- Power grid
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Koopman operator

f:X - X, Fc(CMH*: function space

Koopman operator K on F with respect to f is defined as
Kv=vof

e.X.

« X: measure space, F = LP(X)

« X:unitdiscin C, F = HP(X) (Hardy space)
« X =RY,

F: RKHS associated with Gaussian or Laplacian kernel

k(x, y) — e/—CHX—yHZ k(x’ y) — e—cllx—y||



Phase model (synchronization and interaction)

State space X = R¢ Phase space [0,2m)
b |
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By | ' . do

0 50 100 et 150 j
t @w +1;(6; — 61, ...,0; — Oy)
dX;(6) : |
Franke Fi(Xi(t)) + z G; j(X; (), X; (1)) Transformation by a phase
j=1 function 0;: X;(t) » 0,(t)

Common frequency _ S ,
do; V4 Phase coupling function (interaction)
E = w + [i(@l — 91""'8i — HN)

Goal : To reconstruct the phase model only with given data using a
Koopman operator




Connection between Koopman operators and
phase models (without interactions)*’

Dynamical system on X Data
dx@)
COorxey 7N me=xGan
Gi,j =0 l Estimate

Koopman operator (linear operator) on
Eigenvalues and . a complex-valued function space
eigenvectors of the

Koopman operator f Y ®ovofdqf
vof
J/ x(){* xZ‘ /U"

Original nonlinear Linear operator on a
~ dynamical system function space

Phase model

0(t + At) — 0(t)
At

*1 S. Shirasaka, W. Kurebayashi, H. Nakao, Phase-amplitude reduction of transient
dynamics far from attractors for limit-cycling systems. Chaos, 27, 023119 (2017).



Connection between Koopman operators
and phase models (with interactions)

Network dynamical system on XV Data

ey //\ X(t) = [X1(t), ..., Xy ()]

dlt( = R(x©) + z Gy X0, %) | = X(kdt)

R ' l Estimate
i=1,..,N
Koopman operator (linear operator) on
Multiparameter . a vector-valued function space
eigenvalues and ) -~
eigenvectors of the f 1 Y ®ovofqf
Koopman operator Vof
P P xo(—’ xz‘ ‘{r‘
l Original nonlinear Linear operator on a
dynamical system function space
0;(t +At) — 6 1 v .
i(E+ At) — i(t) _Z arg za o—V=1j(8:()-0 (1))
At A — -

Phase model



Multiparameter eigenvalue problem

H : CN-valued function space (Hilbert space)
K,B;y (i,k = 1,...,N) : linear operators on H

Multiparameter eigenvalue problem :

Find {airk}li\”kzl c C and u = [uy, ..., uy] € 3 such that

. N - . .
Ku = Zi,k=1 ai,kBi,ku (1) Linear interaction

\ Generalize

N

Find M € N and ({ ”‘}Lk=1’uj = [u{ u{\,] € }[) (j =1,..,M) such that

Kul ® - KuM Nonlinear interaction

— (Zlk 1aszzku1) ORL Q(sz 1alkBlkuM) (2)




Reconstruction of phase model with
interactions

fs: XN - XN : Flow of the dynamical system (fS(X(¢)) = X(s + t))
K : Koopman operator on H defined as Kv = v o fAt

B;rluq, ..., uyl: =10, ...,0,u,0, ..., 0]
l

Find w € [0,27) , {ai,k}livkzl c C, and u = [uy, ...,uy] € H such that
A)Kut © - © ()~ tKuM
= (Zlk 1alkBlku1) ORI O (Zlk 1alkBlkuM) (3)

= [, u! (Xt + 40) =TI, eV=U@b BN ol ul (X.(6) (4)

where 1, = eV~ 1AL,



Reconstruction of phase model with
interactions

K : Koopman operator, B;luy, ..., uy]:=[0,...,0,u,0,...,0], 4; = eV-1jwAt

Let Hij (t) :== arg (ul] (Xl- (t))).
Interactions are weak

!
If a{,k ~1 (i =k), a{:k ~0(i #k), Kul = Ajuf, and Hl.j ~ jO7,

0;(t+A)-0;(t) _ 1 <M N J ,—/-1j(6;(t)-6
At ~w+EZj=1arg(2k=1ai’ke \/_11( (t) k(t))) (5)

=1;(6; — 0y,...,0; — Oy)

oL
O—-a-’1-4"“\“j’"/. Interacti K
<l aly 0 nteractions are wea
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Experiments with Stuart-Landau model

- Generated data from Stuart-Landau model with N = 2, X = R?,
and estimated the Koopman operator.

Fi([vi, z]) = |yi — azi — (y# + 22)(vi — bz), ay; + z; — (7 + 27 ) (by; + z)]
Gi,j(Zi'Zj) = [E(Zj — Zi),O]

« Computed the phase function 0;: X - [0,2m), 0;:X;(t) » 6;(t).

[y’ Z] c IRZ 1.0 n 1.0 n
0.5 m05 m
N 0.0 0 0.0 0
-0.5 -1 .05 -z
~1.0: . — - -1.0; . . _
10 -05 00 05 10 ' "F10 -05 00 05 1.0
y y
Phase function calculated Phase function estimated by

from the model the data (proposed method) 11



Difference of the phase coupling functions

do,

E=w+ﬂ(91—92)

do,
dt

=w+ 136, —6,)

0.010
0.0051 /\
0.000

Iy ()

~0.005- \/
~0.0101
| _ i |

d(6; — 6;)
dt
Equation with the phase difference l

=11(0; — 63) — Fz(_gz —01)

I P):= L) — LL,(—y)

sign(y) # sign(lz ()
= Synchronization of two oscillator
(The phase difference changes so

that it becomes closer to 0.)
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Experiments with Stuart-Landau model

« Computed the phase coupling functions I3, I, and their
difference I; (Y): = I (¥) — L,(—y).

0.010- 0.010-
0.005 /\ 0.005- /\

= =
< 0.000- < 0.000- |
[ LS /
~0.005 v ~0.005 - \/
M=1 ~0.010 M =2 ~0.010
- _n 0 1 n - _n 0 1 n
W 1]

0.010- 0.0101
0.005 /\ 0.005 A
0.000- | 0.000-

s s |
E \/ E \ /
~0.0051 ~0.005 | /
M =3 ~0.010" M =4 —oo10 ~
e T
v v
Phase coupling function
Blue : calculated from the model . estimated by the data
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Experiments with FitzHugh-Nagumo model

« Generated data from FitzHugh-Nagumo model with N =2, X =
R?, and estimated the Koopman operator.

F(lyizD) = yiyi — o)A —y) — zpu™* (v — dz)]
Gi (2, z) = [e(z; — z),0] Orbit is more complicated than SL model

« Computed the phase function 0;: X — [0,2m), 0;:X;(t) » 6;(t).

0.20 m 0.20 m
2
[y,z] ER
0.15 ] 0.15
2
0.10 0.10
N 0
0.05 0.05
0.00 —T  0.00
~0.05 ~0.05
—04 -02 00 02 04 -04 -02 00 02 04
y y
Phase function calculated Phase function estimated by
from the model the data (proposed method)
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Experiments with FHN model

« Computed the phase coupling functions I3, I, and their
difference I; (Y): = I (¥) — L,(—y).

0.002" 0.002
0.001 - /\ 0.001+ /\
)

2 0.000] - 2 0.000]
L L
—0.001- \/ —0.001- \/
M=1 ~0.002 M =127  —0.002
-1 -1 0 u n - -2 0 7 n
y
0.0021 0.0021
0.001, /\ 0.001] /\
= E
_3{; 0.0001 p =< 0.000- /
L L
~0.001" \/ —0.001- \/
—0.002 —0.002
M=3 | | | | | M =4 . . | ‘ ‘
T —n 0 1 n —-n -3 0 5 m
y

Phase coupling function

Blue : calculated from the model . estimated by the data .



Conclusion

« Considered network dynamical systems and
Koopman operators on vector-valued function spaces.

« The phase model is reconstructed by the solution of
a generalized multiparameter eigenvalue problem
with respect to the Koopman operator.

« Numerical results show the validity of the estimation.
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