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RV~ scHooL Background and literature

- Control and dynamical systems

e Modeling: f:x € R" — RY
Feedback Control u:x ¢ R4 —+ Rm™
Stability V:xcRYI 5 R

Error
Regression
f: R* >R @
s f 7/ \
—
— )
What’s the big deal? Dimension Complexity
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NV sciool Background and literature

~ Curse-of-dimensionality: Given an error upper bound, the complexity
| increases exponentially with the dimension.

[ Dataset Size = N4 }
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BV scHooL Background and literature

| Curse-of-dimensionality: Given an error upper bound, the complexity
i ~ increases exponentially with the dimension.

[ Dataset Size = N4 1

File size of N¢ data points (N = 50, single precision)
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Empirical successes of machine learning
Solving high dimensional problems

s |. E. Lagaris, A. Likas, D. Fotiadis, Artificial neural networks for solving ordinary and partial
differential equations, IEEE Trans. Neural Networks, 1998. (d=2)

% Y. Tassa and T. Erez, Least square solutions of the HIB equation with neural network value-
function approximations, IEEE Trans. Neural Networks, 2007 (d=4)

-+ J.Hanand W. E, Deep learning approximation for stochastic control problems, arXiv 2016
| (d=100)

¢ < J.Han, A Jentzen, W. E., Solving high-dimensional PDEs using deep learning, arXiv 2017

) (d=100)

% J. Sirignano and K. Spiliopoulos, DGM: A deep learning algorithm for solving PDEs, arXiv
2018 (d=200)

% M. Raissi, P. Perdikaris, G. Karniadakis, Physics-informed neural networks: A deep learning
framework for solving forward and inverse problems involving nonlinear PDEs, J. Comput.
Phys., 2018 (d,=2, d,=2)

% T. Nakamura-Zimmerer, Q. Gong, W. Kang, Adaptive deep learning for high-dimensional HJB

W" equations, arXiv 2019 (d=30)

it ,‘.‘ < D. Izzo, E. Ozturk, and M. Martens, Interplanetary transfers via deep representations of the

AL optimal policy and/or of the value function, arXiv 2019 (d=7)

2 B. Azmi, D. Kalise, K. Kunisch, Optimal feedback law recovery by gradient-augmented sparse

polynomial regression, arXiv 2020. (d=80)
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Some examples of dynamical systems

’0

» T. Nakamura-Zimmerer, Q. Gong, W. Kang, Adaptive deep learning for high-
dimensional HIB equations, SIAM J. Scientific Computing, 2021 8.

(d=6, 30 ~ 108, 103°) /f\

% T. Nakamura-Zimmerer, Q. Gong, W. Kang, QRnet: optimal regulator with
LQR-augmented neural networks, IEEE Control Systems Letters, 2021.

We combifle the raw NN prediction (13) with the LQR value
function (8) for the linearized dynamics (7) as

(d=64) VNN (r) — %Iog [+ V"R + W@,  (14)

with a trainable parameter ¢ > 0. Intuitively, LQR provides a

R

* W. Kang, Q. Gong, T. Nakamura-Zimmerer, F. Fahroo, Algorithms of data

generation for deep learning and feedback design: A survey, Physica D:

Nonlinear Phenomena, 2021 o

g
Jm

(d=30)

0.017+j0.072__|0.0% +j0,170
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Why does deep learning work for so many high
dimensional problems?
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BV scHooL Background and literature

Approximation theory -
Rate of convergence, error upper bound, complexity, ......

R/

% A. R. Barron, Universal approximation bounds for superpositions of a sigmoidal
function, IEEE Trans. on Information Theory, 1993.

“ W.E, C. Ma, S. Wojtowytsch and L. Wu, Towards a mathematical
understanding of neural network-based machine learning: what we know and
what we don't, arXiv 2020.

% P. C. Kainen, V. Kiirkova, M. Sanguineti, Approximating multivariable functions
by feedforward neural nets. In: Handbook on Neural Information Processing,
Springer, 2013.

% T.Poggio, H. Mhaskar, L. Rosasco, B. Miranda, Q. Liao, Why and when can
deep - but not shallow - networks avoid the curse of dimensionality: a review,
arXiv 2017.

“ H. N. Mhaskar and T. Poggio, Deep vs. shallow networks: an approximation
theory perspective, arXiv 2016.

% W. Kang and Q. Gong, Feedforward neural networks and compositional
functions with applications to dynamical systems, SIAM J. Control and Optim.,

8
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‘ Compositional function as a layered DAG

-« W. Kang and Q. Gong, Neural network approximations of compositional functions
with applications to dynamical systems, SIAM J. Control and Optimization, 2022.

% T. Poggio et al., Why and when can deep — but not shallow — networks avoid the
curse of dimensionality: A review, arXiv 2017

“ H. N. Mhaskar and T. Poggio, Deep vs. shallow networks: an approximation theory
perspective, arXiv 2016.

Layered directed acyclic graph (layered DAG)
9
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V. sciooL Algebra of compositional functions

Observation: It is widely observed in science and engineering that complicated
and high dimensional input-output information relations can be represented as
compositions of functions with low input dimensions.

Kockia

(1) — LoadBus

& — Generator Bus

ueensbury Claremont

El: A large electrical grid in North
America. A simplified model has
more than 25K buses, 28K lines,
8K transformers, and over 1,000
generators.

10
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Observation: It is widely observed in science and engineering that complicated
| and high dimensional input-output information relations can be represented as
I compositions of functions with low input dimensions.

The swing equation of power systems

dw; i —
Wi _ W0 (pm_Du_Ez?Gii...
Wo

dt ~ 2H;

w; — 2
> (Bn =D —EfGy —
i Wo
— Xj=i EiEj(Gyjw; + Byjvp)
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V. sciooL Algebra of compositional functions

Observation: It is widely observed in science and engineering that complicated
- 1 and high dimensional input-output information relations can be represented as
P""'-" compositions of functions with low input dimensions.

~f+g

‘—li lll“.
i

Linear combination
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V. sciooL Algebra of compositional functions

Observation: It is widely observed in science and engineering that complicated
and high dimensional input-output information relations can be represented as
compositions of functions with low input dimensions.

Composition of compositional functions

13
Wei Kang



(e
(L\ NPS ’ = NAVAL

POSTGRADUATE

V. sciooL Algebra of compositional functions

Observation: It is widely observed in science and engineering that complicated
- and high dimensional input-output information relations can be represented as
compositions of functions with low input dimensions.

- -~

o o(w;x + by)

+ ayz, + aszzz

o(wix+ b;)

Layer 1 Layer 2 Layer 3

Substitution

)

i
£

Y

3
L
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Observation: It is widely observed in science and engineering that complicated
| and high dimensional input-output information relations can be represented as
I compositions of functions with low input dimensions.

Neural networks are compositional functions

15
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o lterative computational algorithms are (deep) compositional functions.
o Kolmogorov-Arnold representation theorem

2d+1 d °O
f(xla T a$d) — Z ¢q (Z pr(xp)$

Every
continuous function
Is a layered DAG )

A
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ek Approximation theory

Compositional features

Dimension feature: rL  — the largest di,j/ m;. ;

max

Volume feature: A" — the largest max{(R; ;)™ 1} || fijll oo

 jd

pi»i--l

©,J

Lipschitz constant feature: LY the largest |Li,j|

max

Complexity feature: |V5|— the total number of nodes

Layered DAG

17
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Observation: It is widely observed in science and engineering that complicated
| and high dimensional input-output information relations can be represented as
I compositions of functions with low input dimensions.

The swing equation of power systems

dw; i —
Wi _ W0 (pm_Du_Ez?Gii...
Wo

dt ~ 2H;

w; — W 2
o, Fn = D——— = E{ Gy —
14

0
— 2= EiEj(Gijuj + Bijv)))
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SCHOOL Examples

Observation: It is widely observed in science and engineering that complicated
| and high dimensional input-output information relations can be represented as
I compositions of functions with low input dimensions.

Compositional features

. L
Tmaz = 1, A =4m, |V| = Q(Ng — 1)Ng,
w
W = MaX1<4,i <N, ,i#] {Q—P;EZE]G’L]a Z—P;E'L'EJB@]}
o /

w; — W 2
o, Fn = D——— = E{ Gy —
14

0
— Xj=i EiEj(Gyjw; + Byjvp)
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Observation: It is widely observed in science and engineering that complicated
| and high dimensional input-output information relations can be represented as
I compositions of functions with low input dimensions.

The Lorenz-96 model

5130(332 — ac_l) — 1 + F
xr1(x3 — xg) — 9 + F

i1 (Tig1 — Tij—o) —x; + F

| 24— 1(Td41 — Td—2) — T+ F |

X_q = Xg-1~ fii = X141 — X2 f2i = Xi-1%; fri=zi—x+F

Of

f
?

Xo= X4 ~

1

X1 ~ Zl @~ f
X3 ~ = Z3 é\Q f3
R S

S

Xa+1 = X1 ~

i

20
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Observation: It is widely observed in science and engineering that complicated
| and high dimensional input-output information relations can be represented as
I compositions of functions with low input dimensions.

The Lorenz-96 model

p o
= 2, A = max{(2R),1}(2R + 4R?),
Lma:c d

- 74

Tmaac

||

\'}—‘

~
|

X = Xq- 1~ fii = X141 — X2 foi = Xi—1%; fri=zi—x+F

Xo= X4 ~

1

N
i\
! |

G ~ £

32~ fZ

X1 ~

Zy Z2

X ~

Z3 Z3

X3 ~ @ ~f3
z M
) ) O/OA@ . 34) ~ fa

Xd+1 = X1

7 7
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SCHOOL Examples

Ty
\W/

Observation: It is widely observed in science and engineering that complicated
| and high dimensional input-output information relations can be represented as
I compositions of functions with low input dimensions.

Discretization of PDEs

Ug — U Uo + ug — 2uq v

+ l{ Zy — Z
2Ax Ax? T
’LL3—’LL1_|_ Uz + up — 2u9

2Ax & Ax?

’lll = —UuU

7:[;2 = —U»2

Uy~

UN ZUN—2 | UN +un—2 — 2upni—1

2Ax & Ax?

UnN—-—1 = —UN-1

22
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SCHOOL Examples

Observation: It is widely observed in science and engineering that complicated
| and high dimensional input-output information relations can be represented as
I compositions of functions with low input dimensions.

Discretization of PDEs

a | N
Fmaz = 2, A = 5R? + R,
N
Wnam = EE = 2N
7+ 1Vel
o %

23
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Error propagation - substitution

4 N\

Theorem Under smoothness assumptions, the neural network approximation

error is bounded by

K

Hf(m) —f(x)|| < Z Lf,jei,j, for all  in the domain of f.
P

1,7=1

where L, ; is the Lipschitz constant associated with the node f; ;, ¢; ; is the
error of each node due to substitution.

- ~

~
RSN

. Substitution by
x1~@ Shallow NNs
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" Error propagation - composition

Proposition Let f, g and h be approximations of f, g and h with errors
bounded by €1, €5 and €3, respectively. Then

(E(-)* o g(z) — (E()* 0 &()

Wei Kang
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| [ N
Theorem Assume all nodes of a compositional function, f, are C''. For any integer
nwiagth > 0, there exists a neural network, V¥, that has the following error

upper bound,

[f(z) — £¥(2)|| | < CiLf,,, AT |VE| (Nuwigen) ™Y/ "maz, for all & € [—R, R,

max

where (] is a constant determined by {d, ;, m; ;; fi; € Vé} The complexity of
VN is

£
n < |VE| nwian-

Substitution by
x1~@ Shallow NNs

__________________

26
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Trajectory of ODE
4 N
ODE Theorem Under C* assumption, for any € > 0,
z="f(x), =c R t € 0, T there exists a neural network approximation,
PN, satisfying
| Trajectory (T ) — ¢NN(33))HP <e xC Df.
z(0) =z The complexity of V¥ is bounded by
t = ¢(t; ) ‘
n < Ce—(r +1)
where (' is a polynomial function of the
compositional features of f.

27
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Optimal control

The problem of optimal control
mUinJ = U(x(T)), = eR?

i x=f(x,u), u € RY
' Zero-order hold control
N U= | u(to)t u(t)”

u’<tNt) ]
¥ Trajectory and terminal state
() = ¢(T; @, U)

Cost function

;';.;.?ﬁ J=Vo¢(T;x,U)

" gk
> -

> -
¢ ‘3%'5'

Approximation theory

Theorem Under convexity and C
assumptions, for any € > 0 there exists
a neural network approximation of the
optimal control satisfying

U (x) — U*()]]2 < 3¢, =€ D.
The complexity of U*¥¥ is bounded by
—(4r 4r
n < Ce (4 +1+r£m)

where 7 = max{rf r¥ 1 Cisa
polynomial function of the compositional
features of f, U, and the Hessian matrix

of the cost function.

28
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& T Nakamura-Zimmerer, Q. Gong, W. Kang, Adaptive deep learning for
high-dimensional HIB equations, SIAM J. Scientific Computing, 2021.

Hidden layers

e
Control System Model b
mlnleglze L(t,z,w)dt + (x(ts)),
u to
Optimal feedback subject to (1) = £(t, @, u)
Control hla(?), ult)) < 0,
e(x(to), z(tr)) =0 )

-

Algorithms for Data
Generation & Data
Processing
Adaptive i

Sampling
Algorithm [ Validation Data ] [ Training Data ]

[~ . .

Conv_lt_arienceJ_:I[ Error Estimation]_:n NN Training ]
es L

Optimal Feedback Control Design 29
N A .
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'Problem formulation
r . tf
L[ b wdr () I+ B (i)
| v = E(v)w,
| Ji = S(w)R(v)h + Bu.

State variables:

'v:(qb 0 w)T . Euler angles \b

W= (wl Wo wg) angular velocity
Running cost and weights:
L(v,w,u) = T |v]? + ¥ [|w]? + 5 ||ul?,

Wi =1,Ws =10,W3 =05 W, =1, W5 =1,t; = 20.

Matrices
1 singtanf cos¢tanf 0 w3  —Wws
E(v):=1{0 cos ¢ —sin ¢ : Sw):=[-ws 0 wi |,
0 sin¢/cos cos¢/cosb wy —wp O
cos 6 cos Y cos 0 sin ¢ —sinf
R(v) := [ sin¢sinfcosy — cospsiny sin¢sinfsiny + cospcosty cos b sin ¢
cos ¢ sin @ cos ) + sin ¢psiny  cos ¢sinfsiny — singpcosyy cosbcos @

1 1/20 1/10 2 0 0 1
B=|1/15 1 1/10], J=[0 3 0|, hm=][1]. 4
1/10 1/15 1 00 4 1 Wei Kang
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HJB equation and feedback law

4 N\
Define the Hamiltonian

H(t,z,\,u) = L(t,x,u) + A f(t,z,u)

Solve the HJB equation to find the optimal feedback law

ueld

{ Vi(t,x) + min H (t,x, Vy,u) = 0,
V(tf’ ZL’) = ¢(93)>

u*(t,x) = arg min H (t,x, Vy, u).

ueld

Wei Kang
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Time-marching

(Pontryagin’s maximum principle o N
x(t) = f(t,x, u*), x(0) = x, 1. Choose a partition of [to, t¢],
A(t) = —Hg(t,z, A, u*), Aty) = Fy(z(ty)), bo <t <ty <--- <tg=1ty.
,”W 0(t) = —L(t, z, u*), v(ty) = F(x(ty). | | 2.1n [t, 1], solve the TPBVP,
.| whereu" = aranin H(t,x, \,u) (2 (1), AL(t)).

3. Extending the trajectory to [tg, 2],

22(1) = xl(t), iftg <t <ty,
Initial guess 0 - xl(t1>7 ifty <t < ta,
% 1 A3(t) is similarly defined.

4. (x3(t), A3(t)) is used as an initial guess to
solve the TPBVP over [0, ¢5].

5. Repeating the process until { = ;.

Y N Ve N \ /

32
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Data generation

Neural network warm start

:Iz(t) = f(t,x, u), x(0) = =,
1AW = —Halt 2, A ), Alty) = Fa(alty)),
| o) = =L,z u), v(ty) = F(x(t)).

" where u* = arg min H (¢, x, A\, u)

u

1. Generate a first data set without
initial guess (time-marching).

2. Train a neural network VNV (¢, ).

3. Generate more data using warm start
Ao(t) = VN (¢, ).

Time-marching method Neural network warm start

K | % BVP convergence | mean integration time 0 % BVP convergence | mean integration time
1 0.3% 0.37s 0 90% 0.44 s

2 38.7% 0.44 s 1073 99.6% 041 s

3 76.2% 0.40s 10" 100% 0.40 s

4 92.9% 0.45s

8 98.4% 0.53s

Rigid body optimal attitude control
33
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SCHOOL Example - rigid body optimal control

\.\V

T Nakamura-Zimmerer, Q. Gong, W. Kang, Adaptive deep learning for high-
dimensional HJB equations, SIAM J. Scientific Computing, 2021.

‘ - - -
Neural network approximation of value function

107 : :
- adaptive sampling 1
= —-—-fixed data, |Dyain| = 2110 1
= 10 fixed data, |Drain| = 4096 |
f -------- sparse grid method
= Rl T T ORI U - VORI T T —
o]
SO PR PRy PRy PRERJC PR Y EyS RRJS USSRy IS PR PR SRR Sty SRRy punyy SR e

1 O.4 I I I I I I

0 8280 19277 28398 42947 56776 75428 95656
107

gradient RML?
=

[ rp—— |

! 10_?) 82;30 19277 28598 425547 56;76 754;28 95656
.,“n";'“ optimization iteration
5 = Gradient loss weight 4 = 10; tolerance e = 0.1
= Training data set updated adaptively
» The final adaptive data set has 2110 points T

Wei Kang
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NV scroor Power system stability

~ Power system electric air-gap torque

(Pe)i = EZQGZZ + Z EZEJ<GZ] COS((SZ' — (5]) + Bz’j Siﬂ(&i =5 5]'))7 1 S 7 S m,

j=1,5#i

A

ijuij + Bijvij)
Om—1— Oy sin(z)
/rmax - 1, \
A =4,
V| = 2(Ng — 1)Ny,
Lmax _ ]_Sl,_]n;aN};l?éj 2HiE1EJG‘1J; 2HiE1EJB1J}

- Y/

Wei Kang
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Power system domain of attraction

4 N\

Theorem: Let R C R?>Y be a bounded set.

| Then, there exists a solution, V(x), to Zubov’s
equation (a special Lyapunov function that char-
acterizes the domain of attraction) and a neu-
ral network, V" (x), that has n""V hyperbolic
tangent neurons. They satisfy

N,
/NN

for x € R, where (', and (5 are constants inde-
pendent of N,.

VA (x) — V(x)| < (CiN; + Cb)

Wei Kang
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New England 10-generator 39-bus power system RN

@ — Loud B 'w Brunswick <
Moutorborough

© - Generator Bus

- | Characterization of the domain of attraction
--Neural network approximation of Zubov’s equation

Activation: hyperbolic tangent
Depth: 16
Width: 40

Error: RMSE =2.0x 1073

The boxplot of pointwise error The histogram of pointwise error
- T T T

9000
0.02
8000 -
0.01 2000
i - T5th percentile: 0.00086
= 0F ,E . 6000 -
= / 5000 -
" 4 h -0.01 /
! ~ 4000
5]
; =-0.02 /
le > ' 3000
-0.03 25th percentile: —0.00073  « 2000
-0.04 F 1 1000 -
D _ 1 — S E— L
0.05 004 003 002  -0.01 0 0.01 0.02 0.03

V(z) — V¥¥(z)
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NV scrool Next step research

Future work
A lot more questions than answers

= The compositional features of nonsmooth problems, ReLLU activation?
= How does compositional structure help to improve NN design and
| training?
= How does compositional structure help to validate a result, empirical
risk vs population risk, L,-norm vs infinity norm?
= Applications to dynamical systems (space dimension >5)
« Deep filter and data assimilation (observability in unobservable
systems)
« Qutput regulation and FBI equation
« Control Lyapunov function
« Optimal control and viscosity solutions
« Reachable set of control systems
* The boundary of domain of attraction

Wei Kang
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pi»i--l

THANK YOU

39
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V. sciooL Problems appropriate for ML

What makes a good problem for machine learning?

» The overall problem does not have tractable solution.
And

» You have access to lots of data.
And

» The problem does not require highly accurate numerical
solution (such as machine precision).

Give machine learning a try.

40
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SCHOOL Deep learning for dynamics and control

Quantitative High dimension

: Real-time
performance (not in normal form)

Curse-of-dimensionality

“«ﬁ Performance associated with PDEs

HJB equation — optimal control
HJI equation — differential game
FBI equation — output regulation
Zakai equation — optimal estimation

Zubov’s equation — the boundary of domain of attraction

ey
M
v m‘ A

»

oDooop
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