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.

Recall

• (A. 6) : non-commutative Probability space lncps ) if
it is a unital algebra were
§ :A→ ① is linear such that 9111=1

.

• Given a c- ☆
. Gatz ) = I 4197

n ≥o znti
: the Cauchy transform of a

• Let G% he the inverse composition of Ga

Ratz ) : = G%z ) - 1- : the R - transform of a .2-

( = 74+742-+742-2 -1 . _ . . + Rnzn" t - . _ . )
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Example
Given a naps (A. 4)

.

a EA is a semi - circular element

if plan ) = [ th z,
✓ 4-tdt .

-2 #

standard semi-circle law

when n is odd
. Plan) = O

N = 2h
,

[ -12%4--12 It ⇐ zoos ,
/ 22%+2 Niko . Sino do = 4h" ( Ik - Ipu, )

where Iq =/Fashoda
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Example I continue )
2h

Note that 22k ws%- = ( e
"
+ e-
it)2ʰ =

,
?÷
,
( jkfe.io/i1e-ioy2k-J

= ÉR (
2k) elzj -2k ) iO

j=o j

J ei "d) 0 do = {
IT if 1=0
0 if e≠o

⇒ He =/Taisho do = Eg ( 2kg )
2 -12%4 - t dt = 4£" ( Ig - 1£, , ) =

⇐

( 2k )Thus
. \
,

k -11

⇒ 41 a
"
) = £, , (%) = Ch : k - th Catalan number

.
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Example I continue )

• plan)
Gatt) = ¥ + É

, zn"

is

= ¥ + I
1

g. = , £2k-11 Ck
= ¥ + ¥

,
zÉ+1 jÉ,

Cj-1 (kj)
is k

[ Cj -1 Cpj is

Ch -j= ¥ + ¥ If
, g. = , zzj-1 zzckj ) -11

= ¥ + ¥ jÉ {¥-1 ( ¥j zaps;) +1)
•

Cj -1= ¥ + ¥ ¥, zzj, Gatt ) = ¥ + ¥ Gatz)?

⇒ Gatz)
'
- z Gatz ) + I = 0
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Example / Continue )
him 2- Gatz ) =L
I -21→A

⇒ Gatz ) =
2- ±) 2-2-4

⇒ Ga /z ) =
Z - ✓ 2-2-4

2
2

z - ✓ E-4
⇒ z = WttwLet W = Gatz) ⇒ w =

z

Hence
, Gii

>
(z) = 2- + ¥ ,

which implies

the R - transform of a is Ratz) = 6%12-1 - ¥ = Z
.

Ratz)=Z = 0+1.2-+0.2-2 -10.2-3-1 - - - - ⇒ Xna = {
1 if n=2
0 if n -1-2

.
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Given R EN
,

EN ] : = { 1 , 2,3, - - - . . n }

• Pln) = the set of all partitions on In]

• NCIN) = the set of all non- crossing partitions on IN ]

¥ i < j < lek sit i.l c- Va and j.be Vp .
✗ +A

• Nczln) = the set of all non- crossing pairings on In]

all blocks consist of two elements

• Fact : INGIMI = ¥+1 ( "%) = (%
EJ . I 2 3 4 5 6 I 2 3 4 5 6 I 2 3 4 5 6 I 2 3 4 5 6

11 11W 1111 1 1 1 11 11 1
In a a

Nczl6) ≤ Nclb)Nclb)\NCd6 ) P(6) INC /6) Nc(6) INCH6)
°



IRecall

Given a ncps Cnd
. 4) & a family of multilinear functionals

{fn : A
"

→ ¢ }n% . For it C- Pln )
,
a , , Az,- - - , an End

f-* ( Ai , Az , - - - s An ) : = PT fly. , ( Ain - - - - Gifs ) where = { ii. < - - - < if }
j=,

EJ . To = I 2 3 4 5 6
feta , , -→ 96) = fzlai.az , 94) f, ( 93) fz / 95.96 )

1 1 11 W

• { kn }n? : free Cumulants if ttn ≥ 0 . kn :S
"

→ ① is

multilinear that defined recursively by 4( qaz . . . . an ) = I Kalai , - -→ An)
TIE NCIN)
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Notations

Given naps lid . 4) & a End

• n- th moment of a is Mna : = Plan) ;

• N - th free Cnmulant of a is Rna : = Rn ( a. a, _ . . . a) .

Example
Let a he a semi-circular element ; i.e. Mna = {

° if his odd

[% if n is even
claim : Rna = {

1 if n=2
0 if n -1-2 .



q
proof : Note that 74 = Mi = 0

Mz = Kz + 742 ⇒ 2 = 74+02 ⇒ 74 = 1

For even N.cn/z--Mn=IK-iu=IK-tIK-uTENClNlTENCzlNlTENClnJ1NCz In)
"

I 1 = INcalm / = CryzTIENCzlh)
⇒ I Ktu = 0

.

TIE Nclh) )Nczln)

Observe that E kit =D ⇒ K} + Kui
◦

+

◦

+ K ,jÉk , ,i°=O
IT C- NC 13)) Ncz(3)

⇒ 713--0 .

:
•

2

•
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Recall
I , .dz , - . . > An axe free ⇔ Rn / a, , . . _ , an ) = 0 whenever

¥ s . I C- In ]
, Al E die

is # is
as c- dis

I freeness I > Vanishing of mixed Cumulants )

Note : a. b E nd are free .

Ratb /Z) = Er
,

74+1 ( atb. . _ . . atb) En
> 0

= ¥, knit 2-
"
+ E. kn! 2-

"

+ mixed terms

⇒ Ra+blZ ) = Ratz ) + Rb IZ) .
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Theorem 1 Free Central Limit Them )
Let 1nA. 4) he a mops and 9, , Az , - . - , an , - . - End are free ,

identically distributed random variables with yea, 1=0,919,4--1
ii.e. Ylajn ) = 41A

"

) for all n , j . for some a)

then Sn : = Fnla , -1 - • + an ) > standard semi-circle law , as n → is

0 if k is odd
in the sense that 91St) > { cpy, if his even

proof Rsnlz) = Ran . . -+an IZ) = ¥ . Ra
, -1 .- + ant ÉnZ ) = rn . Ra IÉNZ )

rn

= in - ( kit kill In ) -1%4%14 . . . + KillE)
"

+ . . _. )
= rn . 1mi ? -1mi -1m,aÑ E. +0km ) = 2- + rn. 01¥ ) > Z as n → A-
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Thank you for

your attention

Ref. Nica & Speicher :
Lectures on the Combinatorics of free Probability .


