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We present specific examples that demonstrate the non-convergence of the 1/N expansion for the lattice theory of

SU(N) gauge fields.

1/N expansions in field theories with NV or N2 field
components are a useful device for simplification
and/or bookkeeping purposes of Feynman diagrams
[1]. In the conventional perturbation expansion of
SU(V) gauge theories one may consider the limit
N - == keeping g2V fixed, g being the coupling con-
stant. One then finds at each order of g2V a finite
polynomial in 1/N with coefficients that are related
in a precise manner to the topology of the correspond-
ing diagrams as twodimensional surfaces [2]. In par-
ticular the leading term consists of planar Feynman
diagrams only, which suggests that in the limit N -
one obtains hadrons that are essentially non-interact-
ing. The 1/N expansion then corresponds to an expan-
sion with respect to the coupling strength between
the hadrons. Our general experience with coupling-
constant expansions in field theories then suggests
that the 1/N expansion will diverge at a fixed value
for g2 N, even though the series is finite and therefore
converges at fixed order in g2Z/N. We think that the
probable formal divergence of the 1/N expansion is
not a sufficient argument to reject 1/N expansions
altogether, first because in the physically interesting
case of SU(3) the effective coupling strength of 1/3
may be small enough so that the spectrum obtained
in the NV = <= limit will still resemble the physical
spectrum, and secondly because fundamental prob-
lems such as the quark-confinement mechanism are
likely to be independent of NV, and understanding of
such mechanisms in the NV —* <= limit could be of
great significance.

Thus we were motivated to study the 1 /N expan-
sion further, but now in the SU(/V) gauge theory on a
lattice. Here the usual expansion is made with respect
to 1/g2 and llm‘l where mgq are the masses of the
quarks [3]. Alternatively, one may expand with re-
spect to 1/g2N and 1/N, keeping my fixed and arbi-
trary [4]. Again we look at fixed order in 1/g2N and
this time we find that the series 1n 1/V does not only
continue up to infinity as an essentially geometric
series, but, more annoyingly, fails to produce the cor-
rect answer at finite V when summed. To be precise:
we find for V larger than a few units pure rational
functions of NV, but when N =1, 2 or 3 is substituted
m here we find incorrect or even infinite answers. The
critical value of V above which the rational function
is valid and below which it fails depends on the order
of 1/g2N considered. We interpret this result as an
aspect of the formal divergence of the 1/V expansion,
but it must be kept in mind that also in this case we
are unable to interchange the limits g2V — == and
N — oo,

To demonstrate the aforementioned properties of
the 1/N expansion is the purpose of this note. The
action for gauge fields and quarks on an infinite Euchd-
ean lattice is given by [3]

S[¥g ¥g U, U

=20, 5 2 (49 Uk i (e + i) +
x.q »
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NON-PLANAR DIAGRAMS IN THE LARGE N LIMIT OF

U(N) AND SU(N') LATTICE GAUGE THEORIES
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It is shown that the limit as V' = e with g2V fixed of the strong
of a U(V) or SU(V) lattice gauge theory is not given by a sum of planar di

De Wit and *t Hooft.

Some time ago ‘t Hooft [1] showed that as N
- cowith g2V fixed the leading Feynman diagrams
for the Green's functions of a U(N) or SU(N) gauge
theory are planar, This result suggested a possible way
the relation between QCD and the string model might
be made precise [1] and has been exploited in a wide
variety of subsequent work [2]. Thus an interesting
question is what happens to Wilson’s strong coupling
expansion for lattice gauge theories [3] in the limit
N o, g2 fixed. De Wit and ‘t Hooft [4] have
claimed that once again planar diagrams dominate.
This result has been applied by Eguchi [5] to relate a
lattice U(N') gauge theory to a theory of non-inter-
acting Nambu—Goto strings and has been reconsider-
ed more recently by Bars and Green [6].

In the present article, however, we will show that
planar diagrams do not dominate the large N limit of
the strong coupling expansion of either U(V) or
SU(V) lattice gauge theories. Thus the discussions of
this question in refs. [4--6] are incorrect. Our proof
will consist of exhibiting a non-planar term, in the ex-
pansion of a vacuum expectation, which has the same
dependence on N as N = oo, £2N fixed, as do the pla-
nar contributions.

Let us begin by briefly reviewing the euclidean lat-
tice formulation of a gauge theory with gauge group
G and the strong coupling expansion of vacuum ex-
pectation values [3]. For simplicity we will consider
only a pure gauge theory without fermions. Let A
C Z4 be a finite hypercubic lattice. For each oriented

for the P ion values
This dicts a result claimed by

pair of nearest neighbor sites (x, ¥) in A let U(x, y)
=U(y,x)! be a matrix in G. For each oriented pla-
quette (square) p of four nearest-neighbor sites in

A, let U(p) be the ordered product of U(x, y) around
p starting at some arbitrarily chosen site of p. The ac-
tion S is

§=(62)! DT (), 0
P

and the vacuum expectation of any polynomial F
of Ulx, py) is

@ = [ du Fexps) [auexp(s), @
where u is the product of one copy of Haar measure
on G for each independent U(x, ).

The strong coupling expansion for () is obtained
by expressing the exponentials in numerator and de-
nominator of eq. (2) as power series in (2g2)~1. The
terms which appear can be associated with surfaces
of plaquettes. After the integrals over du are carried
out, the denominator yields a sum of closed surfaces
and the numerator yields a sum of surfaces with
boundary determined by F. The effect of dividing
the numerator by the denominator is equivalent to
modifying the rules for calculating the numerator:
Each integral over Haar measure of a product of
Ulx, y) is replaced by some combination of connec-
ted vertices (contractions) *! obtained from a cluster

*1 The definition of contractions is di d by Wilson [3b,
Appendix B].
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