
Topological Expansion of BGW+HCIZ

Jonathan Novak

UC San Diego
June 2022

London ON



FOURIER in RMT

• Random Hermitian matrix : ✗
n

= [✗n ( i.j )] / ≤ i.j≤ N .

• Characteristic function : A*=A I > E[eiTrA✗n ]
.

• Characterizes distribution of ✗
n

- absent from RMT

• Why ?



✗(A) =E[eiTrA✗n ]

Wigner Gaussian Invariant

✗ (A) =eiTrA2✗ too
easy ✗ too hard



Invariant Ensembles

• Spectral theorem : ✗
n

= UnBulli
,
with independent

eigenvectors Un and eigenvalues Bn = diag ( b , ≥ . . .

≥ bn )
.

• Characteristic function :

✗ (A) = Egg
,
un,
[ eiTrAUnBalli

'

]

= Epg fungi
TRAUBNU

"

du
.



New Kernel
,
New Problems

• RMT analogue of the scalar (and vector ) Fourier kernel eia×

is the unitary matrix integral

In (A.B) =/ EITRAUBU
_ '

du
.

UCN )

• Oscillatory integral over a compact real manifold of dimension N ?

• No existing tools for N→a asymptotics.



Stationary Phase
• Rescale to get order N2 action ,

In :=/ e.
INTRAUBU

_ '

dU
.

U(N)

• Find stationary points of the action
N

NIAUBU" = N[ a.be/UueI ?
K
,
L =/

• Linear functional on Birkhoff polytope - extreme points are

permutation matrices .

• Stationary phase approx → determinant.



Theorem (Harish - Chandra
, Itzykson - Zuber )

This is how complicated the kernel In = In /A.B) is :

detfeia.be]
In = constr ☐(A) (B)

•

Useless for N > • asymptotics; have to find another approach .



Analytic Continuation

• Make everything complex :

-w

= /EZNTRAUBU
"

T DU
.

UCN)

• Entire function of 2N +1 complex variables : 2- and eigenvals
an . . _

,
an , bi , . . _

, bn of A.Be gln (E) .

• Reverts to RMT Fourier kernel on IR ✗ IRT becomes

random matrix partition function on 112×112?



Gibbs Measure

• In restricts to partition function of Gibbs measure
on UCN ) : inverse coupling 2- c- IR

,
Hamiltonian

N

H = N [ aibj /Uijl ?
i.j =L

external field parameters an . . .

,
an

,
b.
, . . . ,bn c- IR

.

• Large N behavior of Fn = log In anticipated by analogy with
Hermitian matrix models

.



Theorem ( Eridani - McLaughlin )
There exists e > 0 such that free

energy Fn = log Zn of
Hermitian one-matrix model

E. =/ etNTr✗
"

tlnldx )
,
Re ( t ) < 0

,

HLN)

satisfies

Fn =[N2 -↳ Fg + ◦ (N
"" )

9--0

as N→ ,
for each the /No

,

with error uniform in 1- c- I - E
,
O]

,
and

Fg = Fg (t ) generating fan for genus gquadrangulations , which converges
uniformly absolutely for It / ≤ E.



• Existence of asymptotic expansion in Hermitian matrix models :
Coulomb

gas spectrum , orthogonal polynomials .

• Topological interpretation : Wick calculus
.

• Alternative approach (Guimet) : Schwinger - Dyson equations plus
concentration inequalities .

• HCIZ matrix model not an eigenvalue model ; use second approach .



Theorem ( Guionnet - Novak )

For each ke IN. there exists Eu > 0 such that

K

Fn =[ N2 -28 Fng + ◦ (N
""

)
g=o

as N→ no , where the error term is uniform on compact box

Bn (En) = [ - Eu
,
e.] ✗ 1122N c 1122N

"

I t
inverse external
coupling field

and

sup I / Eg He <°.

NEIN



Demerits

• Argument does not extend to complex parameters .

• Box thickness E.→ 0 exponentially in K .

• No topological description of Fng .



Further Motivations

• HCIZ in Hermitian multimatrix models :

Zn =/ eNTr(H✗
. ) +KIX.) + 2-✗×. )

µ2(DX
, ,
d Xz )

HCN )2

• HCIZ in Hermitian matrix models with external source :

zn =/eNTrM×)+A✗)µn(DX) .
HCN )

• HCIZ in representation theory :

2-
µ

=

✗Cbi . . . ,bn )
(EA)

✗ (b. . . . ,bn ) ( eco)
'



Topological Expansion Conjecture (QFT 1980)

There exists E > 0 such that , for each KE No
, we

have

k

log / EZNTRAUBU
"

d U = [ N2-29 Fng + ◦ (N2
-")

UCN)
9=0

as N→ •
,
where the error term is uniform over / 2- / ≤ E

and tail
,
/ bit ≤ I , and the free energies are analytic functions

of 2-
,
a , , . . . .an ,

bi
,
. . .

,
bn whose modulus is uniformly bounded in N ,

and which are generating functions for combinatorial invariants
of compact connected genus g Riemann surfaces .



Theorem (Novak) : The topological expansion conjecture is true :

there exists E >0 such that
,
for each KelNo

,

K

log ↑
"AUB"

"

du = IN
"

Eg + ◦ (N
""

)
g--0

as N→•
,
where the error term is uniform on (e) c

"

and

¢ , [ Palau
.
- saw) pp (bi , - →b) (1)

"" +%)

µ (ap)E. =[
2-
°'

Nets )
01=1 xp +a

N
""

converges uniformly absolutely on (E ); the topological invariants

xp ) are the monotone double Hurwitz numbers .



Theorem (Novak) : Analogous statement for the BGW integral :

there exists E > 0 such that
,
for each K c- No

,

k

tog / eZNTr(All + BUY DU =[N
""

Fng + ◦ (N
2-")

UCN ) g--0

as N→ ×
,
where error term is uniform on (E) a ¢

""

and

Fng =[ 2-
"'

[ Pink
" -

"
"I a)
"" + ᵈ

(a)
D= ,

°"

and
New

converges uniformly absolutely on (e) with a , . . ..cn eigenvalues of C-- AB ,

and Ñg(a) = Ñg(a F) are the monotone single Hurwitz numbers .



Proof : The strong coupling expansion (Wilson 1974)

and the large N expansion (
'

t Hooft 1974 ) are

analytically compatible for sufficiently small complex

parameters .

QED
.



Probability Several Complex Variables

In = / e. 2-NTRAUBU'd U = In ( z
an - - -

,
an

b.
, .
. .

,
bn)

U (N)

• Have : In = I on infinite coupling hyperplane { 2- =0 } a 62?
'

- Make : Cut out closed unit polydisc CET embed in { 2- =0 } c EY
"

thicken out to closed polydisc (e) of polyradius ( E, I , . . . , 1) in ¢
"?

- Want : Asymptotic of Fn = login on (e) as N→ • with e >0

fixed
.



• Obstruction : Could be that
,
for
any

e > 0 we choose ,

hypersurface {In = 0 } intersects polydisc (e) non- trivially
in

" for infinitely many N c- IN
.

az

{ In = 0}

[ curve depends on N

E

- I 1
>

¢2N
-E



Strong Coupling Expansion

- Non - vanishing constant : if IS > 0 such thats In ≠ 0 on

( s ) for all N c- IN
,
then conditional proof ?

- E = log In belongs to Banach algebra (On CSI, II. lls ) for

all NEIN
.

- Strong coupling expansion = Maclaurin series
.

E. = [ 2÷Eᵈ ,
Fi
'

:c
"

> e.

D= I



Large N Expansion
- QFT ansatz : strong coupling coefficients stratify topologically as N→q

✗

Fd ~ [ N2-29 Fd
N Ng

'

9--0

- For each fixed de IN and ke /No
,
have

k

tim N
"

-21/ Fi
'
-IN

"
' F' 11=0

,

ngN > • 9--0

with Fᵈ : ¢
"

> 6 horn
. deg . d polynomials such that

ng

sup HE;H < no .

N c- IN



• Large N ansatz unknown in this context ( lattice QCD) .

• We can give it a topological meaning :

✗

Fwd ~[ N2 -29 # {
branched covers of P'(E)

, degree d , }
,genus g , specified branch locus

9--0

✗

. Second obstruction : [ Fyᵈ is 11.11 - absolutely convergent if
D= I

d ≤N ( "stable
range

"

)
.







Full Claim

Stable Nonvanishing Constant : There exist 8>0 such that

In =/ e
2-NTRAUBU

-1

du is nonvanishing on (8) for all N c- IN
.

UCN)

Stable Topological Constant : There exists y >0 such that

Eng =[ 2¥. Fngd converges uniformly absolutely on Dlr) for all NEIN , go.IN. .
D= 1

Asymptotic Interchange Constant : There exists 0 - e ≤ min (Gr )
such that

/ im N
""

// Fn - ÉN"E.gl/.=0V-ketNoN-x.g--o



FINITE N



Feynman Diagrams For Haar Measure

. Coupling expansion :

✗

In = / +[ 2-
d
-
d

d = ,
d ! tn .

' Coupling coefficients are polynomial Haar integrals .

. Actually , BGW integral is generating fan for Haar correlations .



/ eZNTr(All + But )
= / +[ Z

"

d !d ! N
"

×

D= I
-

UCN)

[, Aiaija) . . _ Aicdjcd) Bila,ja, . . _Bad
)j(d) /Uiaija, . . . Uicdj(d) Uiaijai . _ _ Uiicdlj' (d) DU .

iijiiij
'
c- Fun (d,N) UCNI

' For / ≤ d≤ N ,
reduce to permutation correlates :

?

Wgn (t ) = /Un . . . Udd Unia, . . . Udaya,
du = [

UCNI {diagrams }



'



A fragment of 5 (d)

4 3
3

4¥-2
4

1- = (
"" %,

I Jz J4



Theorem ( Novak)

For
any

/ ≤ d≤ N , any ✗
1-d
,
and any

a- c- 5 (d)
,

✗

µ " "
- Udd Um-ai.._U dU =

a [ f 1)
r %)

N
r

'

UCN ) r=o

where (a) is number of r-step monotone walks from

id to it on S(d)
.

(This is a disconnected monotone Hurwitz number) .



Corollary : We have

feZNTr(All
+BUT
du

UCN )

N

= / +[
z2ᵈ

µ ,

di
.

N'[ PIAB)[ fnt)ʳÑTa) +0 (Entz)
✗ 1- d r=O

/EZNTRAUBU
"

du

UCN )

N

= / +[ 2-
d

ou
.

[ palA) ps(B)[ 1-ITVK.rs ) +01£"" )
01--1 ✗ 1- d r=0



Infinite N



Bolt Periodicity

IT
, Ñz IT

} 11-4 ITS ITG IT
> Its Iq Mo .

UIII I O O O O O O O O O

UK ) I 0 7L % % In Zz K % %
← Unstable

4131 2 0 20 2 74 ? ? ? ?

UH 2 O R O E O E ? ? ?

UH 2 0 I 0 I 0 I 0 2 ?

↑
stable

Ufo)= / im
,

UCN)



stable BGW and HCIZ

fezti
"Tr(All + BUT

du = / +[ 2-
"

ti
"

[ palA)[ C-KTW
>

Ya)
Ufo) 01=1

°"
and r=o

fez-KTRAUB.lt
' •

DU = / +[ zd
D= ,

d ! [ PIA)p(B)[ l-KTWYa.gg
Ufo) and r=o

Std



.

Counting Counting
Walks Functions



Topological Interpretation

" Monotone Hurwitz numbers : H'g. (aps ) = W'
29-2+41+4 ) (ap ).

zti 'Tr(All + BUT

Je du = / +[ 2-
"

*,
hyeon ,

the""ᵈ [ 1h29 -2 (a)
D= ,
d! [ RCA )

g = -
x

UH

f
2-4-

'

TRAUBU
"

dU= / +[ zde

µ ,

d , [ RCA ) ps(
B)

and
field piece,

C- 1)
"""""[ 1h29-2-Hjf.gg

Ufo) g=
-no

Std



Stable Free Energies

log / e£ʰ"Tr(
All +Buy

dU

UH

0

=[ 2-
"'

d! [ RCA )
✗+a

field
1- 1)
""" [ 1h29 -2 # (a)

D= I 9--0

log/ e.
2-4
"

Tr AUBU
"

du

UH

=[ zd
D= ,

d ! [ RCA ) ps(
B)

and
field pieces

G)
"""""[ 1h29-211g (ap)

9--0
Gtd



Stable Topological Expansion

log / e£ʰ"Tr(
All + BUT •

du = [ tis
"

Fg .
UH g=o

§ =§
£
"

d! [ RCA )
01=1 and

field
1- 1)
"" +ᵈ_Hj(a)

logfe2-KTRAUB.lt
'

•

du = [ tis
"

Fg .
UH g=o

•

Fg=Ezᵈ
D= ,

d ! [ RCA ) ps(
B)

and
tie"' pieces

C- 1)
""""" H-gk.gg

Gtd



Large N



Holomorphic Candidates

Theorem : There exists r > 0 such that

f- I, [ Pala
" - →
an)p(b. i. bn) (- 1) ""

+% '
H'gyp,

ng
=[ 2-

ᵈ

Nlkl Nets )
01=1 xp td

converges uniformly absolutely on (8) for all N c- IN and getNo .

stable topological constant exists



Mystery

i Univariate power series Fg =£ ?ÉÑg( 19K) has radius
d =L

2of
convergence Zc = 27

.

" Based on parameterization of tg by IT ( } , 43,32 ; 22 Z )
.

27
.tim his log / {finite groups of order p

" } / =
2

N→a



Disconnected by Necessity

" Impossible to compare E. = log In to ÉN
"

Eg in

9=0

⑥ (8)
,
II. Hr ) because of complex zeros .

i Have to work with disconnected topologies : topologically
normalized partition function

- ÉNZ-29 Fy f@ZNTRAUBU
"

Ion
,

= e 5-° du c- Q (r).
UCN)



Theorem : Topological expansion of E. = login is equivalent

to topological concentration of In : there exists 0 - e ≤2

such that for each K c- IN
.

He
-É◦N"E9 In -111

,

= QIN
""

)

as N→x
.



i Can see topological concentration easily at N=• : it 's topological
cancellation

.

g
Éh
"

Tr AUBU
" £42s-2-5 { his

-2

Fg
9 25-0e du = es

"

UH

dll = @

"

43-25-1£ has -afgfezti
'

Tr AUBU
"

y@
9--0

⇒ UH
surfaces of genus
✗ ≥ KH

e-gÉ=◦h%2FfeZh
"

Tr AUBU
"

du = 0th
"

)
⇒

UH



A Possible Program
" How to reconcile formal and convergent topological expansions?

Step I : Find holomorphic approximation of partition function .

Step 2 : Determine holomorphic candidates using topological recursion .

Step 3 : Prove topological expansion of free energy by

establishing topological concentration of partition function .

- END -


