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first order moment-cumulant relation

» let us recall that the moment-cumulant relation

> m, = Z K yields the relation
7eENC(n)

n
> my, = Z Ks Z m;, - - mj, (mp = 1), which in turn

ilrn-/is 20
ij 4 Fists=n

yielded
> M(z) = C(ZM( )) where

> M(z) —1—|—Zmnz and C(z —1+Zan
n=1
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second order generating function relation
> R(z) =«x1 + Kzz—i— ng + -

> G(z) = 1 + — + Y +
1

>z = _—— e R(G( ))

My n
> G(z,w) = m%l gt
» R(z,w) = Z Km,nzmilwnil

mmn>1
> G(z,w) =
G'(z)G'(w)R(G(z), G(w k’g (UG = ;/G )
1/G

02 o ( (z) — 1/G( ))  G(z) (W) 1
020w 8 zZ—w (G(z) = G(w)?2  (z—w)?
let { = G(z), w = G(w) then we rewrite:

[(z—w) 24 G(z,w)] dzdw = [({ — w) 2 + R(¢, w)] dldw
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second order free cumulants
> Snc(m,n) ={m € Sppn | 17+ 10 Y nl = byl + 2} is the set
of non-crossing annular permutations

» PSyc(m,n)’ are the non-crossing partitioned permutations
(U, t) where UV v = 1,,, and
n=m X m € NC(m) x NC(n).

> PSnc(m,n) = Syc(m,n) U PSyc(m,n)’
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step I-1

My = Koo + 4K1Kpq +4K%K1,1 + 4k4 + 8Kk1K3 + ZK% + 4K%K2

@X 8
K Ky
X4

\SN( (7—:7)\ =413

&
K
D-
M= KK,

0y Km= 4Kyt BKikt+ 2+ 4K, k-

€ Spc(12)
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step I-2

\Ouc (2.23/ SSB (22)
@) 4 <<§ ) #4
Koo FS::;,“

X2
®
@ N
o Kk,

6/12



(l

KVL \ R—w\\\k - Z: o

7v € alcl [Wl\v\)

Boez & Ky + LK
K= 2K
(\k/‘\l K?‘

b o a ZZ) Ko = 20 %/[U,vr)

7t Suclmay (u,’ﬂ) € SNC[V",VD/
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step I-5

(U



step 1-6, for a general power series F

> letF(z) =1+ Z a,z" be a formal power series

> letF (z,w Z oclﬂz
ij=>1

> then ?(Z,w) =1- zF(a;):;;)F(Z)
> let Si‘,lcl(m, n) = {m € Syc(m, n) | all cycles of 7 are through

cycles}

let &y, = Z oo

let ?(Z,w) = Z &z W"

v

v

> then F(z,w) = —zwaa log (1— F(z, w))

proof!: &y, = Z Z Z NNOG 4 jy * Ky,
P21l ey 2l i1

i1+ tip= m]1+ +],_n
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step II

> suppose we have cumulant sequences {k; },>1 and
{Km,n}m,n>l
> letM(z) =1+ Z muz" where m,, = Z K.
n>1 7teNC(n)
> let H(z,w) = Z Kmnz ' w", where Ky = Kmn + Rimn
mn>1

» then my,, = Z K(u,n)
(U, t)ePSnc(mn)!

» then M(z, w) = H(zM(z), wM(w)) <1 + Zﬁ;g) (1 + w%(lgf))

proof!: Ky, =

Z Z Z Ek,lKil"'KikKjl"'Kj1(1+i1 +j1+i1j1)
kI>1 iy,...i; =0 j1,---j120
ir+-Figtk=m j 4+ +H=n

then use that H(z, w) = C(z,w) + C(z, w)
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