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first order moment-cumulant relation

I let us recall that the moment-cumulant relation
I mn =

∑
π∈NC(n)

κπ yields the relation

I mn =

n∑
s=1

κs
∑

i1,...,is>0
i1+···+is+s=n

mi1 · · ·mis (m0 = 1), which in turn

yielded
I M(z) = C(zM(z)) where

I M(z) = 1 +

∞∑
n=1

mnzn and C(z) = 1 +

∞∑
n=1

κnzn
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second order generating function relation
I R(z) = κ1 + κ2z + κ3z2 + · · ·
I G(z) =

1
z
+
α1

z2 +
α2

z3 + · · ·

I z =
1

G(z)
+ R(G(z))

I G(z, w) =
∑

m,n>1

mm,n

zm+1wn+1

I R(z, w) =
∑

m,n>1

κm,nzm−1wn−1

I G(z, w) =

G ′(z)G ′(w)R(G(z), G(w)) +
∂2

∂z∂w
log
(1/G(z) − 1/G(w)

z − w

)
∂2

∂z∂w
log
(1/G(z) − 1/G(w)

z − w

)
=

G ′(z)G ′(w)

(G(z) − G(w))2 −
1

(z − w)2

let ζ = G(z),ω = G(w) then we rewrite:

[(z − w)−2 + G(z, w)] dz dw = [(ζ−ω)−2 + R(ζ,ω)] dζ dω
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second order free cumulants
I SNC(m, n) = {π ∈ Sm+n | |π|+ |π−1γm,n| = |γm,n|+ 2} is the set

of non-crossing annular permutations
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I PSNC(m, n) ′ are the non-crossing partitioned permutations
(U,π) where U∨ γ = 1m,n and
π = π1 × π2 ∈ NC(m)×NC(n).

I PSNC(m, n) = SNC(m, n) ∪ PSNC(m, n) ′
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step I-1

m2,2 = κ2,2 + 4κ1κ2,1 + 4κ2
1κ1,1 + 4κ4 + 8κ1κ3 + 2κ2

2 + 4κ2
1κ2

/Swelled ) / = 18

✗4 ⑧ ✗ 8

1h4 Kik}

⑧ ✗ 2 " ✗4
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Kit kikz

[ K*= 41<41-81418+2Kit 41%142
ITC- Sµc(12.2)
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step I-2
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step I-3

Let Ñn=kn
, Ema = [ kit

a- c- Snack /men)

152,2 = 4144+21422

Ñeii = 2kg

KT
, ,
= K2

hemma- Is Kit = % ÑU
.it)

* tsnclm.us/U,tDEPsNcCm.nX
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step I-4

"
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step I-5

.

At⇒
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step I-6, for a general power series F
I let F(z) = 1 +

∞∑
n=1

αnzn be a formal power series

I let F̂(z, w) =
∑
i,j>1

αi+jziwj

I then F̂(z, w) = 1 −
zF(w) − wF(z)

z − w
I let Sall

NC(m, n) = {π ∈ SNC(m, n) | all cycles of π are through
cycles}

I let α̃m,n =
∑

π∈Sall
NC(m,n)

απ

I let F̃(z, w) =
∑

m,n>1

α̃m,nzmwn

I then F̃(z, w) = −zw
∂2

∂z∂w
log
(
1 − F̂(z, w)

)
proof!: α̃m,n =

∑
r>1

∑
i1,...,ir>1

i1+···+ir=m

∑
j1,...,jr>1

j1+···+jr=n

i1nαi1+j1 · · ·αir+jr
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step I-7

#⇔ = t

É ,=n° ways toEE place 1 in blocks

N = no ways

to position •

contributionof Kth
cycle is

Kiktighe
= [ I % 2in ✗

iitj
,

" ' tirisr
⑦
Min r≥ , i , , . . .ir≥ / It . . -5+71

Éitizt - -- + iv. m Jitjzt ' - ' 1- jr=n
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step II
I suppose we have cumulant sequences {κn}n>1 and

{κm,n}m,n>1

I let M(z) = 1 +
∑
n>1

mnzn where mn =
∑

π∈NC(n)

κπ.

I let H(z, w) =
∑

m,n>1

κm,nzmwn, where κm,n = κm,n + κ̃m,n

I then mm,n =
∑

(U,π)∈PSNC(m,n) ′
κ(U,π)

I then M(z, w) = H(zM(z), wM(w))
(

1 +
zM ′(z)
M(z)

)(
1 +

wM ′(w)
M(w)

)
proof!: κm,n =∑
k,l>1

∑
i1,...ik>0

i1+···+ik+k=m

∑
j1,...jl>0

j1+···+jl+l=n

κk,lκi1 · · · κikκj1 · · ·κjl(1 + i1 + j1 + i1j1)

then use that H(z, w) = C(z, w) + C̃(z, w)
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