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PLAN

@ Definition of STAR-1
@ Definition of index
© Lower Estimate Theorem (LET)

Cochains of class FC' admit the following lower estimate:

|F| = exp(—C&) on (RT, o)

for some C > 0.
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How the multiple exponentials occur? Consider a composition

Ino(id + ¢) o exp, p = exp(—E).
We have:

In(exp ¢ + exp(—exp()) = ¢ + In(1 + exp(—expC — ())

(_1/2k_1e><p(—k exp  — k)

1exp( k¢)
k
Where is the exponent and where is the coefficient?

=(+%

=+ X(-1)k exp(—kexp ().
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STAR-1: first steps of the definition

STAR-1 has the form
r =17aexpey, (1)

where e; are exponents, and a; are coefficients, all to be
defined. A STAR-1 has an index: a finite subset of (0,1). The
index is not uniquely defined: the same series may have
different representations, and the index depends on the
representation.
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Exponents and coefficients

The set of exponents is denoted by E!, the set of coefficients
is K.

The coefficients have non-negative rank. The set of all the
coefficients of rank r is denoted by K"

Yu. llyashenko FINITENESS THEOREMS FOR LIMIT CYCLES



Exponents of class 1

Definition (exponents and principal exponents)

The set E' of exponents of the series of class 1 does not
depend on the rank. It is a special set of all partial sums of
the generalized exponential Dulac series with non-negative
exponents no greater than 1. Namely,

E'={ele=) Pi¢)epucl,

where the sum is finite, P; are real polynomials, and
w; € [0, 1]. Moreover, if i =1, then P; = const. The
principal exponent of the term exp e is the limit

v(e) = lim )

(R+,00) exp €

This limit exists by definition of E*.
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Coefficients and series of class 1,0

Definition

K = FC° ind (a € K*°) = 0.

Definition
EW s a set of all STAR-(1,0):

(Z € &%) =Xajexpe;, e, € E', a;€ K
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Standard domains of class 1 and decomposability

Definition

Standard domain of class 1 is a domain of the form
Qc = &¢(CY),

where

%:mc(u&), = €\ Ke, K. = {ClId] < €}

The set of all such domains is denoted by ;.
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LET-1.0 for FC°

Definition (plus-decomposability)

A sectorial cochain F is plus-decomposable in a STAR-(1,0) X
provided that there exist a standard domain Q of class 1 and
e > 0 such that for any v > O there exists a partial sum Ly of
Y that approximates F o exp with an accuracy exp(—vexp§):

|F oexp—Xpy| < exp(—vexpé) (2)

in the intersection InQQ N HE. Here HF is the e-neighborhood
of the upper half-plane.
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Cochains of class FC*° admit the following lower estimate:
|F| = exp(—C¢&) on (R, 00)

for some C > 0.

Proof.

Take F € FC'°. Let ¥ be an asymptotic series for F. We
may assume that the exponents e; have no terms a{ + f3 or
else they will be absorbed by the coefficients:

bj = ajexp(ag—l—ﬁ),aj € FC' = bj e FC°.

[

<
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Proof.

Take a partial sum X of X that approximates F with the
accuracy R rapidly decreasing. Let h be the maximal exponent
of Xy. For any other exponent e,

e=h o on (R, 00) (3)

§

Then
Yy=exph(a+ Ry),

Rl = Zaj exp(ej — h)
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Proof.

By (3), R decreases on (R", 00) faster than any exponent,
because a; grows no more than exponentially. The same holds
for exp(e; — h). By LET for FC°,

|a1| > exp(—C¢&) on (R, 00) for some C > 0. Hence,

Yy - exp(v —e)expé,

where v is the principle exponent of h, e > 0 is arbitrary. O

<

Yu. llyashenko FINITENESS THEOREMS FOR LIMIT CYCLES



Plan of the definition of FCY"

This definition is given by induction in r. Base of induction
and the step from 0 to 1 are already done.

Given the set K1 (coefficients of class 1 and rank r) we define
the set 1" of STAR-(1,r) as the set of series of the form

Y = ajexpej,e; € E', a; € K.

Given the set £ we define the set F1 .

Given the set 71" we define the set X'"*!, and thus complete
the induction step.
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The set FL7

Definition (plus-decomposability)

A sectorial cochain F is plus-decomposable in a STAR-(1,0) X
provided that there exist a standard domain Q of class 1 and
e > 0 such that for any v > O there exists a partial sum Ly of
Y that approximates F o exp with an accuracy exp(—vexp§):

|F oexp—Xpy| < exp(—vexpé) (4)

in the intersection InQQ N HE. Here HF is the e-neighborhood
of the upper half-plane.
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The sets ICL7, £, FCH

Definition
Set

L+l — el Upe(0,1) FCY o exp oLt. (5)

Thus, by induction in r we defined the series and cochains of
classes £V, FCY' respectively for all r € Z*. Equalities

gL = UpeYr, FCt = Uy FCH

complete the definitions of series of class STAR-1 and
cochains of class FC*.

This completes the definition of the class FC!, modulo the
definition of index.
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A typical coefficient a of a STAR-1 is
a=Foexpou, u€(0,1), Fe FC.

The index of a partial sum of a STAR-1 takes care of all the

1's that occur in the coefficients of this sum. But some p's
are hidden in F.
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Definition of the index

It is given by induction in r.

Definition
(base of induction) Let F € FC'°. Then ind F = ().

Definition

(induction step) Let ind be defined on K. Let us define it
on EY. Let ¥ =Yajexpe;, a; € KM, Then

ind ¥ = Uind a;.
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Definition of the index of a cochain

Let F € FC*', and ¥ € EY" be an asymptotic series for
F o exp. Then

ind F = ind X.

An asymptotic series for F o exp is not uniquely defined. So in
fact we define an index of a pair F,%. Yet we write ind F for

simplicity.
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Definition of the index for 171

Definition
Let a € KV L. Then either a € K" (and then ind a is
defined by the induction assumption) or

a=Foexpou, Fe FC", ne(0,1).

Then

ind a= (ind F) - pU{u},

This completes the induction step in the definition of the
index.
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Principle representation theorem

Theorem

Let ¥ be a non-zero non-contructable partial sum of a
STAR-1 with an index

ind Xy = (pa, -« i), e € (0,1), e N\,

Then X admits the following representation:

ZN = exp hl(exp h2( .. eXp h,'+1(8 aF Ri+1) o0 ) I R]_),

where a € FCy,
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Theorem

h, € El, h, € El O k-1, (6)
and either hy =0, or

hy

€Xp Otk

— 00 on (Rt,00), k=1,...,1,

h,
5 % on (R, 0).

§

The reminder terms are partial sums of STAR-1 and satisfy
the relations

|Ri| < exp(—vexpoux)V v >0 on (R",00), k=1,...,i,

|Rii1| < exp(—v€) Vv >0 on (R, ).

v
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| ower estimate theorem LET

Cochains of class FC*° admit the following lower estimate:

|F| = exp(—C¢) on (RT,o0)

for some C > 0.

Proof.

Let us take a partial sum of a STAR-1 ¥ that approximates
F o exp. Suppose that

ind ZN = (Ml; ,u,)

By the previous theorem

Yy=exphi(exphy(...exphjii(a+ Riy1)...) + Ru),




Base of induction

Let

Sk—1 =exphy(exphiia(. . exphipi(a+ Rip1)...) + Re),
Then ZN = 50, 5,' = exp h,'+1(a aF Ri+1).
We will prove the theorem by the inverse induction in k:

Jr

|Sk_1| = exp(—Cexpouk_1) on (R™,00), o =1.

Base of induction: |S;| > exp(—C exp op;).
hii1 € E'opj = hiy1 = —Cexp(p;€) =
lexphia(a+ Rit)l = exp(—Cexpop).  (7)
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Induction step

Proof.
Induction assumption:

|Sk| > exp(—C expopy) on (RT, 00). (8)

We want to prove:

|Sk_1| = exp(—Cexpopi_1) on (R, 00). (9)

We have:
Sk—1 = exp hy (S + Ry).

By (8) Rk = o(S«k).
Together with relation hy € E* o jux_1 this implies (9).

O
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General outlook

Figure 1: Graph of the characteristic of a composition
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