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Tame topology/geometry

Grothendieck ’84

... After some ten years, I would now say, with hindsight, that “general
topology” was developed by analysts and in order to meet the needs of
analysis, not for topology per se ...

O-minimality is a candidate theory of tame topology:

Meets many of the criteria suggested by Grothendieck, e.g. allowing
stratification and triangulation.

Contains moduli spaces of algebraic curves and abelian varieties
(Peterzil, Starchenko), recently extended to more general variations of
Hodge structures (Bakker, Brunebarbe, Klingler, Tsimerman).

Deep impact on arithmetic geometry (Pila et. al.).

However, to paraphrase,

“o-minimality” was developed by real geometers and in order to meet the
needs of real geometry, not for arithmetic geometry per se.
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How tame geometry impacted Diophantine geometry

For X ⊂ Rn denote

X (g ,H) := {x ∈ X : [Q(x) : Q] ⩽ g ,H(x) ⩽ H}. (1)

The story started with the celebrated Pila-Wilkie theorem:

Theorem (Pila-Wilkie)

Let A ⊂ Rn be definable in an o-minimal structure. Then for any ε > 0,

#Atran(g ,H) = OA,g ,ε(H
ε). (2)

Aalg is the union of connected semialgebraic curves in A.

Atran := A \ Aalg.

It turns out that o-minimally tame sets are, in a sense, tame from the
point of view of diophantine geometry as well...
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An example: baby Manin-Mumford

Theorem (Laurent, conjectured by Lang)

Let V ⊂ (C∗)2 be an irreducible curve which is not a coset of a subgroup.
Then V contains finitely many torsion points.

Rough idea following Pila-Zannier (or Sarnak):

Let π : [0, 1]2 → (C∗)2 given by π(t, s) = (e2πit , e2πis).

Let X := π−1(V ). Definable in Ran.

X contains no semialgebraic curves (“functional transcendence”).

P-W =⇒ #X (1,H) = OX ,ε(H
ε) for any ε > 0, say ε = 1/3.

Now, let (p, q) = π(s, t) ∈ V be torsion and H = H(s, t).

Cyclotomic theory =⇒ (p, q) has ≳ H1/2 Galois conjugates.

Each conjugate ↔ a point in X (1,H) =⇒ #X (1,H) ≳ H1/2.

Contradiction for H ≫ 1.
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Limits of o-minimality

This strategy works when one has lower bounds on Galois orbits:

David, Masser: for A an abelian variety and p ∈ A an N-torsion point,

[Q(p) : Q] ⩾ const(A) · Nc . (3)

Tsimerman: for p ∈ Ag a CM abelian variety (principally polarized),

[Q(p) : Q] ⩾ const(g) · disc(p)c . (4)

Proofs use transcendence methods, in some sense similar to proof of P-W.

Transcendence methods and P-W both use auxiliary polynomials to
explore algebraic points on transcendental sets.

We just don’t know enough about how general definable sets interact
with these auxiliary polynomials.
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Pushing the limits

The O(Hε) asymptotic in P-W cannot be sharpened in general. But

Conjecture (Wilkie ’06)

If Γ is definable in Rexp then

#Γtran(g ,H) = polyΓ(g , logH). (5)

A few years ago Schmidt made the following discovery.

If this conjecture holds for a large enough structure, Galois-orbit lower
bounds would follow for abelian varieties, Shimura varieties, (...?)

Let p ∈ C∗ be a root of unity of order N and g := [Q(p) : Q].

Let Γ be the graph of e2πit : [0, 1] → C∗.

pj gives a (g ,N)-point on Γ, for j = 1 . . . ,N.

(5) =⇒ N ⩽ #Γtran(g ,N) = poly(g , logN) =⇒ N = poly(g).
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What a general theory might look like

Think of an o-minimal structure X as a collection of definable sets and
consider a double increasing filtration

X = ∪F,D∈NXF,D , XF,D ⊂ XF+1,D ∩ XF,D+1.

Say that sets in XF,D have format F and degree D.

Call X sharply o-minimal if for any k sets Aj ∈ XFj ,Dj
:

1 ∪jAj has format F and degree D.

2 ∩jAj has format F + 1 and degree D.

3 Ac
j and πm(Aj) has format Fj + 1 and degree Dj .

where F = maxFj and D =
∑

Dj ,and

1 Alg. hypersurfaces {P = 0} ⊂ Rn have format n and degree degP.

2 # of conn. components of A ∈ XF,D with A ⊂ R is polyF(D).
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Is this a reasonable notion to consider?

Khovanskii’s theory, one of the origins of o-minimality, has this “sharp”
flavor for systems of equations. What about structures?

Gabrielov-Vorobjov almost built a s.o.s., but their Ac had format
depending on D,F rather than just F. One letter ruins everything!

If A1, . . . ,AN ∈ ΩF,D are subsets of Rn, is there a cell-decomposition with
polyF(N,D) cells, each of format const(F) and degree polyF(D)?

We don’t know! To me this would render the whole thing pointless. . .

Theorem (B.,Vorobjov)

There is a different filtration Ω∗ with which the restricted Pfaffian
structure is s.o.s., cell-decomposition above holds.

In preparation (Zak): any s.o.s. can be modified to enable cell decomp.
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Some conjectures

Ran is o-minimal but not sharply: there are analytic Γ ⊂ [0, 1]2 that can
intersect {P = 0} in more than polyΓ(degP) points.

Γ may be “tame” for real-geometers, but not for diophantine geometers...

Conjecture

Arithmetically interesting functions live in a s.o.s.

Conjecture (Wilkie for sharply o-minimal structures)

If A ∈ ΩF,D in a s.o.s, then

#Atran(g ,H) = polyF(D, g , logH). (6)

Theorem (B.-Jones-Schmidt-Thomas for rest. Pfaff)

If A ∈ ΩF,D in a s.o.s and ε > 0 then

#Atran(g ,H) = polyF,g ,ε(D) · Hε. (7)
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Masser-Zannier on Pell

Consider Pell’s equation for fixed D ∈ C[X ]

A2 − DB2 = 1

and try to solve with non-zero A,B ∈ C[X ]. In the integers this is always
solvable unless D is a perfect square. How about with polynomials?

Theorem (Masser-Zannier)

Let D ∈ C[x , t]. There is a criterion for whether Pell is solvable for
infinitely many t or for finitely many.

Using s.o.s. theory, we can prove

Theorem

One can effectively check the criterion, and when the set of t is finite one
can compute it in polynomial time.
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Masser-Zannier on elementary integration

Consider an algebraic fuction f (x) and try to integrate it in elementary
terms (using algebraic functions, exp and log).

Theorem (Risch)

There is an algorithm to determine whether f (x) is elementarily integrable.

Hoe about a family of functions f (x , t)?

Theorem (Masser-Zannier)

There is a criterion to determine whether f (x , t) is elementarily integrable
for infinitely many t or for finitely many.

This hasn’t been carried out, but s.o.s. would very likely give

Conjecture

One can effectively check the criterion, and when the set of t is finite
compute it in polynomial time.
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Zannier-Corvaja on Billiards

Consider an elliptic Billiard table T with interior T◦ and boundary ∂T.

A billiard shot (p, v) is a trajectory starting at p ∈ T with direction v and
bouncing off when it hits the wall.

Theorem

Let p1, p2 ∈ T◦ and p3 ∈ ∂T. Then there are finitely many shots (p1, v)
passing through p2 and hitting p3, unless p1, p2 are the foci.

Theorem

Suppose T is not a circle and fix p ∈ T and α ∈ (0, π). Then there are
finitely many v such that the shots (p, v), (p, v + α) are both periodic.

Likely consequence of s.o.s.: one can effectively determine these finite sets
of shots.
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Galois lower bounds

If p ∈ S is a special point in a Shimura variety S,

[Q(p) : Q] ⩾ const(S) disc(p)c for some c > 0. (8)

Tsimerman ’15 proved this for S = Ag as a consequence of:

Height bound: logH(p) ⩽ const(ε,S) disc(p)ε for every ε > 0.
Masser-Wüstholz isogeny estimates.

Neither ingredient is avilable for general S.

Theorem (B.-Schmidt-Yafaev April ’21)

Height bound =⇒ Galois bound for every S. (Based on polylog counting).

Theorem (Pila-Shankar-Tsimerman Sep ’21)

Height bound holds for general S.

Together these results finish the proof of André-Oort for general S.
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