Singular Foliations

We consider an n-dimensional analytic manifold M (real or complex)
An analytic distribution D on M is a coherent subsheaf of the sheaf of sections of TM.

At each point p, the stalk D, is generated by a finite set of germs of vector fields { X, ...,
Xk}

A (singular) foliation is an analytic distribution F which is involutive

Namely,

VX,YEfmI [X,Y]Efac

For pe M, let T, CT,M denote the subspace { X1(p),..., Xi(p)} (where {X;} generates
the stalk).

Note that p — dim 7, F is an upper semi-continuous function.
The dimension of F is generic dimension of 7,7

A leaf of F is a maximal connected immersed submanifold .. C M such that
VpeL: T,L=T,F

Integrability Theorem (Sussman): There exists a leaf of F through each point p € M.



Classical Frobenius Theorem: Let p € M be such that F locally defines a subbundle of
the tangent bundle T'M (i.e. TF is locally of constant dimension d).

Then, there exists local coordinates (x1,...,x,) such that
The leafs of F are locally given by

Tdg41=++" =Ty =const

where d =dim 7, F.

Singular example (with degeneracy of the rank): D is generated by xa—i + ya% and a%




In this course, we will be mostly interested in foliations by curves

In this context, we can assume the subsheaf D to be locally generated by a single vector

field.

A singular foliation by curves F on M is defined by a collection {(U;, ;) }ic1 where
1) (U;)ics is an open covering of M

2) 0; is an analytic vector field in U

Such that, for each i, j € I, we have
8@- = Pij 8j

for some non-zero analytic function ¢;; € O*(U; N Uj).
Each 0; will be called a local generator of F.

More generally, each vector field 0 with domain an open set U C M is a local generator if

0

UinU=¥i 0;
for some ; € O*(U;NU).

Remark: In general, we cannot expect to have a single global generator for a foliation.



We authorize reparametrizations of time

for the solution curves

In the real analytic setting, we usually demand that ¢;; > 0.




In local coordinates x = (x1,...,,), each local generator can be written

0 0
8—@16—5614—---4—0%87”

with a4, ..., a, analytic functions.

The singular set of F is the locally defined by the vanishing locus of the ideal generated
by (a1,...,a,)

Sing(F) =Z(a1,...,an)

Some simple examples. ..

Example 1:




Example 2:

0=f(x2+y2)<w i




Example 2:

flow box

In these examples, Sing(F) is a codimension one analytic subset.

We could potentially consider the so-called saturated foliation 7°2*, defined by %8

N
Z0N




Example 3:

0 0 0 0
2.0 9 0 LY
0= f(x +y)(ac(%+yay>+< y&t%—xay)

limit cycle



Example 4: (“singular perturbation problems”) IR® with coordinates (z, v, ¢)

0 0 0 0
2,29 0 LY
0= f(x +y)<a:ax+yay)+s( y@x+x6y)

Invariant fibration



Basic goals (in decreasing degrees of ambition)

1) Classify foliations analytically

2) Classify foliations C* or topologically

3) Determine the asymptotic behaviour of a typical leaf.

4) Obtain statistical information: e.g. invariant/ergodic transverse measures.
Local description: The foliation is locally trivial on M \ Sing(F).

We would like to understand the foliation in the vicinity of its singular points.
Thom: The singularities are the organizing centers of the dynamics .

As a first step, we would like to describe the transverse behaviour of the foliation by
looking at its so-called

Holonomy Groupoid









any path p— ¢ on L can be lifted to nearby leafs




hol: (X, p) — (2, q)

hol € Diff*(Z — Q)




Adding a singularity on the path...

hol ¢ Diff*(%, Q)

Sing !

In general, there is an intrinsic multivaluedness for such map.
This is a very well-studied problem for foliations in surfaces.
It is in the heart of the Hilbert’s XVIth’s problem.

(see the course of Patrick...)



Elementary germs - and some words about classical normal forms... (over C)
A germ of vector field 0 at p € M defines a derivation of the local ring (O, m)=(0,, m,).

Namely, in local coordinates x = (z1,...,z,) we can write

0 0
8—611%1%—'“%—0%%

with a1,...,a, € O and 0 defines a linear C-endomorphism of O by

_of ..., Of
f'_>af—ala—xl+ +anaxn

which moreover satisfies the Leibniz rule d( fg) = (9f) g+ f(Jg). We note 0 € Der(O).
The germ is singular if a4, ..., a, vanish at p (i.e. ai,...,a, €m)

This is equivalent to require that
Jd(m) Cm, where m=(z1,...,2,)O

(i.e. that 0 € End¢(O) stabilizes the maximal ideal)



Non-singular case: Assume that d(m) Z m.

Flow-box Theorem Then, there exists local analytic coordinates ( f, g1,...

that

8f:1 and 8g1:---:89n_120
ie. 0=2 57
Proof. Choose a local coordinate f € m such that df =u (unit).

Let us assume that v =1 to simplify.
We complete f to a local system of coordinates (f, g1,.--, Gn_1),

and consider the linear operator O — O given by

(I’:f—f8+---+(—1)"%8”+---

Notice that, for all h € O,

=03 (- fn&”h 0

n=>0

Therefore f,®(g1),...,P(g,_1) is the required new coordinate system.

, n—1) such



Singular case: Assume that now that 0(m) C m.

Then, (by Leibniz’ rule) 9(m* 1) c m**! for each £ € N, and 0 induces an sequence of
endomorphism {0y }; on the jet spaces

Jk=0O /mFt!

which is compatible with projections 7j;: J*— J! (k> 1).

By considering the inverse limit (under Krull completion), of the classical Jordan decom-
positions of the finite dimensional endomorphisms 0, we obtain a unique Jordan
decomposition

8:&9"‘8?17 [8s:8n] =0

where
e O is semi-simple
e 0, is asymptotically nilpotent (i.e. nilpotent restricted to each jet space).

Moreover, ds; and 0,, are derivations of O =1limJ* (see Jean Martinet - Exposé Bour-

baki’81). o



By the semi-simplicity of Js;, we have direct sum decompositions

VEeN: JF=D Gra(J*,0;)
acC

where Gro(J*,0)={feJF| Of =af}.
with the compatibility condition

Vk > I: Wkl(GI‘a(Jk,as)):GI‘Q(Jl,as)

derived from the commutative diagram




Definition. A germ of vector field 0 is elementary if:

e either O(m)Z m (i.e. in appropriate local coordinates 0 = 8—(1)

e Or J(m)Cm and

0s #0
Poincaré-Dulac normalisation: (over C) Suppose that d(m)C m. Then, there exists
formal coordinates (x1,...,x,) which diagonalize the semi-simple part of 0, namely such
that

0

In these coordinates, each eigenspace of the direct sum decomposition

is generated (over C) by the monomials 2% = z}". .. 2% such that (k,\)=a.



What can we say about 0,,7

The set of diagonal vector fields
n a .
L(M):Z Hii 5 peC
i=1 '

forms an abelian Lie C-subalgebra, i.e. [L(u), L(A)]=0.
We say that it is a maximal toral subalgebra of Der(O).

Writing 0 = 0s + 0, and assuming J; = L(\) (as in the Theorem), the commutativity
relation

[857 871] =0

implies that 0,, can be expanded as

Op = Z kaL(Mk)

k

where k ranges over the subset Z" \ {0} such that (A, k) =0. These are the resonant
monomials.



Example. (1:1) saddle. Consider a vector field having an initial expansion (in arbitrary
coordianates)

AT A

Then, Spec(d|;1)={1,—1} and the resonant monomials are (xy)*, k € 7Z.

The Poincaré-Dulac Theorem says that, up to a formal change of coordinates, we can
write

(,9 _ .9 o a0l bl
8—(33% y8y>+]; (xy) (akx8x+bky8y>
5; 7 \/

7

&y,

where =z is the generator of the subring ker(0s). By further reductions, we can write

0 0 u” o o 5 3

for some F' € C|[u]] of order >1, n>1 and p e C.




Application: Integrability of Poincaré-Dulac normal forms

9] 9] u™ 9] 9]
0=+ F)( (w7~ w5y )+ 125 (o5 + w3y ))

Up to reparametrization of time, we can assume that F'=0.

Consider the new variables u =2y, v=ux/y and get
un—f—l
o(u) =2——, d(v)=2v
1+ pun

which is a fully integrable system.

The corresponding differential system is given by

1 1 dv
(un+1 + pﬂ)dU_T

I:L—Fplnu—lnv
nu"

and, by direct integration,

is a first integral of the vector field (namely, 0/ =0). It is an element of Rap exp-



Example: (\: p)-saddle.

Then, Spec(d|1) ={, —p}

and the first integral is simply [ = z#y™.




Two saddles (\: ;1) and ()\: i/) have exactly the same topological phase portrait over R

)
N

but they are completely different over C% for A/ N /1.

7{y0}

E.g. Some analytic invariants are topologically determined (for instance, linearizability).

Over C?: There are several rigidity phenomena



Transverse behaviour of the foliation in the vicinity of a saddle point.

There are two holonomy maps of interest:

1)

Corner transition map

@/ “The” Holonomy map
A*

We can recover the (orbital) analytic class of the saddle from the analytic class of one of
these maps (once we fix the ratio 1/ \)




Definition: Two germs of vector fields
d,0 € Der(0)

(seen as derivations of the local ring)

are analytically conjugated if there exists an automorphism
v € Aut(O)

(i.e. an C-endomorphism of the local ring such that ¢(fg) = ¢(f)p(g)) such that
0 tdp=0

Definition: Two germs of vector fields 0, 0 are orbitally analytic equivalent if there
exists a unit u € C{z} such that 0 is analytically conjugated to u 0.



Dynamics of the complex holonomy map as an element of Diff(C, 0)

fan

\\ J/\ rotation

(SS5)

parabolic fixed point

Perez — Marco’s
hedgehogs

TN




Classification Problem: “Describe” the orbits of the action of Aut(C{xz}) on Der(C{x})
by conjugation

(9,0)— - 0= " 0p

I.e. local analytic changes of coordinates.
P
/—\ N
Aut(C{z})- 0 f\\

O ~ O <= Invariant(0) = Invariant ()

Invariant

The problem is reasonably well-understood for elementary singularities in dimension
two (modulo some very hard small divisor problems) see e.g. Dulac,Ecalle,Ilyashenko,Mar-
tinet,Ramis, Yoccoz and Perez Marco,... works.

This problem is much less understood for vector fields higher dimensions.



What about the local transverse behaviour in the vicinity of non-elementary singular-
ities?

Example: (Cerveau-Moussu 1988) The cuspidal singularity

8:2y8—({1+3x2§y+A

" Almost” first integral.  f(x,y) = y? — x?

0 2
(95:0, JaC(o,o):( 00 >

For A of (2,3)-quasi homogeneous order >2, there exists a local analytic coordinate
change such that, up to division by a unit,

a(f)=6rf.

The cusp I'={ f =0} is an invariant curve.



<



Dout Dint

There are two distinct corner transition maps.






The holonomy map does not
g classify the singularity



Resolution of the cuspidal foliation. We consider the dual 1-form to simplify

d(y? — 2%) <
d<x2<y2—x>>©<

d(z*y*(y — x))

Blow-up 1: x — x, Yy— Y

Blow-up 2: x — xy, y—y

Blow-up 3: z — =z, Yy— Y

d(z%*(y — 1))




All singularities are now elementary saddles.




All singularities are now elementary saddles.

The foliation is now organized in a neighborhood of the exceptional divisor..






Can we recover the analytic moduli from the transverse behaviour?




Can we recover the analytic moduli from the transverse behaviour?




Can we recover the analytic moduli from the transverse behaviour?

y .

L=1P\{s1, 52,53} 0\

(Moussu) The vanishing holonomy Hol(F, L) = (f, g € Diff(C,0)| f?=¢®=1id)
characterizes the analytic class of the germ of foliation.



Nilpotent locus for foliations by curves

The nilpotent locus of a foliated manifold is the subset Nilp(M, F) of points where F is
not elementary.

Claim: Nilp(M, F) is an analytic (or algebraic) subset of M.

(in fact, p € Nilp(M, F) <= 9(m,) C m, and 0; € Endc(m,/m}) is a nilpotent endo-
morphism, for 0 some arbitrarily chosen local generator).

Alternatively,

pEeNilp(M,F)<=VkeNaneN: (0k)"=0

where 0),: J¥ — J* is the induced derivation on the k" jet.



Suppose that (M, F) is further equipped with a normal crossings divisor F.
Definition: We say that F is adapted to E each irreducible component is invariant by F.
More precisely, for each point p € M, consider

e O a local generator of F, and

e / an equation for a local irreducible component of F/,

Then
vieN : 9((f")C(f")

We further say that F is tightly adapted to D if there exists an index 7 such that

o(f ) (f)



In other words, for £ = (z1...x,=0),

0 - 0

1=1 1=k+1

with aq,...,a, € C{z} such that (ai,...,a,) Z (z;), for each i=1,... k.



Example: F = (x=0)

0 0

with (a,b) Z (x)

b=+0: The generic point on the divisor is non-singular <

b

0: The generic point on the divisor is an elementary singularity

(The singular set of the foliation can have codimension one components)

Fistightly adapted to E <= noirreducible component of E lies on Nilp(M , F)



The problem of elimination of the nilpotent locus

A singularly foliated manifold is a triple (M, E, F) formed by a manifold M, equipped
with

e A normal crossings divisor £ and

e A singular foliation by curves JF which is tightly adapted to F.

such that Nilp(M, F) has codimension greater or equal than two.

Problem: For each relatively compact subset My C M, find a finite sequence of blowing-
ups

™1

(M07 EO7 f()) e o (MTL7 E?’La fn)

such that:

1) The center C; of 7; has normal crossings with F; and is contained in Nilp(M;, F;)

2) Nilp(M,,, Fp) = 0.



How to compute the transform of a foliation by blowing-up?

via local generators, In local coordinates

X1 — T, To—>T1I2 Ly —T1Tn

It is easier to compute the strict transform of the logarithmic basis {a,j%, ey T

0 0 0 _..._, 9
8:61

X1

0,0 o0

Lo~ —>Xo— e
8:132 85627 ’

(or via de dual basis of logarithmic one-forms {dfl, L e })

"oz,



Example: (\: p1) — linear saddle, A, >0
Under the substitution z — x, y— xy

P T
ox y@y My@y

Under the substitution r — xy, y—y

We can never get rid of saddle points...



Example: node

j<

0 0
$%+pya—y , p>0

,0:,00‘|—p1+%
p<l1 ~_ 1
p=--1
p=1

(dicritical situation)

We can never get rid of a node if p ¢ Q.



Example: saddle-nodes

0 0
k..~ . >
$$8x+y8y kE>1

After m directional blowing-ups: © — =,y — xy

0 0 0
ko= . .
‘ (xaa: my8y>+y8y
This model is completely stable. It is a final model.

First integral h=(x™y) exp<—

)
Y




Blowing-up centers with tangencies with the foliation can create non-elemen-
tary points.

9

— 0\ 3 __ _ i k+1
Center (x =0): 8—$0—x8$ +x 3y

Center (y =0): 0=yd= yﬁ + 2P (y%) (nilpotent singularity)



Theorem of Bendixson-Seidenberg. The elimination of nilpotent points holds for
singularly foliated surfaces.

But... It 1s false for dim M > 3.

Example of Sanz and Sancho-Salas:
0 0 0 0 0 0
0= <y% + :ng—y) + ﬁz(a:% + yg—y) — z(—ac% + 22%)

is tangent to the Whitney umbrella W = y? — 22

pintch point




Theorem of Bendixson-Seidenberg. The elimination of nilpotent points holds for
singularly foliated surfaces.

But... It 1s false for dim M > 3.

Example of Sanz and Sancho-Salas:
0 0 0 0 0 0 0
0= <y% + :vz(a—y) + ﬁz<x% + yﬁ—y) — z(—x% + 2z$> + )\z%
with B¢ 2Z-0, A€ C™

Formal expansion of the “handle”
y=7(2)=>"12", Tp~A(n!)?

r=E(2) =2 &2", &~ A (nl)?

_________

pintch point

We cannot take the handle as a blowing-up center because it is non-analytic.



Weighted blowing-up
Fix some w € (Z~()"™ and consider the orbits of the action of C* on C™\ {0} by
(t,z)—t-z=tYrc=(t“"x1,...,t“"x,)
The orbit space is the so-called weighted projective space
m: C"\ {0} — P!
x — orbit through x
We consider the graph of the quotient mapping as a subset of C" x IPZj_l
Graph(®) c C* x P!
The blowed-up space is its Zariski-closure
M = Graph(®) Zer

and the projection 7: M — C™ is the weighted blowing-up of the origin in C".






Structure of P~ ': The hyperplanes {x; =1} are slices for the torus action modulo the
action of a group of symmetries.

Example

w=(2,1) slice {z =1}

t(x,y):(t2x,ty) Yy~ —y

| 7.]27,

We have to take into account the quotient by 7 /27.



The charts of a weighted-blowing up

The x-directional chart is given by

w1
r1 — Y

Wi
T2 — Y Y2

w
Ln — ylnyn

We interpret (y1..,y,) as an orbifold chart on M. Namely the affine space C" equipped
with an action of the cyclic group 7Z /wi7Z, defined by

y1_>€y17 For 2<k<n yk—>€_wkyk

where ¢ is a w!P-primitive root of unity. The other charts are defined analogously.

The glueing of these charts equipps M with the structure of an orbifold.



Orbifolds (in one slide) (cf. Moerdijk, Mrcun - Introduction to foliations and Lie
groupoids)

Let M be a paracompact Hausdorfl space.

An orbifold chart on M is given by triple (U, G, ¢) where U is a connected open subset
of R" (or C™), GG is a finite subgroup of Diff(U) and ¢: U — M is an open map

which induces a homeomorphism U /G — ¢(U).

An embedding \: (V,H,v)— (U, G, ¢) between orbifold charts on M is an embedding
A:V — U such that ¢ o A =1 (this induces an injective homomorphism H — G).

Two orbifold charts (U, G, ¢) and (V', H, 1) on M are compatible if for any z € ¢(U) N (v)
there exists an orbifold chart (W, K, 6) defined near z and embeddings

(W,K,0)—(U,G,¢), (W,K,0)—(V,H,1)
An orbifold atlas on M is a collection U = {(U;, G;, ¢;) } i1 of pairwise compatible orbifold

charts such that {¢(U;)};c; forms an open cover of M.

An orbifold is a pair (M ,U) where M is paracompact Hausdorff topological space and
U is a maximal orbifold atlas on M.

A sub-variety Y C M is a sub-orbifold if for each point p € Y there exists a local chart
(U, G, ¢) such that ¢~ (Y NU) is a G-invariant submanifold of U.



Important: 1) The local group actions are part of the structure.
“Remember the group”

2) The underlying topological space can be a singular.

Example: X=C?/G, G=7/2%
(2, y) — (=2, —y)
X =SpecClz, y|® (ring of invariants)
Cla, y|“ =Cla? 2y, ]

X =spec Clu, v, w]/ (v’ —uw)

X is the quadratic cone.



General idea: The weighted blowing-up allows to take into account some natural
quasi-homogeneous filtration of the initial object.

Let us blow-up the origin in C? with weight w = (1,2, 2) and look at the

Example:
2

pull-back of the Whitney umbrella w = y*> — zz

In the z-directional chart we obtain

rT—zr, Y—z22y, z2—2°

and w = z*(y? — 2%) becomes a normal crossings divisor.

This is the orbifold chart (C?3,Z /27, ¢), where the action is (z,y,2) — (—x,y, —2)

=
/\J
~

=== -2

A




Over R: We can alternatively work in the category of manifold with corners

The spherical blowing-up of R"™ at the origin with weight w is the real analytic map
P:Ryox 3" 1 —R"
given by ®(t,z) =t“z. The exceptional divisor is the boundary
boundary(R>g x 3"~ 1) = {0} x $7~1

In general, we require the blowing-up center to have normal crossings with the boundary.

W

(advantage: stay in the category of smooth manifolds)

(drawback: we “forget the group” and potentially loose information about the local syme-
tries)

(c.f. Melrose’s “Analysis on manifolds with corners” - online)



Example: Spherical blowing-up of the (real) Whitney umbrella

(I):R>Q X $2—>]R3

7!
-
Two z-directional “slices’ L ==
{z > 0}-chart: T—zr, Y— 2%y, z— 2% f=2Y4y*—2?)
{z < 0}-chart: r— 2%, y— 2y, z— —z% f=24y?+ 2?)
{z > 0}-chart: r—xr, y—ziy, z— 3% f=a2y*—2)




Weighted blowing-up along global centers

If we consider the torus action
(t,x)—t-x=tYr=(t“"21,...,t“%Ck, Tht1,---,Tn)

Then the above construction leads to a local blowing-up with center C' = Z(x1,..., xy).

We need to understand how to glue-up these local actions in order to obtain globally
defined blowing-up with center C'.



Existence of global Weighted blowing-ups

A weighted blowing-up of a point p € M is fully determined by a quasi-homogeneous
filtration of the local ring. Namely a filtration

Op:OoDOlDOQD--- Ok-OlCOk+l,

such that in appropriate coordinates (1, ..., x,), we have 1 € O, ..,z € O, .
In other words, O, is the subring of functions of quasi-homogeneous weight >k.

In order to define a quasi-homogeneous blow-up along a submanifold (suborbifold) C' C
M, we need to require the existence of a global trivialization of

Such that the diffeomorphisms between the transition charts respects the local quasi-
homogeneous filtration. This is a non-trivial topological restriction.

More abstractly: This amounts to the existence of a global weighted filtration of the
structure sheaf. Namely a sequence of nested of ideal sheafs

O=FD>OF, D---

such that F; F; C I ; and such that, for each point p on the support, the stalk of this
filtration coincides with a quasi-homogeneous filtration as defined above.



Example: C=Z7(z,y)CC?
w=(1,3,0) ez’
6>1
All automorphisms of the form
r—x+py™, y—y+at,  1=0

preserve the (1, 3, 0)-filtration of C|x, y, z|.

More generally, all automorphisms obtained by integrating the Lie algebra (over C)
generated by

{aalama

—_ = =
:C&C’y(‘?y’m@y’y Ox | m/l,l/ﬁ}



Weighted blowing-up of vector fields
x1— a7, For2<k<n: xp—a7"xg

Transformation of the logarithmic basis

16:61 w1 16:61 2 26:62 O,
x 0 x 0

) 8
Example: 0= a:%%—nya—y, n € Zso.

r—x, y—x'y

0
8—%'%

The solution curves of 0 are precisely the orbits of the torus action ¢ (z,y) = (tz,t"y).



Example: weighted resolution of the cuspidal singularity

8:2ya—i+3x2§y+A

3

Based on the quasi-homogeneity the almost first integral y? — 2>, we consider the blow-

up with weight (2, 3).

We write 0 in the logarithmic basis

0=2x"1y ZCQ + 32y~ 1 yﬁ +A
ox o

In the z-chart: x — 2%,y — 2°y: (Using the assumption of the (2, 3)-order of A)

0 0 4 O 5 0
= — —3y—= — A= — 1 —y?) = 2A
0 :Cy(:v&v 3y6y)+3:vy (yay)+:v a:(:vy&v%—?)( Y )8y>+a:
The divisor {x =0} is contained in the nilpotent locus. We factor out = and write

0 0
31=$y%+3(1—y2)8—y+ﬁl



In the y-chart: © — y%x, y — y°:

The original cuspidal foliation

0 0
-1 2,,—1
0=2x y(:v—&v>+3xy <y89)+A

transforms into

0 0 0 0 0
_ 9.1 2 2A _ 3 2 2
0=2x y(:v8$>+a: y(yay 2$8x>+y A—y<2(1 :v)&v%—:v yay>+yA

and, factoring out y, we obtain

Jo=2(1— x3)8—8x — a;Qy% + Ao

- <

The resulting perturbation A is of quadratic order along F (does not change the eingen-
values at the singular point)



Local symmetries of the foliated orbifold

C2/Z/3Z

°O . L:]P(lz,:s)\{s}
/ —

C2, 7 /27

The fundamental group of the (orbi-)leaf L is

m(L)={v,n, pl¥=n*=1, p="m}




Other chart

81=a;ya—i—|—3(l—y2)a—y 3 727




z <0

z>0

z>0

T<0




Elimination of nilpotent points in dimension two - Classical proof
Van der Essen’s proof (c.f. Ilyashenko-Yakovenko’s book) We write 0 = aa—i + ba%

Suppose that the germ is singular. We can assume that a,b € C{z, v} have no common
factor and consider

m(0) :dim@% >1, p(0)=min {(5a, %) £ (0,0))

(m(0) is the local intersection multiplicity of the curves Z(a) and Z(b) at 0)
After a blowing-up, the Noether’s formula give,

> m(p — 24141
where {p;} are the singular points of the blowed-up vector field and

- p(a,b) if Jis non-dicritic
| wp(a,b)+1 if disdicritic

o If /(0) > 2 then m(p;) <m(p)

e If /(0) =1 then this is a special case which has to be treated separately ...



Example of “special case”.

u=1m=M2>=3
rT—x, Y—uyY

0 0
TYgo T (a1 = ?JQ)a—y

p=2m=M+1

The “invariant” increases and this case needs to be treates separately...



Using weighted blowing-ups (modified version of a proof by M.Pelletier).

Initial setup: (M, E, F), where M is a two-dimensional real analytic manifold with
corners,

boundary(M)=FE

is a normal crossings divisor and F is a foliation tangent to I such that
Nilp(M, F) is of codimension two (i.e. consists of isolated points).

Definition: The local desingularization strategy at a point p € Nilp(M, F) is the
choice of a quasi-homogeneous filtration of the local ring.

which will define the blowing-up...



Intermezzo: The Newton polyhedron of a germ of vector field
0 0

Let us fix local coordinates (z1,...,z,). We can write d =a15—+ -+ an5—.
1 Oz,
Instead, We expand 0 is the logarithmic basis {xla%l, e xn%} as
0 0
O=bix1—+ - +byrp,—=——
1 18:1:1+ +nnaajna

where each b; = x; La; has potentially a pole along (x;=0).

We can reorder the expansion and write the monomial expansion

0= a"L(uy)

keZm

where, we recall, each L(p)=>" p; xi% is a diagonal vector field, i.e. an element of the

C-maximal toral subalgebra,
P O
"N\ ory T oy,

defined by (x1,...,2,).



0= a"L(uy)

keZm

The support of 0 with (respect to x) is defined by supp..(9) ={k| ur #0} and
New,(0) = conv(supp,(0)) + R,

is the Newton polyhedron of 0 (with respect to the coordinates z).

Example: (cuspidal case) 0 =2y a—i + 3:1:28% +A

0 0
-1 2,,—1
0=2x y(az—&v>+3azy (yay)+A

New ()




Remarks: 1) New,(0) is always contained in the convex region

N=—({keNyo| |k[<1})+RE,

N 7
~

P

2) The hypersurface (z; =0) is invariant by 0 if and only if supp,(0) C {k: k; > 0}.

3) The hypersurface (z; =0) is tightly invariant by 0 if and only if

suppz(0) C{k:k; >0} A suppz(0)N{k:k;=0}#0



Example. 0= aaza—i + bya%
(x=0) invariant <= 0((z)) C () <=a € C{z,y} < |[(k,!) € supp(9) =k > 0]
(x=0) not tightly invariant <= (9((x)) C (z)?

< (ax,bxy) C(x)? <= [(k,l) €supp(d) = k > 1]




Very classical idea (see Newton, I. 1676):

The resolution of singularities should correspond to a combinatorial game based on the
Newton polyhedron.

Can we recognize a “final situation” (a.k.a. an elementary germ) by looking at New,(0)?

Proposition: 0 € Der(0O) is a nilpotent germ if and only if there exists a local system of
coordinates x = (x1,...,x,) such that 0 ¢ New,(0).

Proof: Assume that 0 ¢ New,(0). Then there exists a nonzero w € Q% and o € QQ~¢ such
that

New,(0) C H={(w, ) > a}

(indeed, if some w; <0 then for v € supp,(0), (w,v+te;) — —oc0 as t — +00).



We can assume that w e Z%;\ {0} and consider the quasi-homogeneous graduation of O
associated to the torus action \: C* — Aut(O)

)\(t)'ZC@':twiZE@', izl,...,n

(or, equivalently, the graduation associted to the infinitesimal semisimple generator § =

) : C g . . L.
> wixi%). This action is diagonalizable and we have a direct sum decomposition

O=@P Gra(0,N) =P Gra(0,0)

where Gro (O, \)={f:\{) - f=t*f}={f:0(f)=af} is the module of w-quasi homoge-

neous germs of degree .

This induces an action of C* on Der(O) given by conjugation
A(t)-0=M\t)OAN(t)!

and equally induces a direct sum decomposition Der = & Gr,(Der, A).

And, naturally 0 € Gr,, f € Grg=0f € Gro4 3.



0 € Gry(Der, \) <= supp,(0) C {k: (w, k) =}

(w, ) = const

N
N
N
N
A
A
A
N
N
N
N
A
N
AN

By the above hypothesis, our original derivation satisfies
supp,(0) C{k: (w, k) > a} =0 € Grz4(Der, \)

Since this is a filtration, 9% € Gr>a,, .., " € Gr>,, for all r > 1.
and if if fe€ Gr=5(O,\) then 0"(f) € Grara+ (0, N).

As a consequence, for m = (x1,...,x,,) the maximal ideal, for each s there exists a r > 1
such that

6r(ms) C ms—|—1

(because for k € Z%, |k| > (w, k) /max {w;}). Hence, 0 is nilpotent.



Reciprocally, assume that O is nilpotent. Then, d(m)C m and ds=0. There exists a

local coordinate system such that 0|;1 = [ U ), i.e. such that

8(561) =& Ti+1 (mod m2)

where £, € {0,1}. In other words, in the logarithmic basis, we obtain

0= Z 8@'$i+1$i_1 (ZC@£)—|—R

1<n—1

where R is a derivation with of degree >1 with respect the usual homogeneous filtration

associated to the derivation h = x1% + -+ xn% = L(1), with weights 1=(1,...,1).

We now consider the weight-vector p=(—n/2,...,n/2), or any other rational vector
satisfying.

(1, p) =0, (p,eit1—e€q) >0, e;=(0,...,1,...0)

Then, for all sufficiently small € € )~ (, the semi-simple derivation w=h +eL(p) defines
a half-space which separates New,(0) from 0.

(because for |k|>2, (w, k) >2 —ne|k|, and New,(0) has finitely many vertices)



Geometrically, we have used... The hinge method

—1 0
v {oz)

(1,1) — homogeneous

of degree 0




Geometrically, we have used... The hinge method

(o)

p=(~1/2,1/2)

(1,1) — homogeneous

of degree 0




Geometrically, we have used... The hinge method d

(o)

h=(1,1) Bk

(=1/2,1/2)

hinge

w=h+e¢ep

(1,1) — homogeneous

of degree 0




Geometrically, we have used... The hinge method d

(o)

hinge w:h—|—€p

h=(1,1) p=(~1/2,1/2)

(1,1) — homogeneous

of degree 0




Geometrically, we have used... The hinge method d

(o)

hinge w:h—|—€p

h=(1,1) p=(~1/2,1/2)

(1,1) — homogeneous

of degree 0




Geometrically, we have used... The hinge method d

(o)

hinge w:h—|—€p

h=(1,1) p=(~1/2,1/2)

(1,1) — homogeneous

of degree 0




Geometrically, we have used... The hinge method

—1 0
v {oz)

hinge

h=(1,1) p=(=1/2,1/2)

(1,1) — homogeneous

of degree 0

0 € Grso(Der,w




Alternative proof of one of the implications of the Theorem

Claim: Suppose that 0 is elementary (i.e. not-nilpotent). Then, for all choices of coordi-
nate systems (z1,...,x,),

0 € New,.(0)

Indeed, the hypothesis means that either | 0(m) Z m |or that | 9(m)Cm and 9;#0 |

Consider the second case. Then we can find a nonzero f € w such that

for some unit u € O.

Let Gr be the graduation defined by an arbitrary one-parameter group A, with positive
weights (i.e. such that m C Gr>g). Then f € Gr>, and 0 € Gr>p implies that O(f) €
Gr>a+ -

By the above choice of f, we conclude that =0 (because u € Gr>g\ Gr>)

The case d(m) ¢ m is even easier. In fact, 9(m) ¢ m if and only if

died{l,...n}: —e;=(0,...,—1,...,0) € New,(0) (0.0)



Example: 0=y 8—(1 -+ xQ(%. The graduation defined by the one parameter group
¢ (aj) y) — (tQQ?, tgy)

is such that 0 € Gr;. (write =z~ 'y (:ca—i) +:v2y_1<ya%) and 1y, 2%y~ € Gry)

/ New,(9)
..\\

If we make the coordinate change y— vy + £x, the action on the polygon corresponds to
a “sliding” of the vertices along the (1, —1) direction.

In these new coordinates, 0 € New(, ,(0).




Back to the proof in dimension two

Initial setup: (M, E, F), where M is a two-dimensional real analytic manifold with
corners,

boundary(M)=FE

is a normal crossings divisor and F is a foliation tangent to F
Notation: 0 <e(p) <2 is the number of local irreducible componets of F at p € M.

Definition: A coordinate system (x,y) at p € F is adapted if locally F = (z =0) or
E=(xy=0).

Inclusion into the divisor: We can always assume that Nilp(M, F) C E by eventually
blowing-up these points with an arbitrary weight.

To simplify, we will assume that e(p) =1 for all points p € Nilp(M , F).
(otherwise it suffices to slightly modify the invariant by including e(p) lexicographically).



Suppose that p € E. In adapted coordinates (x,y), the Newton polygon has the form

main vertex

ml o — :Ch(aajé—l—bya%) € supp,(0)

Invariance of (x =0) implies that 0 € Gl}o(w ﬂfa—i)
(i.e. I({(x)) C(x))

Claim: p € Nilp(M,0) <= h>1 (which is equivalent to say that 0 & New(, ,(0))

Indeed, if 0 € New(0) then the initial (1,1)-homogeneous part of 0 would be either

0 _ 9 0 1 9 - L
ba—y (caseh=-1), or ax%—kbya—y—kcxy (y8_y> (case h=0) 3

where for some constants a, b, ¢ such that (a,b) £ (0,0).
e In the first case, d(m) Z m.

e In this second case, it is obvious that Spec(ds) ={a,b} #0.



Definition: h,(9):=b will be called the height of the main vertex.
Claim: b is does not depend on the choice of (adapted) coordinates.

In fact, the group of local automorphisms (preserving x =0) has the form

r—af(r,y), y—g(x,y)

funit, dg /0y(0,0) #0. Its Lie algebra is generated by vector fields with support in
a:kylm@—ax, m“y”y%, E+01>20,u+v=>0

k,l>0 and v > —1. This Lie algebra lies in Gr>0(-,x8—i) N Gr>0(-,x8—i+ ya%).

Hence, the main vertex is preserved.




Final touch (and essential idea to generalize to dim.3)

¢ = main edge

(a, B)

Definition: The main edge of New(0) is the edge ¢ determined by the intersection

New N {(i,j):j=b—-1/2}

Important: Notice that ¢ =¢,(0) potentially depends on the choice of coordinates.

Let wt(e) = ozxa—i + ﬁya—i denote the irreducible weight-vector determined by e.



Action of the blowing-up with weight (a, #) on the polygon

Shearing

Translation Sliding

— B 1 ST i
T\e‘ y—*y \ 0— 0 B Y= y+§ L

Il

I
|
|

~ |
|
|

| I

O O O

We would like to prove that, for each pc ®~*(p), h<bh— (i.e. the invariant decreases)

This is obvious for p=(1:0) e PL... But...

We can have a full compensation phenomena in the “sliding phase”.



Example: 9=(y+ %)) ( A2 — &ha* 2 ) + ply + €9)2 ), (A, 1) 0, b, k> 1,640
(up to a unit, this is the unique family where full compensation happens)
0 € Gryp(Der,w), where w = xa—i + kya% (i.e. |w,0]=kbO)

Blow-up: z—xz, y—azfy




How to prevent this? The main edge ¢ should be stable.

Definition. We say that New(, ,)(J) is edge-unstable if there exists a polynomial
change of coordinates of the form

B
y—ytlre =y

such that New, ,,)(0)Ne={m}. Otherwise, we say that New(, ,(0) are edge-stable.
Notice that New, ,)(0) is always edge-stable if 3/a & Z 1.

The above map slides the monomials in the direction of the main edge.



Theorem (Local resolution) Suppose that New(, ,(0) is edge stable, and let
O: M — M
be the blowing-up of p € Nilp(M , F) with weight wt(e). Then,
Vped H(p): h<h-1.
(very simple) Proof: Firstly, we do not have to care about the y-directional chart
r—ytr,  y—y”

as p=(0:1) will always be elementary.

T\\ — h=0




We look the x-directional chart

r—x®,  y—aly

Suppose that h =h. Then, there should exists a non-zero constant ¢ such that the trans-
lation (in blowed-up coordinates)

y—y+§

gives a Newton polyhedron with main vertex m =m. We split into two cases:
o B3/a€WQso0\ Z>o.
o J/a€Z~g

In the latter case, the above map corresponds (in the original coordinates), to the poly-
nomial map y— y + 27/ (just write y— x Py, x — 21/).

The assumption h=§ is equivalent to say that New(,,,)(0) is edge-unstable, which con-
tradicts the hypothesis of the Theorem.



In the former case (i.e. 3/« ¢ 7), the e-initial form of O has a gap at height h — 1.

Example: §/a=2/3

m

(yb)<axa%+ ﬁy(%) +termsin ySY =2 — (y + f)[’(aa;a—i—k By + f)(%) + .-

which gives a monomial on the support at height h — 1.

(Abhyankar called this argument the “lazy Tschirnhaussen”).



What is “behind” this argument?

To simplify, let us look at the case of function germs:

f €0, is “elementary” iff f is a unit (i.e. iff 0 € New, ,)(f)).

Supposing that m = (0, ), the e-initial part of f is a («, #)-homogeneous polynomial
fe=cy®+ Z cijr'y’

at+B1=d
i>1

(i.e. f. is a section a line (orbi)-bundle £ — IP(la,B), equal to Opi(d) in the classical
homogeneous case).

We can look at the divisor Div(f,) =>" m;[&] on IP(la’ﬁ) (write fo(1,y)=]] (y — &)™)

The choice of ¢ implies that Div(f,) # h[(1: 0)]. (i.e. the support of the divisor is not
concentrated at [(1:0)])

New(,,,)(f) is edge-unstable iff Div( f.) =0 [£] (i.e. the support of the divisor is a point
£ (1:0). In this case:

(1) This point is necessarily unique and,

(2) B/ag Zxo




Simply because there is a Z / aZ-symmetry on the divisor.

Symmetry breaking

y— Py



It remains to prove that the following
Theorem (on edge stabilization)

(Existence) There exists adapted coordinates (x, y) such that

New(z.,)(0)

is edge stable.

(Uniqueness of the associated filtration) Let (x,y), (x’, y") be coordinates such that
New(, ,)(0) and New(, ,(0) are edge stable. Then the local resolution algorithm (i.e.
the local filtration of the local ring) defined throught these coordinates coincide.

In other words, the filtration is intrinsically determined by O (and the divisor E).
Proof: We start with an arbitrary adapted coordinate system (x, ).
1) If New(, 4,)(0) is edge-stable, we stop

2) If New(,,,,)(0) is edge-unstable, we choose a polynomial coordinate change (x, yo) —
(337 yl)) where

Y1 = Yo + Eo T, ko= 0o/ o

eliminates the main edge ¢g.



We now consider the new coordinates (x, y1) and apply the same argument. I claim
that this procedure eventually stops with an edge stable situation.

Indeed, assume the contrary. Then, we end-up with an infinite sequence of coordinate
changes

Vi1 =y + &k, i1

where {k; = (3; / «;} forms an strictly increasing sequence of integers, corresponding to the
successive slopes of the edges ¢;.

In these coordinates, i.e. (Yoo =0)C Nilp(M,F). Contradiction.




Uniqueness of the filtration. Suppose that New(, ,y(0), New(, ,)(0) are edge stable

NeW(xy)<a> NeW(xW/)((?)

write ' =x f(z,y), y'= g(x, y). We claim that this map preserves the wt(e) filtration.

Let us write g(x, y) = go(z) + yG(x, y). Then, the change of coordinates preserves the
filtration if and only if

B

go(x) :O<x3)

Suppose that this is not the case. Then, looking at the smallest order term of ¢gg, we find
a polynomial change of coordinates y; =y + &z with £ £0 and k < g such that

New(z,4,)(0)

is has a main edge ¢’ of slope k < 3 /a (because the action of y— y+ &z" on New(, ()
is effective).



However, New(, ,,)(0) should also be edge-stable.

(because the (1, k)-initial part of 0 with respect to (x,vy;) equals its ¢’-initial part with
respect to (z’,y’), which is stable by the hypothesis).

But this contradicts the fact that the inverse transformation y=vy; — é&2* eliminates
the main edge.



Some general remarks:

1) We cannot expect to obtain a fully convergent Tchirnhaussen preparation (or,
more generally, a maximal contact hypersurface which would allow to use induction in
the dimension)

Recall that, in the classical case of a germ of singular hypersurface S, this corresponds
to choose a local equation of the form

flz,y)=y"+)  ailz)y"™

and eliminate the term in y” ! by the local change of coordinates y — y — %al (Tschirn-
haussen transformation)

m=(0,h)

,,,,,,,,,,,,,,,,,,,

,,,,,

H={y=0} is a maximal contact hypersurface

As a consequence, simply because | (9/dy)"~1f=1y| the multiplicity h-locus Sing™( f)

is contained in the hypersurface H = {y =0}

and this remains true for all blowings-up with center on Sing”( f).



Analogous question for vector fields, say in dim. 2:

=y (amﬁ—kbya >+Z y"~ta(x)

The differential operator (8%) acts on Der(QO) by Lie brackets.

0 0 0 :
0 = (adp ay)"0 = (lay ]) o=|(h+ 1)!by8 + h'aa:% + (terms of higher order)

In this situation, the analogous of a maximal contact surface should be
an invariant curve for § of the form H ={y= f(z)}.

i.e. satisfying

6(y—f)C{y—1r)



Example (Euler’s equation): Assume that § =ad(9/9,)~(0) has the form

Y 9
(0,0) (1,0) Supp(x’y)@)ﬂ(z x {h—1})
[ L \//
Ce >
(_17 1)

Yy—y—x



Example (Euler’s equation): Assume that § =ad(9/9,)~(0) has the form

0
_ .2 2
d==x 8a:+(y x?)

9
Oy

Yy—y—x



Example (Euler’s equation): Assume that § =ad(9/9,)~(0) has the form

0 0
_ .2 3
o= or ( 2$)0y

y—y— 2a°



Example (Euler’s equation): Assume that § =ad(9/9,)~(0) has the form

0 0
_ .2 4
o= or ( 3$)0y

SUDP (z,y)(0) N (Z x {h —1})




At the “Krull-limit, we obtain

H:{y: Z (n—l)!az”}

n>1
which is the so-called “center manifold” of the Euler’s equation.
VN
N -

G —————
1.0 - \ \ \
RN A\

-1.00 -0.75 -0.50 -0.25 0.00

1.0

0

In this case, the maximal contact surface is a formal, non-convergent curve.

But which is a C"*°-curve, lying on the pfaffian extension of R,,.



What comes next:

1) How to generalize these ideas to eliminate the nilpotent locus for foliations in dimension
three?

2) What to do with the final models in dimension three? (There is no such well developped
theory)

3) Interesting particular case for the Hilbert’s 16~ th problem: The case “2+1".
Attainable goal: stuty of one-parameter families of planar analytic foliations.
e Full catalog of final cases
e Study of normal forms

e Finite cyclicity conjecture for one-parameter families of planar analytic foliations.

4) New ideas for dimension greater or equal than four (The Kempf’s unstability approach)



Some new phenomena in for

final models 1in dimension three...



1) Center manifolds are not necessarily C'°.
Example (van Strien 1979 - further simplyfied by M. Mcquillan)
a.k.a. “THE MONSTER”

1

f=) a@)yt = ar=1—p

x=1/k

z /
resonant node

VA
[~

L7

—— z~yFlny




2) Geometric Theory of Singular perturbations (Dumortier-Roussarie)

Example of (2 + 1) foliations: Singularly perturbed van der Pol’s equation

B z? 13\ 0 0 5
85,a—(y— 5 3 )8x+5(a—x)ay (z,y) e R*, e € Ry

Sing(0y.q) ={y — P(z

“slow curve”

I







Resolution (in families). We assume a =0 to simplify

_z 8—5:132— r1 —z—x—z xﬁ —exy M y=
Y79 73 Jor oy Y7973 ox J y@y

Is a three dimensional foliation Tangent to the fibration: F'={ds =0}

Choice of weights: —wt(z) + wt(y) =wt(x), wt(e)+wt(z)—wt(y)=wt(z)

wt(z) =1, wt(y) =2, wt(e) =2

N\




Some computations...

e — directional blowing up: z —ecx, y—c?y,c—e?

2 ex3\ 0O 0
(y— 2 3 )8x_x8y’ F={de=0}

In the classical singular perturbation theory, this is the so-called a rescaling.

y — directional blowing up: = — yx, y—y® ,e— y3e

v rdy\ o ex( O 0 0 B 9\
(1_ 2 3 >8x_ 2 (y(‘?y_xaa:_%%)’ F=1d(ye) =0}



N

N

N2

<—— Fiber {y?c =0}

/

D={y=0}




Center manifold

(matching of asymptotic expansions)



\

)

\k\w@(

nearby fiber
y%e =0

limit cycle



Smale’s 13" Problem

Prove the finite cyclicity for the Liénard family ="' + p(z)x’ + x =0, or equivalently

(v—P@)g —ay  (Lic,

where P = /p is a real polynomial of degree 2n + 1 with P(0) =0.




Smale’s 13*" Problem (particular case of Hilbert’s 16" Problem)

Prove the finite cyclicity for the Liénard family ="' + p(z)x’ + x =0, or equivalently

(v—P@)g —ay  (Lic,

where P = /p is a real polynomial of degree 2n + 1 with P(0) =0

For fixed P, the Poincaré first return map 7" is analytic, up to the origin (for P(x)=o0(x))






Elimination of nilpotent points in dimension three
(M, E,F)
M a three dimensional real analytic manifold with corners

E is the boundary of M

F is a singular foliation by curves, tangent to £ and such that
codim Nilp(M , F) > 2

To explain the invariant, let us consider the following typical situation

o M =(R} 0), and that 0 € Nilp(M, F)

T,Y,2)
e The divisor F is given either by {x =0} or by {zy=0}

e The vertical axis {x =y =0} is not entirely contained in Nilp(M, F)

Let N'=New(, , .)(0) be the Newton polyhedron of F with respect to these coordinates.

Definition: The higher vertex is the vertex h € N' which is minimal with respect to
the lexicographical ordering in Z°.

By the above assumptions, we have h = (0, ho, h3), with ho, hs € Z>_1
(because h; > 0= {x =0} € Nilp(M, F)).



Moreover, the intersection of N with the plane {v € R*:v; =0} is in one of the situations

illustrated below

h h\ h
n
n \“\

(-1,0) (—1,0) (—-1,0)

(07 —1) (0) —1) (Ov _1)

(a) (b) (c)

Regular and nilpotent configurations.

(because otherwise {x =y =0} C Nilp(M, F))

Definition: e Cases (a) and (b) are called regular configurations and case (c) is called
nilpotent configuration.

e The main vertex of N is given by m = h in the regular configurations and by m =n
in the nilpotent configuration.



We now consider the intersection

N/—Nﬂ{’UEIRgivg—mg—%}
which we will call the derived polygon.

V3 V2

m N/
/ ﬁm'

,’/I E

V1

V2

U1

Figure 2. The derived polygon.

Let m (ml, ma, ms — —) be the minimal vertex of N/ (with respect to the lexicograph-
ical ordering), and write the vertical displacement vector m’—m as —(Al, Ag, —1)

A= (A1, Ar) e Q?



Remark: We observe that if the main vertex m is such that ms > 1 then the derived
polgon is non-empty.

Indeed, if this where not the case, the Newton polyhedron should be contained in the
region

fveR> | vs=>1}

But this would imply that {z=0} C Nilp(M, F), contradicting the hypothesis that the
nilpotent locus has codimension greater or equal than two.



Comparison of the derived polygon N’/ with Hironaka’s characteristic polygon

Consider the vector field

0 0 0
— (-3 2y Y 3.2 T~
0= (z’r+zxyz )8a:+xz 8y+y 5
V3 V2
€ N//
(0,1)
¢
(1,-1,3) vy
V2
3 "
G
U1
V1




The invariant

The main invariant of F (with respect to the coordinates (z, vy, z)) is the 6-uple of
natural numbers

inV: (b) m2 —|— 17 mg, e — 1, )\Al, )\maX {0, AQ})

where
e \=(msz+1)!
e cc{1,2} is the number of local irreducible components of E at the origin

e The virtual height b is the natural number defined by

Ims+1—1/As| ,if my=—1and A;=0
f):

ms ; imeZOOIA1>O



Example:

0 0 0
_ .2, Y 4 i 4 =7
o=ux ya$+(z —HUZ)@y—HJ Oz
(%3
m=(0,1,4) (0,2,-1) = (A1,A2)=(0,2)
h=3
(17_
- V2
(074?_1)

V1

inv= (37 0,4,0,0, %5')



The main face and the local desingularization strategy

Let m/’ = (m}, m5,ms—1/2) be the main vertex of the derived polygon N’. The main
side of N’ is defined (according to the figure below) by

eg if mi>0

@)

FNVT) =

€1 if m{zO

U1

The derived polygon.



The main edge of N is the edge ¢ containing the segment [m,m/|.

The main face of A is the unique face F' C N such that FNN'= f(N/)

V2 f (main side) vs

/ n
I8 N’ <\ 5 ¢ (main edge)
.

-~ V1

F (main face)

V2

(%}



We recall that the vertical displacement vector is given by A =m’'—m

The main side can be uniquely written
fN)Y={m'+t(C,-1,0): tel}

for some C' € Q >0=Q>0U {oo}.

We say that (C',—1,0) is the horizontal displacement vector of N.

m m
a-n 7\ @
F
fffffffffffffffff - (10 Y
(C, -1, 0)

C=0 0<C<o0 C=0c0



x-dir.

The directional blowing-ups.




Why the height of the main vertex is not the first entry in the invariant?

Example: 9= (y*+x2°)0 /0y + 20/ 0z, and inv = (h, ma+ 1, ms,

(1,-1,3)

V1

The height of the main vertex increases after an z-directional blowing-up.

After a z-directional blowing-up, we get 0= (y>+ 2%)0 /dy + 2°0 / 0z
and inv = (b, Mo+ 1,1ms,...)=(2,0,3,...).

—

Here, inv <)oy inv because my=—1 <0 =mo.

L) =(2,1,2,..

)



As in the case of dimension two, we need to compute the invariant with respect to stable
coordinates.

As we shall see, for (x,y, z) given as above, a stable coordinate system (z, 7, Z) will be
obtained by an analytic change of coordinates in the triangular form

i=z, y=y+Gx), Z=z+F(z,y) (¥

The invariant, when computed with respect to a stable coordinate system, will be intrin-
sically attached to the germ of F, up to an additional geometric structure on the ambient
space, called an axis.

The local strategy of blowing-up will be read out from the Newton polyhedron and the
main invariant. ..

Provided that these objects are computed with respect to a stable coordinate system.

Remark 1. The notion of stable coordinates is similar to the notions of well-prepared and
very well-prepared coordinates in Hironaka’s paper Desingularization of excellent surfaces.

..But new diffulties appear in the context of vector fields because the action of the Lie
group defined by (%) is much harder to study.



Comparison of the derived polygon N’/ with Hironaka’s characteristic polygon

Consider the vector field

0 0 0
— (-3 PN S Y (i
0= (z"z+2ayz )&C +xz 8y+z 5
V3 V2
€ N//
(0,1)
¢
(1,-1,3) vy
V2
3 "
G
U1
V1




The Axis

The main goal is to rigidify the choice of local coordinates.

Definition: An axis for (M, FE,F) is a pair Ax= (U, .A), where U C M is an open
neighborhood of Nilp(M, F) and A is an analytic foliation by curves defined on U such
that:

e A is tangent to the divisor F
e Sing(A)=10 (i.e. A is everywhere non-singular)
e For each point pe EFNU, if (x, y, z) are local coordinates such that A= <%> then

I(Nilp(M, F)) ¢ (2. y)

(i.e. the nilpotent locus of F does not contains the axis through p)

e For each point pc U \ E, if (x,y, z) are local coordinates such that A= <a%> then

I(x,y)) Z(z,y)

where 0 is a local generator of F (i.e.the axis through p is not an invariant curve for F)






Remark: Notice that an axis cannot exist if there exists a point p € Nilp(M , F) such that

e(p)=3

®
I
N
®
I
wo

(because the tangency to E would force p € Sing(.A)).
We say that (M, E, F) is controllable if there exist an axis Ax as above. The 4-uple

(M, E,F, Ax)

will be called a controlled singularly foliated manifold.



Proposition: Let (M, E,F) be a singularly foliated manifold such that E =(). Then,
there exists an azis for (M, E.,F).

Sketch of the proof: Since /= (), this amounts to choose a regural one-dimensional
foliation in the vicinity of Nilp(M , F) which contains no invariant curve of F.

By an easy perturbation argument this can be easily done locally at each point p €
Nilp(M , F).

Using partitions of unity, we can glue together and define a C° foliation A satisfying all
the requirements.

Then, we use Grauert’s embedding theorem to approach A by an analytic foliation
satisfying all the requirements.

Remark: This last statement does not hold in the complex setting because not every
complex manifold is Stein. Thus, in the resolution of singularities for vector fields over
C (joint work with M. Mcquillan), we need to introduce the weaker notion of “quasi axis”.



Adapted local charts

Let (M, FE,F, Ax) be a controlled singular foliated manifold, where Ax = (U, .A) is the
axis.

We shall also fix a tagging of £/, namely a bijection
7:{1,...,n} — {irreducible compotents of £'}
which defines an enumeration of the irreducible components. (The tag will record the
year of creation of the divisor component in the resolution process).
A local chart (x,vy, z) centered at a point p € U is adapted if
e A is locally generated by 0/0z
o If ¢(p) =1 then E={x=0}
o If e(p)=2and E=D;UD; with ¢ > j then D;={x=0} and D; ={y=0}

In other words, the divisor {x =0} is always younger than the divisor {y=0}.



Let us see how the concept of adapted local charts rigidifies the choice of local coordinates.

Proposition: Let (z,y,2) and (2, y’, 2’) be local adapted charts at a point p € U. Then,
the transition map has the form

o'=F(r,y), y'=Gy), 2'=f(z.y)+zw,y,z2)

where O(F,G)/0(z,y)(0,0)#0 and w is a unit.

Moreover,

o if ¢(p)=1 then F(z,y)=xu(z,y) and G(z,y)=g(x) +yv(x,y)
o if e(p)=2 then F(z,y)=xu(z,y) and G(z,y) =yv(x,y)

where u, v are units.

Proof: The coordinate change (z, vy, z) — (z’, 3/, 2’) should map the vector field 0 /0z to

0
U~
0z’
where U is a unit. This implies that z’, vy’ cannot depend upon z.

The other assertions are easily deduced from the fact that the components of the divisor
(and their tagging) should be preserved.



From now on, we will only consider adapted coordinate sytems.

Let p € Nilp(M, F) N E and New, , .)(0) be the Newton polyhedron at p with respect
o(x,y,z).

We recall the definition of the main vertex m, the displacement vectors A € Q?, C € Q >
and the main face F'.

‘ (A,-1) (A, -1)
(A, —1) \ / /i

// <_‘ P c -1,0) / /(C -1,0)
! €, -10 7

C=0 0<C<o C=o00

We denote by INA' the set of all polyhedra having a same main vertex m and displace-

ment vectors A, C'. (but possibly with different main faces). We denote by Ga . the
group of polynomial changes of coordinates

=z, g=y+g(z), Z=z+ f(x,y)

which respects the quasi-homogeneous graduation determined by F'.



T=x, yg=y+g@), zZ=z+f(z,y)
ie. wt(z)=wt(f) and wt(y) =wt(g). In other words, such that
supp(f) C {(a,b) €A +s(C,—1)] se Qo NN, ifA;=0

supp(f) C {A}NIN?, if A1 >0
and

supp(g) C{C} NN, ifA;=0

supp(g) =10, if Ay >0




Denote by (f, g) € Ga,c the element corresponding to the map

t=x, y=y+g@), Z=z+[f(z,y)
We split Ga ¢ as a semi-direct sum

Ga,c=GX o % Ga
where Gao={(f,9) €Ga.c| g=0, f=Ex™1y?2 £ €R} is and

GR,c=1{(f,9)€Ga,c| A¢supp(f)}

is a the subgroup of edge-preserving maps.

z—>z—i—§a:A1yA2 Z*>Z+§:L'A1yA2

(f,0)€Ga (f.9)€GXc



Let (z,y, z) be an (adapted) system of coordinates at p € Nilp(M, F) N E, and suppose
that

NeW(x,y’z)((?) - NE?C

Definiton: We say that (z, y, z) is a stable system of coordinates (for (M, F, F/, Ax))
at p if for all (f,g) € Ga,c,

NeW(w,erg,erf)(a) S }NE,IC

In other words, the action of the group Ga ¢ cannot modify supporting plane of the main
face.



Using stable coordinates, we can now identify the final situations

Proposition. Suppose that (x, vy, z) is a stable coordinate system at p € Nilp(M , F) N E.
Then, none of the following configurations can occur for New(, , .)(9).

Figure 14. The final situations.

because 0 € New(0) "irremovably” in each one of these cases (i.e. p is elementary).



Intrinsic definition of the invariant and local strategy

We recall that the invariant is given by

inv(y .2y = (b, me+1,m3,e — 1, \Ay, Amax {0, Ay})

Theorem 1: Suppose that (x,y, z) and (z', y’, 2’) are stable coordinates at a point
p € Nilp(M, F)NE. Then,

e The invariants inv(, , .y and inv(, . ., coincide.

e The change of coordinates (z, y, z) — (z', y’, 2’) preserves the quasi-homogeneous fil-
tration Gr> determined by the main face F'.

Definition. Let (x, vy, z) be an arbitrary stable coordinate system.
1) The invariant at p is the 6-uple inv,(M, E, F, Ax) =inv(, , )

2) the local resolution strategy at p is the weighted blowing-up defined by the main
face F' of New(, , .)(0).



The local resolution theorem

Theorem 2: Let (M, E, F, Ax) be a controlled singularly foliated manifold. Consider
the local blowing-up at p € Nilp(M,F) N E

O:M— M

which is determined by the local strategy, and let E, .7:, Ax denote the strict transforms
of F,F, Ax by this map.

Then, for each point p € ®~'(p) NNilp(M, F),

invﬁ(M, E,F, ANX) <lexinvy(M, E, F, Ax)



Remark: The local center is always contained in Nilp(M , F).
1) Aq > 0.

oy
\/‘/I F \ W= (w1707w3) — (l’O’Al)

C'={zx=2=0}CNilp(M, F)

> w=(0,ws,w3)=(0,1,As)
F| 7

C={y=2=0} CNilp(M, F)




Remark. The strict transform of the axis Ax by the local blowing-up determined by the
local strategy

Oo: M — M

~

defines an axis Ax for (M, E, F).

4\

|
|
I
\ | /
I
|
|
|

|
|
|
[

The unique two singular points of ® ~1(A) occurs at the points py = (0:0: £1) € @~ 1(p).

But, by construction, p+ ¢ Nilp(M, F).



Final situation x-dir.

The directional blowing-ups.




Edge stabilization by the action of Ga




Face stabilisation by the action of GI,C




Generically, points in Nilp(M, F) will be equireducible.
Namely, there is a discrete set of points N C Nilp(M , F) such that,

YV p € Nilp(M, F)\N

e The germ Nilp(M, F), is a locally smooth curve.

e A weighted blowing-up with center C'=Nilp(M, F), (and appropriate weights) reduces
the invariant.

e Each nilpotent point which is infinitely near p satisfies the same conditions.

The initial step of the algorithm, so-called distinguished vertex blowing-up consists in
including all non-equireducible points into the divisor by taking them as blowing-up
centers.



0 0 . 0 0
Example: 0= i y2$ , with A € Gr>2<-, 2ya—y+3za)

(0,—1,1)

The curve C' ={y=2=0} € Nilp is equireducible

(0,2,71)
Example: 0= zi—f(ac) 29 f(:L’)—a:"C
p ° - ay y azv -

(0,-1,1)
/\ The curve C'={y =2z =0} € Nilp is equireducible for x # 0
/ (k,2,-1)




A new strategy via GIT (work in progress...)

The previous strategy cannot be easily adapted to higher-dimensions

e The axis does not behave so-well under blowings-up. (We remark in passing that Haitiser
defined a notion of “local flag” which generalizes this concept for higher dimensions)

e The presence of negative vertices makes it very hard to capture a good filtration of the
local ring and define a good invariant (intrinsic, upper semicontinuous, etc.).

Basic goal:

we have to look for an invariant and a filtration which are intrinsically attached to the
local object, such that

e (Local resolution) The local blowing-up with the center determined by the filtration
strictly reduces the invariant.

e (Global resolution) The invariant is upper semi-continuous with respect to the analytic
(or Zariski) topology.

Guiding principle: To treat “on an equal footing” germs of vector fields than germs of
function?

They are both differential operators.

By observing things from this more general perspective, we will see a broader panorama. ..



Example of singular differential operator: Laplace equation on open manifolds.

(M, g) a Riemannian manifold and A=A, the Laplace-Beltrami operator

Af=0

metric g

Compactification

singular metric

The associated Laplace-Beltramy operator becomes singular at the new boundary.



Differential operators on manifolds (or orbifolds)

Consider a manifold (real analytic or holomorphic) M and two vector bundles
E\ F
M

A (E, F)-differential operator is a C — linear map ®: £ — F between (local) sections
E=T(F),F=T(F) of these bundles.

Example: For a global holomorphic function f &€ O(M), the multiplication operator
pr: O— O

defined by p¢(g) = fg is a (O, O)-differential operator.

More generally, for any bundle £, as £ is a sheaf of O-modules, the multiplication by
/ defines a differential operator pp: & — €.



The order of a differential operator

We say that ® has order 0 if it commutes with the (local) multiplication operator,
namely

pr®=us,  VfeO
More generally, we say that ® is of order d if

[/“Lfd—i—l? "'[,Lbfz,[,ufl,(b”]zo, V..., fa€O
Examples: 1) A global holomorphic function h € O(M) defines a differential operator
th: O — O

of order 0. Since [pf, pn| = fh —hf=0 forall f€O.

2) A global vector field 0 defines a differential operator of order 1

0:0—-0

Since

(g, 0)(g) = fOg —0fg=—(0f)g= p—ar(g)



By fixing local coordinates (x1,...,z,), a differential operator of order d can be written

where ¢ are rk F' X rk F/ matrices of holomorphic maps.

In what follows, I will only consider the case where rk K =1k F'=1 (i.e. E,F are line-
bundles), and therefore ¢, are germs of holomorphic functions.

Some problems in the theory:

Local resolubility problem: Given g, find f such that

O(f)=g

Index problems: Find rank(®)and corank(®)

Pseudo differential calculus: Write the inverse operator in a convenient function class.



Basic dichotomies
Global vs local

Generic vs exceptional phenomena (exceptional = situated on a closed analytic subset
of high codimension=singular set).

Examples: 1) Level sets of a reduced holomorphic function f are smooth outside a closed
subset Sing(f) C M of codimension >2.

Sing(f)={df=0}



2) A non-zero vector field 0 is locally rectifiable, outside a subset Sing(0d) C M of codi-

7

Sing(9)={f1=...=fn=0}

(i.e. we can find local coordinates such that 0 = 8%1).

0
oxn,

If we write 0 = flaia:l+ o4 then

3) The Cauchy-Kowalevski theorem applies locally near all points where a differential
operator is not totally characteristic.

What about the behaviour near these singular sets?



Resolution/Reduction of singularities approach for diff. operators.
First step: Define Sing(®), generalizing both the function and vector field case.
The local behaviour should be simple outside Sing(®).

Second step: Prove the existence of a modification
(M, ®)—(M', &)

that is, a morphism ¢ such that:
1) @: M"— M is proper and restricts to a biholomorphism outside Sing(®).

2) The operator ®’ is the strict transform of ® under this morphism

3) All singularities in Sing(®’) should be amenable to a normal form theory (so-called
final models)

Confession: I don’t know (for the moment) how these final models can be useful for
the general theory of linear PDE, but there exists a whole theory of PDE and pseud-
differential calculus on manifolds with boundary and corners

(see e.g. The b-calculus proposed by Melrose’s paper on its ICM’90 paper).



Known cases:

Functions (0-order differential operators): This is a consequence of Hironaka’s Theorem
on resolution of singularities

The final models are monomials, i.e. f= xlfl. : xfb’”

Vector fields (1-order differential operators): The reduction of singularities in known
to hold when dim M < 3.

The final models are elementary singularities (also called canonical) of a vector field

0 0
8—f18—$1+...‘|‘fn%
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The main combinatorial object linked to a germ of singular operator is its Newton poly-
hedron. We now adopt a more abstract language, better suited to the GIT analogy.

Let (O, m) be the local ring at a point p € M.
Notation:

e End(0) is the module of continuos C-endomorphisms ®: O — O for which there exists a
| € Z such that ®(m”) c m* T Vk €Z~o. We denote by End(®, m) those for which [ =0.

e Der(O,m) C End(O, m) is the Lie algebra of derivations (satisfying Leibniz rule)

Vf,9€0O, 0J(fg)=(0f)g+ f(99)

e Aut(O,m) C End(O,m) is the group of automorphisms, satisfying

VI, 9€0, o(fg)=p(f)e(g)

A

We denote by End(O,m),... their formal counterparts.

The action of the group End(O, m) on O induces an action End(QO, m) into itself by
conjugation - i.e. for ¥, o € End(O, m), f € O, the condition - (¢ )= (Y- ) [ gives

Vop=1pp !



Definition: A maximal torus in Aut(O,m) is a subgroup T C Aut(O, m) which is
isomorphic to a multiplicative torus (C*)".

We denote by t C Der(O, m) the Lie algebra of T.

Example: We fix local coordinates (z1,...,2,). Then, the (C*)"-action on O defined by

(tl,...,tn)'(561,...,l‘n):(tliCl,...,thCn)

defines an embedding (C*)" < Aut(O, m) whose image is a maximal torus.

The associated Lie algebra is the C-submodule t of derivations generated by

0 0

oxry " 0x,

We say that T is the standard torus associated to these coordinates, notes T,



Proposition. Let T C Aut(O,m) be a maximal torus. Then, there exists an unique (up
to permutation of indices) system of coordinates (z1,...,x,) such that T, .

Proof: Each vector field 0 € t is semi-simple. If we use Poincaré’s-Dulac normal form,
we can (formally) diagonalize simultaneously all t.

Now, if we take a 0 € t with a generic spectra (it suffices to require that spec(d) =
{A1,..., A\n} is Q-independent), we see that the formal diagonalization is unique, up to
permutation of indices.

Moreover, taking spec(0)={\1,..., A, } of Bryuno type
(i.e. such that the numbers {(\, k)| ke€Z"} are not abnormally small)
we guarantee that such diagonalization is indeed convergent.

Corollary. Let Center(T) and Norm(T') denote respectively the subgroup of automor-
phisms whose action (under conjugation) centralizes (i.e. fixes pointwise each element of
T) and normalizes T (i.e. maps T into itself). Then the so-called Weyl group

Norm(T) /Center(T) ~ Sym,,

where Sym,, the group of permutations in n-elements.

Proof: Just consider the group of automorphisms which map Ty , into itself.



General property of Torus actions

Let T be a torus acting (regularly) on a finite dimensional vector space V. Then, there
exists a direct sum decomposition

@ Gro(V,T)

aeX(T)

where X (T)=Hom(T, C*) is the group of characters of T and
Gro(V,T)={veV:VteT,t-v=at)v}

(i.e. for each («,t), Gro(V',T) is the eigenspace for ¢ associated to the eigenvector «(t)).
In our setting, since the action of Aut(O,m) is local (i.e. compatible with truncations),

each maximal torus defines a direct sum decomposition
O=@P Gra(O,T)
and also, writing End = End(O,m),.. for shortness, we have

End = EB Gro(End, T), Der= EB Gry(Der, T), Aut= EB Gry(Aut, T)



Example: T =T ,. Then the diagonal action on the variables x1,..., x, induces an

- : k k
action on the monomials 2" = z7'...z""

n )
(t1,. .., tn) - ¥ =tFa?

Therefore, identifying each element of X (T) to k= (k1,...,k,) € Z" via the map

k(t)=th. . thn

n

we have

Gri(0,T)=Cx*

0 0
k B
Gri(Der, T)=x (@azlaxl +...+ (Da:naxn>

Gri(End, T) = {p € End: Vn: C2"™ — Ca"T*}

It is also possible to define such graduation with respect to the Lie algebra t of T

Grk(O,T):Grk(O,t):{f: iﬁlaixlf:klf,---,iﬂn%f:knf}



Given an endomorphism ¢ and a maximal torus T, we consider the direct sum decom-
position

= ) o,

aeX(T)

and define

Supp(®, T) = {0 € X (T) | B, £0}
and, upon identification of X (T') to Z" C R",
New(®, T') = conv(supp(®, T)) + (R>0)"

For instance, suppose that ® is a differential operator of order d. Then, and that t

T =Ty 4, for some local coordinates (x1,...,2,). Then, we write
} : 5 0 8 8 8
o = X PS xa— , where T = (:Ul%, T Tng )is the logarithmic basis
ZE 1 n
YAl

W
polynomialoftotaldeg<d

and supp(®, T)={seZ"| P,#0}.



3

Example (order 0 case): 1) f=y*—2? (diff. operator of order 0)

supp(®, T) ={(3,0), (0,2)}

(0,2)




Example (order 1 case): Vector field (diff. operator of order one)




Example (order 2 case): Heat equation (diff. operator of order 2)

~()-3)

0 0
@:237_2 QT% —t_l ta , where (n>:n(n—1)...(n—k+1)
9 1 k k!




Based on the fundamental dichotomy of GIT (Hilbert-Mumford criteria)
Definition. We say that a germ of endomorphism ® at p is

e unstable if there exists a maximal torus T C Aut(O, m) such that
0 & New(®,T)

e semi-stable if for all maximal torus T C Aut(O,m),
0 € New(®,T)

The unstable locus Unst(®) is the set of points p for which the germ @, is unstable.

Examples: For ® = iy the scalar multiplication operator,
Unst(®)=V(f) (i.e.p€Unst(P) <= fem,)
For ® = 11y + O (general differential operator of order 1),
p € Unst(®) <= f €m and OJisnilpotent

where, we recall, 0 is called nilpotent if d(m)C m and ds=0.



Alternative caracterization of unstability via one-parameter subgroups

Definition. A one-parameter subgroup of Aut(O,m) is defined by an embedding A of
the multiplicative group (C*) into Aut(O,m). We will denote by Lie(\) C Der(O, m) the
associated one-dimensional Lie-subalgebra.

Example: Fixing local coordinates, (x1,...,x,), we consider the of action C* on O by
t-x=(t"zq, ..., t9"xy,)

for some w = (w1,...,w,) €Z™\ {0}. We say that A is positive is we can choose w1, ...,w,, of
the same-sign. The associated lie algebra is generated (over C) by the diagonal derivation

WT1m—+ - +wnilﬂni

o0rq 04

Remarks: 1) By Poincaré-Duac’s theorem, each one-parameter group can be (formally)
diagonalized (i.e. expressed as above in appropriate local coordinates). By Bruno’s the-
orem (condition B), such coordinates can be chosen analytic.

2) Each one-parameter group is contained in a mazximal torus of Aut(O, m) (but this
torus is far from being unique!).

(analogy: A maximal torus of GL(V') is defined by a basis of V', but a non-zero vector
can belong to infinitely many distinct basis)



Important fact for the future...

Let us denote by I'((G) the set of 1-parameter subgroups of a group G, and by
I'G)/G

the cosets for the action of action of GG in I'(G) by conjugation (i.e. g-A=g\g™1).

Proposition: For each maximal torus T C Aut(O, m)
[C(Aut(O,m)) /Aut(O,m)=1(T)/(Norm(T)/Cent(T))~T'(T)/Sym,,

(this is simply the fact that each one-parameter subgroup lies in a maximal torus and
that each two maximal tori are Aut(O,m)-conjugated)

As previously, for each one-parameter subgroup A, we have a direct sum decomposition

O= P Gra(0,N)

aceX(N)

where the group of characters X (\) is now isomorphic to Z.



Example: For \(t) defined by t-(z,y)= (tz,t%), (a, 3) € Z*\ {0},

Grk((’),)\) - {f: Z auvajuyv}

au+ Pv==k

is the vector space of («, 3) — quasi-homogeneous germs of degree k.

For ® € End(QO), we can define exactly as above its direct sum decomposition with respect
to the graduation defined by a 1-psg A € Aut(O, m), and let

Proposition: The germ of ® is unstable if and only if there exists a positive 1-psg A
such that supp(®, \) C Grso(End, \).



“Visual” proof:




The above discussion implies that
order(®) < 1= Unst(®) is closed

Remark: In the case where ® = 0, we recall the condition dg =0 is equivalent to say
that the linearization

Lom/m? — m/m?
is a nilpotent endomorphism. In its turn, this corresponds to the fact that the charac-
teristic polynomial xr, is trivial.

Each local automorphism ¢ acts on m /m? as a linear coordinate change (isomorphic to
GL(n, ©)),

And of course the coefficients of Y, are invariant with respect to such action.

Open Problem: Prove that Unst(®) is closed (wrt the analytic/Zariski topology) for
® a differential operator of arbitrary order.



Definition: We say that the germ of ® at p is strongly unstable if, for m =m,,
e &(mF) CcmF (ie. ® islocal at p)
e O is unstable in the preceeding sense (i.e. 0 ¢ New(®, T') for some maximal torus T)

Example:

(I)(xmyn) — <7727’> va—Qyn—Fl _|_:Cm+4y — (I)(mk:) C mk—lbut <I>(m2) §Z m2

The germ is unstable but not strongly unstable (we note that ®(m) C m).



We denote by S.Unst(®) the strongly unstable locus.

Proposition. 1) S.Unst(®) = Unst(®P) if ¢ has order <1.

2) S.Unst(®) is closed.

Proof :

1) For ® = yi; of order 0, we obviously have ®(m”) C m”. Hence, S.Unst(®) = Unst(®).

For ® =+ y; of order one, the condition Jk: ®(m"*) Z m” is equivalent to the fact that
om)Zm

but, from the above characterisation, this implies that p is not an unstable point.



2) We will prove that locally at each point, there exits a finite collection of analytic
functions a1, ..., a,, € O such that

S.Unst(®)=Z(aq,...,amn)

Suppose that p € M is such that ®(m”) C m”* (which is this is expressed by analytic
conditions). We fix local coordinates (x1,...,x,) and consider the standard maximal
torus r,[[‘st = Tst,w-

Since the action of Aut(O, m) on the set of maximal tori is transitive, we have

pe S.Unst(®) <=|Jpc Aut(O,m): New(pPp 1 Ty) %0

Let us consider the 1-psg h associated to :cla%l + -+ :cna% (homogeneous graduation).
The 0-degree component G'= Gro(Aut(O, m)) of Aut(O,m) is isomorphic to GL(n, C).

It acts by conjugation on the degree 0 component of End(O,m),
G X Gro(End(O, m)) — Gro(End(O, m)), (o, Po) — o Po g

The subset of differential operators of degree <d forms a finite dimensional vector space

V = Gro(Diff S4(O, m)) C Gro(End(O, m)), which is invariant by the G-action.



Some concepts of GIT Let G be a complex reductive group acting linearly on a finite
dimensional C-vector space V.

Let C[V]“ denote the ring of invariant for group action.
Hilbert’s theorem There exists polynomials a1, .., a,, such that C[V]% = Clay,...a,,]

The algebraic set
Ne(V)=Z(a1,...,am)CV
is called the null-cone for the GG action on V. It is the fiber over 0 for the quotient map
V-V /G

How to characterize the null-cone without computing C[V]¢ ?

Given a torus T'C G, let 'V =& V., denote the direct sum decomposition associated to
the corresponding torus-action. (e.g. for G = GL(n,C), a maximal torus is simply the
subgroup of diagonal matrices with respect to a given basis of C")

As previously, we can define the support supp(v,T'), for each v € V:

vzz Vers with v, €V, — supp(v,T)={a e X(T):v,#0}



Hilbert-Mumford criteria.

Theorem (Hilbert-Mumford) v e Ng(V)

<= d maximal torusT" C G such that conv(supp(v,T")) 20
<= Ja l-psg A C G such that supp(v, \) C Gr.o(V, ).

Remark: The first <= allows us to “eliminate the 3 quantifier” in this finite dimen-
sional setting, since Ng (V') is defined by the vanishing locus of a, ..., a,, (of generators

of C[V]%)

Remark: Geometrically. v € Ng(V) <= 0€ G v (i.e. 0 lies in the closure of the G-orbit
of v)

On the other hand, the last statement in the equivalence means that

lim A(t)-v=0

t— o0

Therefore, the HM criteria says that

0 belongs to the closure of the orbit G- v iff then there exists a 1-psg which steers v to 0.



Example (classical) We consider the space of homogeneous d polynomials in two vari-
ables, where the reductive group SL(2, C) acts by linear change of coordinates

g—<iZ)EPSL(2,@) —  (g9-p)(z,y)=p(dx —by, —cx+ay),

The standard maximal torus in SL(2, C)is given by A(¢) :( £ 0 >’

which acts on a monomial 2"y’ by mapping it to t* ~'z"y’.

Therefore, supp(p, \) C Gr-o(V, \) if and only if p is divisible by z!%/2/+1 or by y!4/2+

k+l=d k+l=d

or

/2] +1 p-----

[d/2]+1
By HM, p is in the null-cone if and only if it has a root of multiplicity at least [d /2] 4+ 1.



Example (classical) We consider action of GL(n, C) on the matrices gl(n, C) by conju-
gation. Then,

the ring of invariants is given by the coeflicients of the characteristic polynomial
xa(s)=det(sI — A)

and A lies in the null-cone if and only if it is nilpotent.

The standard maximal torus T is given by the embedding of (C*)™ into the diagonal
matrices

diag(t1,...,tn)

and, for e;; = (d;;) the basis elements of gl(n, C),

diag(t) - €;; - diag(t_l) = (t'étj_l) Cij

If A is nilpotent and in jordan normal form then supp(A,T) can be separated from 0 by
a hyperplane.

Hence, A € Ng(V) <= Aisnilpotent.



Back to the original problem: Prove that S.Unst(®) is closed.
Let @y € Gro(End, h) be the degree 0 component of ® with respect to Gr(-, h).

For each fixed coordinates (x1,...,x,), supp(®o, T3 ) is a finite subset of

H={keZ2 4| ki+ - +k,=0}

°
o /
°
/ supp(Po, T)

We claim that p belongs to S.Unst(®) if and only if &g Ng(V'), where V = Gro(End, h).
(indeed, S.Unst(®) means that there exists a maximal torus T € Aut(O, m) such that

0 ¢ supp(®,T)

but this holds if and only if we can find a maximal torus 7'C G = (linear part of Aut(O, m))

such that 0 ¢ supp(®o, 7). By the HM criteria, this condition is determined by a finite
number of polynomial equations the coefficients of ®.















- method



Problem of elimination of the S.Unst locus

Let ® € Diff*(M) be a differential operator on a manifold M. Is there a locally finite
sequence of blowing-ups

(M, ®)=(My, Do) «— (M, Pq) (M, ®,.)=(M",d")

with center on the Strongly unstable locus, and such that

S.Unst(®') =10

Remark: In this case, we are not requiring a logarithmic resolution, i.e. that the blowing-
up center has normal crossings with the exceptional divisor.



The basic idea of the unstability approach
Question of Mumford-Tits. Let G be a reductive group acting on a vector space V.

Assuming that v € No(V'). Then, by HM — criterium, there exists a one-parameter group
A C (G such that

A1) -v=0(t")v
for some k> 1 (i.e. A steers v to 0 at order k) (we note u(v,\) =k). Can we caracterise
the subset of one-parameter groups for which such order is maximal ?

(We have to “normalize”) because if we define \i(¢) = A(¢") for some r € Z~( then

M(Ua )‘1) — T,LL(U, )‘)

G. Kempf, Instability in invariant theory - Annals of Math. 108(2)
Definition. A length on I'(G) is a non-negative real valued function A+ ||\
such that:

a)(G-invariance) [[gAg || =||\|| for all A€ I'(G) and g€ G

b)(inner product) For any maximal torus 7' C GG, there exists a positive definite integral
valued bilinear form (, ) on I'(T') such that |[A[|*= (), \), for any A € I'(T).



In particular, by the G-invariance, the inner product should be invariant the action of
the Weyl group of 7" on I'(T').

In particular, if the Weyl group is transitive on a Z-basis of I'(7"), this inner product is
unique (up to a constant factor).

Definition. Suppose that v € V' is unstable. For each nonzero A € I'(G), we define

speed(v, \) = o, A)

Set

Speed(v) = sup speed(v,\)
AET(G)

and
=(v)={XeI'(G):speed(v, A) = Speed(v)}

which is the so-called optimal set.

Goal: We would like to characterize =(v).



Polyhedral interpretation

There exists a “perfect pairing” between X (T") (the character group) I'(T") (the set of one-
parameter subgroups of 7'), seen as Z-modules,

which is given by the bilinear map (x,\) € X(T') x I'(T") — x(\) (evaluation of the char-
acter on \).

The inner product (, ) (used to define the length) stablishes an isomorphism v:I'(T") ~
X (T), defined by the equality

viNp=(A,p),  VpeX(T)

which allows us to extend the length function to the character group.



How to "see” the speed(v, \) ?

Choose any maximal torus 7" which contains A, and let
New(v,T)

be the Newton polyhedron of v with respect to T' (i.e. we decompose v = Zx vy, and
consider the convex enveloppe of the support).

By identifying X (7") with Z™ (and assuming that each basis element has length one)...




For a fixred maximal torus, the speed in maximized by taking the “nearest point” on the
polyhedron.




For a fixred maximal torus, the speed in maximized by taking the “nearest point” on the
polyhedron.




For a fixred maximal torus, the speed in maximized by taking the “nearest point” on the
polyhedron.




For a fized maximal torus, the speed in maximized by taking the “nearest point” on the
polyhedron.

Theorem of Kempf. ()
1)(Existence) The set =(v) is non-empty (i.e. the sup of the speed is attained)

2)(Uniqueness of the optimal set up to parabolics) For any A € =(v), we have
E(v)={g g™ g€Grso(G,\)} =Par(G,\) -\

(i.e. all elements of Z(v) define precisely the same filtration of V).



We would like to adapt this to the context of differential operators.

Basically: Let ® be a germ of differential operator at p e M
1) Define the Speed(®) as the main invariant.
2) The local strategy consists in blowing-up with the filtration defined by =(®).

Combinatorial effect of a weighted blowing-up on the nearest point.

\

fl

But we have to take care of the translations, and prevent the compensation phenomena.

Is there an analog of the stabilization procedure.



Theorem (Kirwan [1984], Ness [1984]) Let v be an unstable vector in V. Then, a one-
parameter subgroup A\ €T is optimal (i.e. lies in =(v)) if and only if the projection

v € Gri(V, \)

is semi-stable with respect to the action of the “slice subgroup” Gro(G,T') C G, which is
also reductive.



In fact, this result allows to define an algebraic stratification of the null-cone
Na(V)=N1UMNU - - UN;U{0}

in terms of the speed, so-called Hesselink stratification.

In our context, a similar result would completely prevent full compensation phenomena.



Example: For \(t) defined by A(¢) - z; — tx; (in some coordinate system) we obtain
G(\)/(\)=PSL(n, C) = Aut(P" 1)

(the automorphism group of the projective space)






To deal with these, we need some analog of Geometric invariant theory for non-reductive
groups.



