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Holomorphic von Neumann Inequality

Theorem 1 (von Neumann, 1951)).

If T is a contraction (∥T∥ ≤ 1) on a complex Hilbert space and p is a
holomorphic polynomial in 1 complex variable, then ∥p(T )∥ ≤ sup

z∈D
|p(z)| .

The sup in this theorem is equal to ∥Mp∥ = ∥p(S)∥ , where Mp and S = Mz

are multiplication and shift operators on H2(D) .

For a version of this for commuting tuples of operators, let A be the
Drury-Arveson space, the Hilbert space with reproducing kernel

KA(z ,w) =
1

1− ⟨z ,w⟩
=

∞∑
m=0

⟨z ,w⟩m consisting of holomorphic functions on the

unit ball B of CN , where ⟨z ,w⟩ = z1w1 + · · ·+ zNwN is the inner product of
CN . When N = 1 , A = H2(D) .

Theorem 2 (Drury 1978, Arveson 1998).

If (T1, . . . ,TN) is a commuting tuple and a row contraction on a complex
Hilbert space and p is a holomorphic polynomial in N complex variables, then
∥p(T1, . . . ,TN)∥ ≤ ∥p(S1, . . . ,SN)∥ , where the Sj = Mzj act on A .
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Aim and Some Questions

We would like to have a version of von Neumann inequality in which the
polynomial p is harmonic. To do this, we have to first find answers to some
questions.

1 What are the equivalents of the shift operators? Multiplication by
coordinate variables do not preserve harmonicity, so we might have to
project on harmonic spaces.

2 What is the equivalent of the Drury-Arveson space? We probably should
search for a reproducing kernel Hilbert space of harmonic functions. A good
place to start might be to find the equivalents of the ⟨z ,w⟩m for harmonic
functions. These are the reproducing kernels of the spaces of holomorphic
homogeneous polynomials of degree m .

3 For what families of row contractions of operators can we obtain a von
Neumann inequality? It turns out we have to restrict further as of now.

We consider the general situation and take n ≥ 2 . We denote the inner product
of Rn by x · y = x1y1 + · · ·+ xnyn .

H. T. Kaptanoğlu (Bilkent, Ankara) Harmonic Shift and von Neumann 2021 3 / 1



Spherical and Zonal Harmonics

Let Pm and Hm be the space of complex-valued homogeneous and harmonic
homogeneous polynomials in n ≥ 2 real variables of degree m . The restrictions
of elements of Hm to the unit sphere S in Rn are called spherical harmonics.

Point evaluation at η ∈ S is a bounded linear functional on Hm , so Hm is a
reproducing kernel Hilbert space. Its reproducing kernel Zm(ξ, η) with respect to
[·, ·]L2(σ) is called the zonal harmonic of degree m , where σ is the normalized
surface measure on S . Thus Zm is a positive definite function.

Zonal harmonics can be extended as positive definite functions to all of B ⊂ Rn

in one or both variables as Zm(x , y) := rmρmZm(ξ, η) by homogeneity. The
reproducing property then takes the form

u(y) =

∫
S
u(ξ)Zm(ξ, y) dσ(ξ) =

[
u(·), Zm(·, y)

]
L2(σ)

(y ∈ B, u ∈ Hm).

Zonal harmonics are real-valued and symmetric in their variables and satisfy
|Zm(x , y)| ≤ |Zm(ξ, η)| ≤ Zm(ξ, ξ) = δm := dimHm , where x = rξ and y = ρη .
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Zonal Harmonics

The explicit formula for the zonal harmonics is

Zm(x , y) = (n+2m−2)

⌊m/2⌋∑
k=0

n(n+2) · · · (n+2m−2k−4)

(−1)k2kk!(m − 2k)!
|x |2k(x · y)m−2k |y |2k

= Am(x · y)m+Am1|x |2(x · y)m−2|y |2+Am2|x |4(x · y)m−4|y |4+ · · · ,

where Am :=
n(n + 2) · · · (n + 2m − 2)

m!
=

(n/2)m2
m

m!
is the coefficient of the

first term for k = 0 , ⌊·⌋ denotes the integer part, and (a)b := Γ(a+ b)/Γ(a) is
the Pochhammer symbol.

We define Xm(x , y) := A−1
m Zm(x , y) = (x · y)m + · · · . We compute

|Xm(x , y)| ≤ |x |m|y |m δm
Am

≤ 1 for all x , y ∈ B .

In the holomorphic setting, the equivalents of Am and δm are equal. It turns out
that Xm is the counterpart in Rn of the quantity ⟨z ,w⟩m in CN , which is a
constant multiple of the reproducing kernel of holomorphic homogeneous
polynomials of degree m with respect to [·, ·]L2(σ) (K., 2010).
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Shift Operators

Observe that
1

m + 1

∂

∂w j

(
⟨z ,w⟩m+1

)
= zj ⟨z ,w⟩m in the holomorphic setting.

Definition 3.

For j = 1, . . . , n , considering Xm(x , y) as a function of x indexed by the
parameter y , we define the shift operators Sj : Hm → Hm+1 acting on x by first

SjXm(x , y) =
1

m + 1

∂

∂yj
Xm+1(x , y)

and then extending to all of Hm by linearity and the density of the Xm(·, y) in
Hm .

Recall that L2(σ) =
∞⊕

m=0
Hm .

The adjoints of the Sj with respect to [·, ·]L2(σ) are

S∗
j um =

1

m

Am−1

Am
∂jum =

1

n + 2m − 2
∂jum for um ∈ Hm . Since these adjoints

commute with each other, so do the Sj .
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Projection on Hm

If pm ∈ Pm and k = ⌊m/2⌋ , then there are unique ul ∈ Hl such that

pm(x) = um(x) + |x |2um−2(x) + · · ·+ |x |2kum−2k(x).

Let the projection Hm : Pm → Hm be given by Hm(pm) = um . Let also

∂ =
( ∂

∂x1
, . . . ,

∂

∂xn

)
.

Theorem 4 (Axler, Bourdon, Ramey, 2001).

If pm ∈ Pm , then Hm(pm)(x) =
1

cm

{
K [pm(∂)|x |2−n], n ≥ 3,

K [pm(∂) log |x |], n = 2.
When pm is

restricted to S , then this projection is orthogonal with respect to [·, ·]L2(σ) . Here
the cm are constants depending on n and m , and K is the Kelvin transform.

The Kelvin transform is given by K [u](x) = |x |2−n u

(
x

|x |2

)
for x ̸= 0 , which is

K [u](x) = u
(
x/|x |2

)
for n = 2 . Note that K [u] = u on S and K−1 = K . A

function is harmonic if and only if its Kelvin transform is harmonic.
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Shifts and Multiplications by Coordinate Variables

Theorem 5.

For j = 1, . . . , n , if Sj : Hm → Hm+1 , then Sj = Hm+1Mxj .

Lemma 6.

For n ≥ 3 , we have (y · ∂)m|x |2−n = cm
Xm(x , y)

|x |n+2m−2
and

K
[
(y · ∂)m|x |2−n

]
= cmXm(x , y) . In the formulas for n = 2 , |x |2−n is replaced

by log |x | on the left and by nothing on the right.

Corollary 7.

For n ≥ 3 and m = 0, 1, 2, . . . , we have

K (η · ∂)mK [1](ξ) = (−1)mm!C
n/2−1
m (ξ · η) , where Cλ

m is the Gegenbauer
(ultraspherical) polynomial of degree m with parameter λ . For n = 2 and
m = 1, 2, . . . , we have K (η · ∂)mK [log | · |](ξ) = (−1)m(m − 1)!Tm(ξ · η) , where
Tm is the Chebyshev polynomial of the first kind of degree m .
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Harmonic Hilbert Function Spaces

Let {βm > 0 : β0 = 1, m = 0, 1, 2, . . . } be a coefficient sequence satisfying

lim sup
m→∞

(δmβm/Am)
1/m ≤ 1 . We define kernels by Gβ(x , y) :=

∞∑
m=0

βm Xm(x , y)

for x , y ∈ B and spaces Gβ as the reproducing kernel Hilbert spaces generated
by these kernels. The series of the Gβ converge absolutely and uniformly on
compact subsets of B× B , hence define harmonic functions of x , y ∈ B . Thus
also Gβ ⊂ h(B) , the space of harmonic functions on B .

Theorem 8.

The space Gβ coincides with the space of u ∈ h(B) having homogeneous

expansions u =
∞∑

m=0
um with um ∈ Hm satisfying

∥u∥2Gβ
=

∞∑
m=0

∥um∥2Gβ
=

∞∑
m=0

Am

βm
∥um∥L2(σ) < ∞ equipped with the inner product[

u, v
]
Gβ

=
∞∑

m=0

[
um, vm

]
Gβ

=
∞∑

m=0

Am

βm

[
um, vm

]
L2(σ)

.

Linear combinations of {Xm(·, y)} and also the harmonic polynomials are dense
in every Gβ .
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A New Family of Harmonic Hilbert Function Spaces

Motivated by
1

(1− ⟨z ,w⟩)1+N+q
=

∞∑
m=0

(1 + N + q)m
m!

⟨z ,w⟩m when

q > −(1 + N) and z ,w ∈ B ⊂ CN , for q ∈ R , we consider the sequence

βm(q) :=


(1 + n/2 + q)m

m!
, if q > −(1 + n/2),

m!

(1− (n/2 + q))m
, if q ≤ −(1 + n/2),

and call the corresponding reproducing kernel and the reproducing kernel Hilbert
space Gq and Gq . Functions in every Gq are actually harmonic on 2B .

When q = −n/2 , all the βm(−n/2) = 1 , and we name the corresponding kernel
and the space Ğ and Ğ . So

Ğ (x , y) =
∞∑

m=0

(
(x · y)m + · · ·

)
=

1

1− x · y
+ · · · ,

and Ğ is our candidate for the harmonic Drury-Arveson space.
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Another Family of Harmonic Hilbert Function Spaces

As another example, for q ∈ R , we let

γm(q) :=


2m(1 + n/2 + q)m

m!
, if q > −(1 + n/2),

2mm!

(1− (n/2 + q))m
, if q ≤ −(1 + n/2),

and call the corresponding reproducing kernel and the reproducing kernel Hilbert
space Rq and b2q .

The Poisson kernel P(x , η) :=
1− |x |2

|x − η|n
=

∞∑
m=0

Zm(x , η) , where x ∈ B , η ∈ S is

obtained for q = −1 and it reproduces the harmonic Hardy space b2−1 = h2 . If
q > −1 , the b2q are harmonic weighted Bergman spaces. If q < −1 , the b2q are

harmonic Bergman-Besov (Bergman Sobolev) spaces. If q = −n , the b2−n is the
harmonic Dirichlet space.

All these spaces have inner products given by integrals on B . These are studied
by Gergün, K., Üreyen (2016).
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Properties of Shifts

When we extend the Sj to all of Gβ or Gq , we write Sβj or Sqj . The adjoints

with respect to [·, ·]Gβ
are S∗

βj
um =

1

m

βm−1

βm
∂jum for um ∈ Hm . In particular,

S̆∗
j um =

1

m
∂jum , and S̆∗

j um(x) =

∫ 1

0

(∂jum)(tx) dt by homogeneity. The last

formula is used by Alpay, Shapiro, Volok (2005) to define the backward shift
operators on a Drury-Arveson space in a quaternionic setting.

Using the notation T · U = T1U1 + · · ·+ TnUn for tuples of operators, also

(Sβ · S∗
β)um =

n∑
j=1

Sβj

1

m

βm−1

βm
∂jum =

1

m

βm−1

βm
Hm(x · ∂)um =

βm−1

βm
um .

So if θ = supm(βm−1/βm) < ∞ , which holds true for βm(q) for all q ∈ R , then
each Sβj is bounded and ∥Sβj∥ ≤

√
θ .

Further,
(
I − Sβ · S∗

β

)
u = u0 +

∞∑
m=1

(
1− βm−1

βm

)
um for u ∈ Gβ . In particular,

(I − S̆ · S̆∗)u = u0 . which is also true for the shift on the holomorphic
Drury-Arveson space.
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Row Contractions

Definition 9.

Let T = (T1, . . . ,Tn) be a commuting tuple of operators on a Hilbert space H .
We call T a row contraction if ∥T1u1 + · · ·+ Tnun∥2H ≤ ∥u1∥2H + · · ·+ ∥un∥2H
for all u1, . . . , un ∈ H . Equivalently, T is a row contraction if and only if
I − T · T ∗ is a positive operator.

For a row contraction T , we call DT = (I − T · T ∗)1/2 : H → H , which is the
unique positive square root, the defect operator of T . By above, DS̆u = u0 .

When is Sβ a row contraction? The operator I − Sβ · S∗
β is a diagonal operator,

so it is positive precisely when the coefficints in its expansion above are all
positive.

Proposition 10.

So Sβ is a row contraction if and only if {βm} is an increasing sequence. In
particular, Sq is a row contraction if and only if q ≥ −n/2 .

H. T. Kaptanoğlu (Bilkent, Ankara) Harmonic Shift and von Neumann 2021 13 / 1



Maps on B(H)

Let’s denote as usual bounded linear operators on a Hilbert space H by B(H) .

Let T = (T1, . . . ,Tn) be an operator tuple on a Hilbert space H . Define
JT (B) := T1BT

∗
1 + · · ·+ TnBT

∗
n for B ∈ B(H) , which has proved useful in

operator theory. Using the explicit formula for the zonal harmonics, define also for
m = 0, 1, 2, . . . ,

Vm
T (B) :=

⌊m/2⌋∑
k=0

Amk

Am
(T · T )kJm−2k

T (B)(T ∗ · T ∗)k (B ∈ B(H)),

where JℓT (B) := JT (J
ℓ−1
T (B)) =

∑
|α|=ℓ

ℓ!

α!
TαB(T ∗)α is the ℓ -fold composition

of maps which is associative. Both J0T = V 0
T = I . In particular,

JℓT (I ) = (T · T ∗)ℓ and

Vm
T (I ) =

⌊m/2⌋∑
k=0

Amk

Am
(T · T )k(T · T ∗)m−2k(T ∗ · T ∗)k = Xm(T ,T ∗).
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Action of Vm
T (I )

(S∗
β · S∗

β)um =
1

m

βm−1

βm

n∑
j=1

S∗
βj
∂jum =

1

m(m − 1)

βm−2

βm

n∑
j=1

∂2
j um = 0 for

um ∈ Hm .

Definition 11.

We call an operator tuple T = (T1, . . . ,Tn) on a Hilbert space harmonic type if
T ∗ · T ∗ = 0 , or equivalently, if T · T = 0 .

If T is harmonic type, then Vm
T = JmT and Vm

T (V 1
T ) = Vm+1

T .

Lemma 12.

If T = (T1, . . . ,Tn) is a row contraction and harmonic type on a Hilbert space,
then lim

m→∞
Vm
T (I ) = lim

m→∞
JmT (I ) =: T∞ exists in the strong operator topology

and satisfies 0 ≤ T∞ ≤ I .

If T∞ = 0 , then T is called pure. In particular, Sq is pure when q ≥ −n/2 .

Also Vm
S̆
(I )u =

∞∑
ℓ=m

uℓ = u − (u0 + u1 + · · ·+ um−1) .
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Passage from T ∈ B(H) to S̆
Theorem 13.

Let T be a harmonic-type row contraction on a Hilbert space H . Then there
exists a unique bounded linear operator L : Ğ ⊗ DTH → H satisfying ∥L∥ ≤ 1
and L(u ⊗ ω) = u(T )DTω for a harmonic polynomial u and ω ∈ DTH . In
particular, L(1⊗ ω) = DTω . Moreover, L · L∗ = I − T∞ , so if T is pure, then
L is a coisometry, that is, L · L∗ = I on H .

If T is self-adjoint, i.e., T ∗
j = Tj for j = 1, . . . , n , then Vm

T (I ) =
δm
Am

JmT (I ) .

Lemma 14.

Let T be a self-adjoint row contraction on a Hilbert space and define

RM =
M∑

m=1

(
δm
Am

− δm+1

Am+1

)
Jm+1
T (I ) . Then lim

M→∞
RM =: R∞ exists in the strong

operator topology and 0 ≤ R∞ ≤ I .

Theorem 15.

Theorem ?? also holds for self-adjoint row contractions on a Hilbert space.
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Maximality of Norm of Ğ and a von Neumann Inequality

A norm on harmonic polynomials derived from an inner product that respects the
orthogonality in L2(σ) is called contractive if the shift operator is a row
contraction in this norm.

Theorem 16.

Let ∥ · ∥ be a contractive norm on harmonic polynomials. Then ∥u∥ ≤ ∥u∥Ğ ∥1∥
for harmonic polynomials u .

Theorem 17.

Let T be a harmonic-type row contraction on a Hilbert space H . If u is a
harmonic polynomial, then ∥u(T )∥ ≤ ∥u(S̆)∥ .

Remark 18.
Unlike the holomorphic case in which the Drury-Arveson space generalizes the
Hardy space to several variables for operator-theoretic considerations, there is no
connection between the harmonic Hardy space and the harmonic Drury-Arveson
space.
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D. Alpay & H. T. Kaptanoğlu, Shift Operators on Harmonic Hilbert Function
Spaces on Real Balls and von Neumann Inequality, J. Funct. Anal. 281
(2021), #109058, 32 pp.

D. Alpay, M. Shapiro, & D. Volok, Rational Hyperholomorphic Functions in
Rd , J. Funct. Anal. 221 (2005), 122–149.

W. Arveson, Subalgebras of C∗ -Algebras III: Multivariable Operator Theory,
Acta Math. 181 (1998), 159–228.

S. Axler, P. Bourdon, & W. Ramey, Harmonic Function Theory, 2nd ed.,
Grad. Texts in Math., vol. 137, Springer, New York, 2001.

S. W. Drury, A Generalization of von Neumann’s Inequality to the Complex
Ball, Proc. Amer. Math. Soc. 68 (1978), 300–304.
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H. T. Kaptanoğlu (Bilkent, Ankara) Harmonic Shift and von Neumann 2021 18 / 1


