The Drury—Arveson space on the Siegel upper
half-space and a von Neumann inequality

Focus Program on Analytic Function Spaces and their Applications:

Workshop on the Drury-Arveson Space

Alessandro Monguzzi
November 23, 2021

Universita degli Studi di Bergamo



Joint work with N. Arcozzi, N. Chalmoukis, M. Peloso and M.
Salvatori.



A Hilbert space #¢ of functions defined on Q is a RKHS if

Vz € Q there exists K, € # : f(z) = (f, K,) for all f € #;

Let B! C CY*! be the unit ball. For v > —d — 2 consider the
RKHS of functions holomorphic in B9t associated to the kernel

1
Ki(z,w) = (1— (z, wy)d+2+v

e v = —1 = Hardy space;
e v =0 = Bergman space;

limit case as ¥ — —d — 2 = Dirichlet space;
e v =—d — 1 = Drury-Arveson space DA(BI*1);
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If f(C) = Z‘O{'ZO aaCa, then

IflBa= > 1o |,\ aal.

|o|>0
An exact integral representation of || - ||pa is given as follows.
Let R be the radial derivative Rf(() = ZdH GO f(C) and set
Ro=Td, Ry (Id+ R)(Rk L fork=1,2,...

Then,

N o G
IFIa = d—gx [, s — IR e

See [Peloso, 1992], [Arcozzi—-M.—Peloso—Salvatori, 2019].



Theorem (J. von Neumann 1951)
Let # be a Hilbert space and let T : # — # be a contraction.
Then, for any polynomial p(z),

IP(T)llz@ey < [IPllm(H2m)) = lIPlloo-

Theorem (S. Drury 1978)

Let # be a Hilbert space and consider the (d + 1)-tuple
T =(Ti,..., Tyy1) of linear operators on # satisfying

(i) TjTk — TuTj=0forall j,k=1,...,d+1;
(ii) Zj-iill | TiviIZ < |v|3, forall v e #.

Let p(z) = p(z1,...,24+1) be a complex polynomial. Then,

1PCT ) sy < NlPllm(pa@as1y)-



We now work on the Siegel upper half-space Ul and state an
analogue of von Neumann and Drury's result.

U= {(¢,¢a1) € CT x C:ImCyp1 > 3¢}

={(z,t+ §|z>+ih):ze CI t e R, he (0,00)}.
For v > —d — 2 consider the RKHS of functions holomorphic on U
associated to the kernel

it —C —(d+2+v)

Kolw,€) = 70 (2225558 — 1w, 0)) -
e v = —1 = Hardy space;
e v =0 = Bergman space;

limit case as v — —d — 2 = Dirichlet space;
e v = —d — 1 => Drury—Arveson space DA(U);

= ~1
KDA(W7 C) = de(wd%i,CdH - %<w7 <>) :



Why consider the Siegel half-space?

e It is an unbounded biholomorphic copy of the unit ball.

e It is the “correct” generalization of the half-plane in several

variables.

e You break the simmetry of the ball meaning that the (441
direction is “different” than the others.

e The boundary of U can be identified with the Heisenberg
group = harmonic analysis on groups is available.

o The Siegel half-space is an example of the more general (and
complicated) homogeneous Siegel domains. See recent work
of Calzi—Peloso and the references therein.



Theorem (Arcozzi—M.—Peloso—Salvatori, 2019)

Let be p(¢, Car1) = Im a1 — 4[¢|%. Then,
DA(U) = {F € Hol(U) : (i) and (ii) hold }
where

() lim (¢, Can)@,, F(C,Cara) =0 forj=0,....d—1;

Im {gy1—00

|FHDA = fu |P (¢, Cd+1)6’£’dHF(C,Cd+1)\2p*(d“)(C) d¢ < oo.



o U=1{(¢,(441) €CY x C:Im(gy1 > L¢Ry,

= -1
° KDA(W7 C) = Vd,v<%_,‘<dﬂ - %(wa C>) ;
e (A1,...,Aq41) is a Siegel—dissipative vector of commuting
operators on a Hilbert space # if:
(i) the operators Ay, ... Ay are bounded;
(il) Ag41 is closed, densely defined and (0, +00) C r(iAg+1);
(i) the operators Ay, ... Ay commute with each other and they
strongly commute with Agy1;
(iv) the following condition holds:

d
1
Im{Agi1v,v)ze > 7 > llAiv], Vv € Dom(Agq1).
i=1
e In particular, iAg+1 is the infinitesimal generator of a
semigroup of contractions {e~"7A4+1}, ¢ that commutes with
all the A;’s.



Theorem (Arcozzi-Chalmoukis-M.-Peloso-Salvatori, 2021)

o (A1,...,Aq11) be a Siegel-dissipative vector of commuting
operators on a Hilbert space #;

o forany 7, <0,j=1,...,d, set M; = e*"TfAC’“Aj and
mj(C, Ca+1) = e~

Then, for any complex polynomial p(zi, ..., z4),

Ip(My, ..., Ma)llg@ey < lp(m1, ..., ma)llmpa)-

Remark
To have a meaningful inequality we need 7; < 0 so that

m;(¢,Cd+1) is a well-defined multiplier for DA. If 7; = 0 then m; is
no longer a multiplier for DA.



Theorem (Arcozzi-Chalmoukis-M.-Peloso-Salvatori, 2021)
The diagram

S* _®ld
LP(N9 x R_, du; #p) —"— [2(N9 x R_, du; #n)

| o

—iTAd+1 A
# ° H

commutes.



Theorem (Arcozzi-Chalmoukis-M.-Peloso-Salvatori, 2021)
The diagram

5*
L2(NY x R_, dpi; #a) 2225 12(N9 x R, dpu: #a)

o | o

gﬁ ef/TAd\lA”" ;{

commutes.

e It follows from the definition of Siegel-dissipative vector of
commuting operators.



S* _®ld
[2(NY x R, du; #Hp) =" L2(N9 x R_, du; #a)

o | o

e ITAd+1 AY

Ft s H

The measure dy is defined as
2d
du(a, \) = a! ( ) IA|“¢ dav d A

where

e da - counting measure on N¥;

e d\ - Lebesgue measure on R_.



Proposition
The map & : L?(N? x R_, du) — DA defined as

1 . I
((SSO)(C, <n+1) = W /Nd " CQG_IACC’HQP(Q, )\) |)\|d dadX

is a conjugate linear surjective isometry.

e This is a more precise formulation of the Paley—\Wiener
theorem for DA.
e Given f € DA and recalling that bil = Heisenberg group,

1

0]
d+1/ M tr(ox(Forlz, 8]7) |A[4dA

f(z,t, h) = )

and
1F12n = /R lox(F)Is| AP dA.

e o(f) is a Hilbert-Schmidt operator (for us, acting on a Fock
space F7).



We define

[2(N? x R_, du; #Ha)

0
= {g :N? x R_ — Dom Ag1 : Z / g, N3 d,u(a,)\)}.
aeNd ¥ T
where

d

1
IvIa = Im{Agi1v, Vg — 1 Z |Aiv||% Vv € Dom(Agi1).
i=1



St _@ld
L2(N? x R, du; #Ha) 22— L2(N? x R_, du; #p)

ol |

—iITAdL1 AY
dt £ #t




s _@ld
L2(N? x R_, du; #Ha) =" L2(N9 x R_, du; c#p)

°| o

—iTAd11 AY
#H = #t

Proposition
The map © : # — L2(N? x R_, du; #a)

|7 |lv1=d

~iMgi1 g1
(O 7) = T e AT,

is an isometric embedding, i.e.,

1OVIi2(a) = IIvllze, Vv € FH.



S* _®ld
L2(N? x R, du; #Ha) 22— L2(N? x R_, du; #p)

o o

—iITAdL1 AY
dt £ #t




Sk _®ld
L2A(NY x R_, dp; #p) s [2(N9 x R_, dps; #)

° o

e ITAd+1 AY

H A




Proposition

Let v € N and 7 < 0. Then, the operator

|)‘| @'dcp(a YA=T) if A<TAQ>7;

(Sy0)(a, A) =

0] otherwise.

is a bounded operator on L>(N9 x R_, du), unitarily equivalent to
the multiplier operator on DA with multiplier e~'T¢4+1¢Y . The
adjoint operator is

(57,790)(0‘a>\)— |)\|d |O¢|

2|7| ol +y, A+ 7).
al



For g € L’(N9 x R_, du; #p) we define

A4 7|@-1el=1 (@ 4+ )1
|A|d=led al

(S5, @ ld]g(a,T) = 2Mg(oz + v, A+ 7).



L®ld
L2(N9 x R_, dy; %A) T [2(N9 x R_, dp; #a)

o | o

—iTAdL1 AY
dt £ #t




st _®ld
LP(N? x R_, dp; #Ha) 2= [2(N? x R_, du; #p)

gl o

—iTAGL1 AY
H £ H

#¢ Hilbert space and (A1,...,Aqy11) operators are given;
Lz(Nd x R_, du; #a) - Fourier transform of DA;

e~ mAdr1 A7 well-defined bounded operator;

S5+ ® Id - Fourier transform of the multiplier e iTCd1(Y,

© - isometric embedding.



We want

—iTy A —iT4(C
c.e Y d+1A’YH < H c.e ~Gd+1 'YH .
H Z 7 B(H) ~ Z K ¢ M(DA)
[vI<N lv|<N

For v € # we have

ol = o mew o, =5, o,
= By
= (|83 V1
= [[$5 oy V1
_ efiTcd+1Cva(DA)||V”%

and the conclusion follows.



Thank Youl



