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A Hilbert space H of functions defined on Ω is a RKHS if

∀z ∈ Ω there exists Kz ∈ H : f (z) = 〈f ,Kz〉 for all f ∈ H;

Let Bd+1 ⊆ Cd+1 be the unit ball. For ν > −d − 2 consider the

RKHS of functions holomorphic in Bd+1 associated to the kernel

Kν(z ,w) =
1

(1− 〈z ,w〉)d+2+ν
.

• ν = −1 =⇒ Hardy space;

• ν = 0 =⇒ Bergman space;

• limit case as ν → −d − 2 =⇒ Dirichlet space;

• ν = −d − 1 =⇒ Drury–Arveson space DA(Bd+1);

KDA(z ,w) =
1

1− 〈z ,w〉



If f (ζ) =
∑
|α|≥0 aαζ

α, then

‖f ‖2
DA =

∑
|α|≥0

α!

|α|!
|aα|2.

An exact integral representation of ‖ · ‖DA is given as follows.

Let R be the radial derivative Rf (ζ) =
∑d+1

j=1 ζj∂ζj f (ζ) and set

R0 = Id, Rk =
(
Id +

R

k

)
Rk−1 for k = 1, 2, . . .

Then,

‖f ‖2
DA = d

d!

πd+1

∫
Bd+1

(1− |ζ|2)d−1

|ζ|2d
|Rd f (ζ)|2 dζ.

See [Peloso, 1992], [Arcozzi–M.–Peloso–Salvatori, 2019].



Theorem (J. von Neumann 1951)

Let H be a Hilbert space and let T : H→ H be a contraction.

Then, for any polynomial p(z),

‖p(T )‖B(H) ≤ ‖p‖M(H2(D)) = ‖p‖∞.

Theorem (S. Drury 1978)

Let H be a Hilbert space and consider the (d + 1)-tuple

T = (T1, . . . ,Td+1) of linear operators on H satisfying

(i) TjTk − TkTj = 0 for all j , k = 1, . . . , d + 1;

(ii)
∑d+1

j=1 ‖Tjv‖2
H ≤ ‖v‖2

H for all v ∈ H.

Let p(z) = p(z1, . . . , zd+1) be a complex polynomial. Then,

‖p(T )‖
B(H)
≤ ‖p‖M(DA(Bd+1)).



We now work on the Siegel upper half-space U and state an

analogue of von Neumann and Drury’s result.

U =
{

(ζ, ζd+1) ∈ Cd × C : Im ζd+1 >
1
4 |ζ|

2
}

=
{

(z , t + i
4 |z |

2 + ih) : z ∈ Cd , t ∈ R, h ∈ (0,∞)
}
.

For ν > −d − 2 consider the RKHS of functions holomorphic on U

associated to the kernel

Kν(ω, ζ) = γd ,ν

(
ωd+1−ζd+1

2i − 1
4〈ω, ζ〉

)−(d+2+ν)
.

• ν = −1 =⇒ Hardy space;

• ν = 0 =⇒ Bergman space;

• limit case as ν → −d − 2 =⇒ Dirichlet space;

• ν = −d − 1 =⇒ Drury–Arveson space DA(U);

KDA(ω, ζ) = γd

(
ωd+1−ζd+1

2i − 1
4〈ω, ζ〉

)−1
.



Why consider the Siegel half-space?

• It is an unbounded biholomorphic copy of the unit ball.

• It is the “correct” generalization of the half-plane in several

variables.

• You break the simmetry of the ball meaning that the ζd+1

direction is “different” than the others.

• The boundary of U can be identified with the Heisenberg

group =⇒ harmonic analysis on groups is available.

• The Siegel half-space is an example of the more general (and

complicated) homogeneous Siegel domains. See recent work

of Calzi–Peloso and the references therein.



Theorem (Arcozzi–M.–Peloso–Salvatori, 2019)

Let be ρ(ζ, ζd+1) = Im ζd+1 − 1
4 |ζ|

2. Then,

DA(U) =
{
F ∈ Hol(U) : (i) and (ii) hold

}
where

(i) lim
Im ζd+1→∞

ρj(ζ, ζd+1)∂jζd+1
F (ζ, ζd+1) = 0 for j = 0, . . . , d − 1;

(ii) ‖F‖2
DA =

∫
U
|ρd(ζ, ζd+1)∂dζd+1

F (ζ, ζd+1)|2ρ−(d+1)(ζ) dζ <∞.



• U =
{

(ζ, ζd+1) ∈ Cd × C : Im ζd+1 >
1
4 |ζ|

2
}

;

• KDA(ω, ζ) = γd ,ν

(
ωd+1−ζd+1

2i − 1
4〈ω, ζ〉

)−1
;

• (A1, . . . ,Ad+1) is a Siegel–dissipative vector of commuting
operators on a Hilbert space H if:

(i) the operators A1, . . .Ad are bounded;

(ii) Ad+1 is closed, densely defined and (0,+∞) ⊆ r(iAd+1);

(iii) the operators A1, . . .Ad commute with each other and they

strongly commute with Ad+1;

(iv) the following condition holds:

Im〈Ad+1v , v〉H ≥
1

4

d∑
i=1

‖Aiv‖2
H, ∀v ∈ Dom(Ad+1).

• In particular, iAd+1 is the infinitesimal generator of a

semigroup of contractions {e−iτAd+1}τ≤0 that commutes with

all the Aj ’s.



Theorem (Arcozzi-Chalmoukis-M.-Peloso-Salvatori, 2021)

• (A1, . . . ,Ad+1) be a Siegel–dissipative vector of commuting

operators on a Hilbert space H;

• for any τj < 0, j = 1, . . . , d, set Mj = e−iτjAd+1Aj and

mj(ζ, ζd+1) = e−iτjζd+1ζj .

Then, for any complex polynomial p(z1, . . . , zd),

‖p
(
M1, . . . ,Md)‖B(H) ≤ ‖p

(
m1, . . . ,md)‖M(DA).

Remark
To have a meaningful inequality we need τj < 0 so that

mj(ζ, ζd+1) is a well-defined multiplier for DA. If τj = 0 then mj is

no longer a multiplier for DA.



Theorem (Arcozzi-Chalmoukis-M.-Peloso-Salvatori, 2021)

The diagram

L2(Nd × R−, dµ;H∆) L2(Nd × R−, dµ;H∆)

H H

S∗
γ,τ⊗Id

Θ

e−iτAd+1Aγ

Θ

commutes.



Theorem (Arcozzi-Chalmoukis-M.-Peloso-Salvatori, 2021)

The diagram

L2(Nd × R−, dµ;H∆) L2(Nd × R−, dµ;H∆)

H H

S∗
γ,τ⊗Id

Θ

e−iτAd+1Aγ

Θ

commutes.

• It follows from the definition of Siegel-dissipative vector of

commuting operators.



L2(Nd × R−, dµ;H∆) L2(Nd × R−, dµ;H∆)

H H

S∗
γ,τ⊗Id

Θ

e−iτAd+1Aγ

Θ

The measure dµ is defined as

dµ(α, λ) = α!
(

2
|λ|

)|α|
|λ|2d dα dλ

where

• dα - counting measure on Nd ;

• dλ - Lebesgue measure on R−.



Proposition

The map S : L2(Nd × R−, dµ)→ DA defined as

(Sϕ)(ζ, ζn+1) =
1

(2π)d+1

∫
Nd×R−

ζαe−iλζd+1ϕ(α, λ) |λ|d dαdλ

is a conjugate linear surjective isometry.

• This is a more precise formulation of the Paley–Wiener

theorem for DA.

• Given f ∈ DA and recalling that bU = Heisenberg group,

f (z , t, h) =
1

(2π)d+1

∫ 0

−∞
ehλtr

(
σλ(f )σλ[z , t]∗

)
|λ|ddλ

and

‖f ‖2
DA =

∫
R
‖σλ(f )‖2

HS |λ|2d dλ.

• σλ(f ) is a Hilbert–Schmidt operator (for us, acting on a Fock

space Fλ).



We define

L2(Nd × R−, dµ;H∆)

=
{
g : Nd × R− → DomAd+1 :

∑
α∈Nd

∫ 0

−∞
‖g(α, λ)‖2

∆ dµ(α, λ)
}
.

where

‖v‖2
∆ = Im〈Ad+1v , v〉H −

1

4

d∑
i=1

‖Aiv‖2
H ∀v ∈ Dom(Ad+1).



L2(Nd × R−, dµ;H∆) L2(Nd × R−, dµ;H∆)

H H

S∗
γ,τ⊗Id

Θ

e−iτAd+1Aγ

Θ



L2(Nd × R−, dµ;H∆) L2(Nd × R−, dµ; cH∆)

H H

S∗
γ,τ⊗Id

Θ

e−iτAd+1Aγ

Θ

Proposition

The map Θ : H→ L2(Nd × R−, dµ;H∆)

(Θv)(γ, τ) =
|τ ||γ|−d

γ!2|γ|
e−iλAd+1Aγv ,

is an isometric embedding, i.e.,

‖Θv‖L2(∆) = ‖v‖H, ∀v ∈ H.



L2(Nd × R−, dµ;H∆) L2(Nd × R−, dµ;H∆)

H H

S∗
γ,τ⊗Id

Θ

e−iτAd+1Aγ

Θ



L2(Nd × R−, dµ;H∆) L2(Nd × R−, dµ;H∆)

H H

S∗
γ,τ⊗Id

Θ

e−iτAd+1Aγ

Θ



Proposition

Let γ ∈ Nd and τ < 0. Then, the operator

(Sγ,τϕ)(α, λ) =


|λ−τ |d
|λ|d ϕ(α− γ, λ− τ) if λ < τ ∧ α ≥ γ;

0 otherwise.

is a bounded operator on L2(Nd × R−, dµ), unitarily equivalent to

the multiplier operator on DA with multiplier e−iτζd+1ζγ .The

adjoint operator is

(S∗γ,τϕ)(α, λ) =
|λ+ τ |d−|α|−|γ|

|λ|d−|α|
(α + γ)!

α!
2|γ|ϕ(α + γ, λ+ τ).



For g ∈ L2(Nd × R−, dµ;H∆) we define

[S∗γ,τ ⊗ Id ]g(α, τ) =
|λ+ τ |d−|α|−|γ|

|λ|d−|α|
(α + γ)!

α!
2|γ|g(α + γ, λ+ τ).



L2(Nd × R−, dµ;H∆) L2(Nd × R−, dµ;H∆)

H H

S∗
γ,τ⊗Id

Θ

e−iτAd+1Aγ

Θ



L2(Nd × R−, dµ;H∆) L2(Nd × R−, dµ;H∆)

H H

S∗
γ,τ⊗Id

Θ

e−iτAd+1Aγ

Θ

• H Hilbert space and (A1, . . . ,Ad+1) operators are given;

• L2(Nd × R−, dµ;H∆) - Fourier transform of DA;

• e−iτAd+1Aγ well-defined bounded operator;

• S∗γ,τ ⊗ Id - Fourier transform of the multiplier e−iτζd+1ζγ ;

• Θ - isometric embedding.



We want∥∥∥ ∑
|γ|≤N

cγe
−iτγAd+1Aγ

∥∥∥
B(H)

≤
∥∥∥ ∑
|γ|≤N

cγe
−iτγζd+1ζγ

∥∥∥
M(DA)

.

For v ∈ H we have∥∥∥e−iτAd+1Aγ(v)
∥∥∥
H

=
∥∥∥Θe−iτAd+1Aγ(v)

∥∥∥
L2

=
∥∥∥(S∗γ,τ ⊗ Id

)
Θ(v)

∥∥∥
L2

≤
∥∥∥S∗γ,τ ⊗ Id

∥∥∥‖v‖H
=
∥∥∥S∗γ,τ∥∥∥

B(L2)
‖v‖H

=
∥∥∥Sγ,τ∥∥∥

B(L2)
‖v‖H

=
∥∥∥e−iτζd+1ζγ

∥∥∥
M(DA)

‖v‖H

and the conclusion follows.



Thank You!


