
The perfectoi'd approach to purity questions
--
-
-

C) Perfectoidappnoachtpwity
Purity : insensitivity of

" invariants
"

to removing
"small

"

subspaces
Lg ( Hartogs

' extension principle )
For an open

U C E
" with n=2_ and a compact

Kau s .-1
.

U IK is connected
,

{ holomorphic functions on 6 ? →~ { Role . functions on UIK}

f-→ f- Italia

Goat : analogues of such insensitivity for arithmetic invariants

it;
't ( X )

,
Rtét (✗ ,

Eln)
,

Bn(× )
, Rtfppf (× ,G), . . .
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LGI ( purity for Rtét )
For a Noetherian regular scheme ✗ ,

a closed 2- ex
,

and an ne z invertible an X
,

Hiétlx , Zln) → Hiéfxlz , zag is { injective
for i<2adim¥,

bijective for i< 2codimcz.in
-1

equivalently , 1-1<2"dink"> ( ×
,

zai) = 0 .

Z

Reduuto_ : local ✗ = Spec R , regular local R

Z = hue }
,
MCR Max'd ideal

Then need Him( R , z/a) = 0 for i < Zdim (R) .

mostdeliaatecase-i.TL is of mixed char (Osp) .

pefectoidappnoach-tpwity.fi case of Rtét for concreteness)



1. Build a highly ramified extension Ra /R with

Ro perfecto id and reduce the problem to its

counterpart for Rx ,
e. g. ,

Him (Ra , Z/n ) =
?
0 for i < 2dim (R)

.

E9-R-izp.la , . . . . ✗it → RE ftp.LPHYExiti?...xIi7D
"

2. Reduce to positive characteristic via tilting one
e-

argue using tools from perfectaid geometry ,
e. g. , tilting , prismatic techniques, arc descent,
animated rings . . .

GPweitgnesult.pro#thisway
a) New proof of Gabber -Thomasson purity for Rtét

(i. - Scholze
'
19)



b) Thm._ ( i. 47 ; purity for the Brauer gp . ceuj .
Gabber

. . . of Grothendieck /Auslander - Goldman)
For a regular local (R.nu) of dim (B) zz ,

Bn(R) ~→Br(spec(B) 19mn}) ,
more concretely ,

Br (D) ⇐ N Br(Rp) inside Br(Frack)
.

ACR
prime of ht I

c) Thy ( d. - Scholze 49 ; purity for flat cohomology , )
includes conjectures of Gabber

For a Noetherian local CR.nu) that is a complete
intersection and a commutative

,
finite , flat R- gp . G,

HÉ(R ,
G) = 0 for {

iadimcr )
is dim (R) if Ris regular of dine>0



GTeohuniquesfonp.es#gtRn
• Excision to pass

to Ñ
.

Eg_ Rtm (R
,
G) ~→RTñ(Ñ ,G) ( i. - Scholze

' 99 ; y
pf . uses animated rings,

perfectaids . . ."

1=1%42 , H) ~→ H (13,1-1)
"

for smooth , quasi - affine H (Breathier-É4&
• Spectral sequence + limit arguments to

" climb
up aperfectaid tower "

• In the lie case : Andrei 's lemma

( roughly : ( perfectaid /I)^P is only perfectaid if )
for each f-c-I , also f% c- I

G-echuiquesoveraperfect.io/Rx-



T-onGabber-Thaueassoupuuity.us :

This ( algebraic version of tilting . É .
- Scholze ' 19)

Fon an ( integral) perfect;D A and opens

spec(AGT) C U C spec A and spedat.gl/c4bcSpecAb
with matching complements under spec (Alp ) ±§ec(AtYpH,

Rtétcu , Zln) I Rtétlub , Zln) .

REI 1. The pf. of the Thu .

is based on p - complete area
descent of Bhatt- Mathew to reduce to

f.nl?Te't~ A -51T (valin rings of ek ←t )
p=anplÉ with alg .

closed fractionfor such A , only Hft is nonzero and fields

can match with pas . char . directly.



2. (Kundu) There is a version with nonconstant

coefficients : for a cecum
.

, finite , e'tale U- gp .
G
,

there is a Gblub
,
and

Rtitlu
, G) I Rtit (cab , Gb ) .

T-onpwityfanthebraueeegp.IOthis with 4--9×4×-1;D
G=fp , and use cdp ( Ab [ §,} ) £1 .

T-oupurity-forflatahomdogy-susi.tw#( É .

- Scholze '19) For a perfectaid A , acommutative
,
finite , loc . free A-gp. G of p - power order,

and a closed 2- c- Spec (AICP)),
,

Rtz (A , G) I RTz(1Aiuf(A) , 1M(GDV=&(*)



Hey : • A-if (A) = W(Ab )
• MCG) : -_ finitely generated /Aiaf (A) - module
E. of poeoj . dive . £1 associated to G
V
,
F via prismatic Dieudonne' they

tag Scholze '94 / Auschwitz- he Bras
'19

pmimaticDieudeuue.tk# there is an equivalence
of categories

{ GIA as in the}°P ~→{ f.p.
A-if (A) - modules#pd at

equipped with F : M → MThem
.

V : M→M {s
.

-1
.
F is Frats - semilinear
V is Frets

'
- seueiliuear

FV = Frable ), VF =3

G 1-7 IM(G) :=E×t¥(G. %)



strategyofpnoofafcx-JI.sk
aw that both sides of (*) satisfy hyperdescent

in the p- complete are topology on perfectoids A,
use this to reduce to

A- ⇐IT (p - complete value rings of ranks 1with alg . closed fraction fields)
then check (*) for such A "

by hand !
2. For RHS of (x-D , p

- complete arc descent
follow from the fact that A↳{ Fsb
are p

-complete are sheaves d-iuf (A)

on perfecta'd A. (Bhatt - Schola491
3. For the LHS of (* ) , p - complete arc descent

is very indirect :



Ci) First prove (* ) in positive characteristic
for perfect Ep -alg. 's A ( so wlog Rtz
is Rtfppf )

.

Iii) Then use (A) in positive characteristic to

prove new properties of Rtfppf ( excision ,
fpqc descent , continuity . ..) by reducing

-to the case of perfect A (usesanimatedrings , p - completed area descent for Rtét
,

Ciii) Use the new properties of Rtfppf to
prove p - complete area hyperdescent for
the LHS in general .

Continuity : RT (B , G) ± Rhin (121-(13/45,6))fppf
p
- complete#


