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The algebra of the BC-system

- the Hecke algebra HQ “ HpΓ, Γ0q

- the integral BC-algebra AZ “ ZrQ{Zs ¸ N



The rational Hecke algebra
CRing P

ÝÑ Grp PR :“
"ˆ

1 b
0 a

˙

: a, b P R , a P Rˆ
*

“ax ` b group” affine transformations of the line

PQ Ą P`Q :“
"ˆ

1 b
0 a

˙

; a, b P Q, a ą 0
*

“ Γ

Γ Ą P`Z :“
"ˆ

1 b
0 1

˙

; b P Z
*

“ Γ0 almost normal subgroup

i.e. orbits of the left action of Γ0 on Γ{Γ0 are all finite

Definition (Bost, Connes 1995)

HQpΓ,Γ0q is the convolution algebra of functions Γ0zΓ f
Ñ Q

of finite support which fulfill
f pγγ0q “ f pγq, @γ P Γ, @γ0 P Γ0

pf1 ˚ f2qpγq :“
ÿ

γ1PΓ0zΓ
f1pγγ

´1
1 qf2pγ1q, Γ0zΓ{Γ0

fi
ÝÑ Q
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Theorem (Presentation of the algebra: Bost, Connes)

HCpΓ,Γ0q :“ HQpΓ,Γ0q bQ C (as involutive algebra with linear
basis eX , X P Γ0zΓ{Γ0) is generated by

µn :“ 1?
n eXn , Xn P Γ0zΓ{Γ0, Xn “

ˆ

1 0
0 n

˙

P Γ, n P Nˆ

epγq :“ eXγ , X γ P Γ0zΓ{Γ0, X γ “

ˆ

1 γ
0 1

˙

P Γ{Γ0, γ P Q{Z

There is a presentation of HCpΓ,Γ0q over Q given by the fol-
lowing equations (same holds for HQpΓ,Γ0q)

1 µ˚nµn “ 1 @n (?npµ˚n ˚ f qpgq “
řn´1

k“0 f pp 1 k
0 n q gq)

2 µnm “ µnµm @n,m (
?

npµn ˚ f qpgq “ f p
` 1 0

0 n´1

˘

gq)
3 µnµ

˚
m “ µ˚mµn if pn,mq “ 1

4 epγq˚ “ ep´γq, epγ1 ` γ2q “ epγ1qepγ2q @γ, γ1, γ2

5 epγqµn “ µnepnγq @n,@γ; (epγq ˚ f qpgq “ f p
` 1 ´γ

0 1
˘

gq)

6 µnepγqµ˚n “ 1
n

ÿ

nδ“γ
epδq @δ, γ P Q{Z

f ˚pgq :“ f ´1pgq @g P Γ
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The integral group ring and its operators
tp 1 n

0 1 q ; n P Qu Ă Γ ù Q{Z Ă Γ0zΓ{Γ0

ZrQ{Zs Ă HQpΓ,Γ0q

2 relevant families of maps are defined on ZrQ{Zs, for each n P N

1 ZrQ{Zs σn
Ñ ZrQ{Zs σnpepγqq “ epnγq group ring endo

2 ZrQ{Zs ρn
Ñ ZrQ{Zs ρnpepγqq “

ÿ

nγ1“γ
epγ1q additive map

they fulfill the following relations:

‚ ρnpσnpxqyq “ xρnpyq, @x , y P ZrQ{Zs
‚ σcρbpxq “ pb, cq ρb1σc 1pxq, b1 “ b

pb,cq , c 1 “ c
pb,cq

‚ σnm “ σnσm, ρmn “ ρmρn @m, n P N

(σnpρnpxqq “ nx @x P ZrQ{Zs, σnρm “ ρmσn if pm, nq “ 1)
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The integral BC-algebra

@n P N :

$

’

’

&

’

’

%

σnpepγqq “ epnγq

ρnpepγqq “
ÿ

nγ1“γ
epγ1q

on ZrQ{Zs

Definition
The integral BC-algebra AZ :“ ZrQ{Zs ¸ρ N is the algebra
obtained by extending ZrQ{Zs, with elements tµ̃n, µ

˚
nunPN

(µ̃1 “ 1 “ µ˚1 ) fulfilling the relations:
1 µ̃nσnpxq “ x µ̃n @x P ZrQ{Zs
2 µ˚nx “ σnpxqµ˚n
3 ρnpxq “ µ̃nxµ˚n

and:
1 µ̃nm “ µ̃nµ̃m, µ˚nm “ µ˚nµ

˚
m

2 µ˚n µ̃n “ n
3 µ̃nµ

˚
m “ µ˚mµ̃n if pm, nq “ 1
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Main Facts

‚ There is a unique ring isomorphism

HZpΓ,Γ0q
φ
ÝÑ
„

AZ “ ZrQ{Zs ¸ρ N

φpeprqq “ eprq @r P Q{Z
φpνnq “ µ̃n, φpν˚n q “ µ˚n νn :“

?
n µn, ν˚n :“

?
n µ˚n

‚ HZpΓ,Γ0q Ă HQpΓ,Γ0q has a natural involution for which νn and
ν˚n are adjoint, given by (with arbitrary coefficients):

f ˚pγq “ f pγ´1q @γ P Γ0zΓ{Γ0

‚ AQ :“ AZ bZ Q “ QrQ{Zs ¸ρ N has a natural involution that
coincides with the above on ZrQ{Zs and whose extension to AZ is
determined by: µ̃n “ npµ˚nq˚

HQpΓ,Γ0q and AQ are not the same involutive Q-algebras

‚ HQpΓ,Γ0q b C ψ
ÝÑ
„

AQ b C

ψpeprqq “ eprq, ψpνnq “
1?
n µ̃n, ψpν˚n q “

?
n µ˚n
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The BC system
The regular representation of HQpΓ,Γ0q on `2`Γ0zΓ

˘

pπpf qξqpγq “
ÿ

γ1PΓ0zΓ
f pγγ´1

1 qξpγ1q

(non-trivial: Γ0 Ă Γ not normal) extends to HC “ HQpΓ,Γ0q bQ C
‚ Von Neumann algebra generated by HC in the regular
representation carries a natural evolution preserved on HC

R σt
ÝÑ AutpHCq σtpf qpγq :“

´

Lpγq
Rpγq

¯´it
f pγq @γ P Γ0zΓ{Γ0

´

C˚pQ{Zq ¸ρ N, σt

¯

BC-dynamical system

‚ Ẑˆ acts by automorphisms (symmetries) on A :“ C˚pQ{Zq ¸ρ N
compatibly with σt

g µ̃n “ µ̃n, gpeprqq “ epgrq @n P N, @r P Q{Z, @g P Ẑˆ “ AutpQ{Zq
σtpµ̃nq “ nit µ̃n, σt |C˚pQ{Zq “ Id

‚ Action of Ẑˆ on A is intertwined with action of GalpQcycl{Qq
on values of extremal (complex) KMS equilibrium states A ϕ

ÝÑ C
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BC-system as a bridge between NCG and number theory
BC-system links, by means of QSM formalism, 2 facts

1 Symmetry breaking (at β “ 1) in the space Eβ » Ẑˆ of
extreme points of the (compact convex) simplex of KMSβ
equilibrium states (Fx ,y ptq “ ϕpxσtpyqq Fx ,y pt ` iβq “ ϕpσtpyqxq)

A ϕβ,ρ
ÝÑ C ϕβ,ρpepa{bqq :“ Trpπρpepa{bqqe´βH

q

Trpe´βHq
“ 1

ζpβq

8
ÿ

n“1
n´βρpζn

a{bq β P p1,8s

H “ log n, ρ P Ẑˆ, β P Rˆ`, A πρ
Ñ Autp`2pNˆqq, πρpµ̃nqεm “ εmn

Trpe´βHq “
ÿ

ně1
n´β “ ζpβq Riemann zeta as partition function

‚ The space of extremal states E8 “ ShpGL1, t˘1uq “ Aˆf ,Q{Q
ˆ
` “ Ẑˆ fulfill

ϕ P E8 ϕρpAQq Ă Qcyc Ă
ρ
C

AQ ö Ẑˆ “ CQ{DQ
θ
ÝÑ
„

GalpQab{Qq œ ϕρ γϕρpf q “ ϕρpθ
´1pγqf

2 Symmetry breaking (ambiguity) in Galois theory inherent to a
choice in the roots of a rational polynomial equation
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Witt theory and the integral BC-algebra

- The Witt endofunctor W0

- W0pF̄pq and BC-algebra over Qp

‚ A. Connes, C. Consani, On the arithmetic of the BC-system,

J. Noncommutative Geometry 8 no. 3 (2014)



The functor W0

CRing W0
ÝÑ CRing W0pRq :“ K0pEndpPRqq{K0pRq

pE , f q P EndpPRq, E “ projective R-module of finite rank
f P EndRpE q

MorEndpPRq Q φ commute with the f ’s

pE1, f1q ‘ pE2, f2q “ pE1 ‘ E2, f1 ‘ f2), pE1, f1q b pE2, f2q “ pE1 b E2, f1 b f2q

K0pEndpPRqq Ą K0pRq ideal generated by pE , 0q’s

Several key operators and maps are defined on W0pRq:

1 Frobenia: @n P N W0pRq Fn
ÝÑW0pRq ring endomorphisms

2 Verschibungs: @n P N W0pRq Vn
ÝÑW0pRq additive shifts

3 Teichmüller lifts: @n P N R τn
ÝÑW0pRq multiplicative maps

4 Gost components: @n P N W0pRq
ghn
ÝÑ R ring homomorphisms
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1 FnpE , f q “ pE , f nq

2 VnpE , f q “
˜

E‘n,

¨

˚

˚

˝

0 0 ¨ ¨ ¨ ¨ ¨ ¨ f
1 0 0 ¨ ¨ ¨ 0
0 1 0 ¨ ¨ ¨ 0
¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨
0 0 ¨ ¨ ¨ 1 0

˛

‹

‹

‚

¸

3 R τn
ÝÑW0pRq τnprq “ VnpR , rq

4 ghnpE , f q “ Trpf nq

The following basic relations hold, @m, n P N:
a. FnVnpxq “ nx (σnpρnpxqq “ nx @x P ZrQ{Zs)
b. VnpFnpxqyq “ xVnpyq pρnpσnpxqyq “ xρnpyqq
c. VmFn “ FnVm if pm, nq “ 1 (ρmσn “ σnρm if pm, nq “ 1)
d. VnpxqVnpyq “ nVnpxyq
e. Fnpτprqq “ τprnq

f. ghnpFmpE , f qq “ ghnmpE , f q

g. ghnpVmpf qq “
"

m ghn{mpf q if m|n
0 otherwise 9 / 23



Main Fact

For any field k , there is a ring isomorphism

p˚q W0pk̄q δ
ÝÑ
„

Zrk̄ˆs pE , f q ÞÑ δpf q :“
ÿ

j
njλj

δpf q “ sum of non-zero eigenvalues of f (with multiplicity)

Under δ, Fn is transformed to the natural linearization of the
group endomorphism k̄ˆ Ñ k̄ˆ, c ÞÑ cn

W0pk̄q Fn
ÑW0pk̄q δ

ú Zrk̄ˆs Ñ Zrk̄ˆs c ÞÑ cn

(Almkwist) detp1´ tMpf qq´1 extends to a complete invariant
on K0pEnd k̄q, and to a ring isomorphism

K0pEnd k̄q » t
c0`c1t`¨¨¨`tn

d0`d1t`¨¨¨`tm ; ci , dj P k̄u

moding out by K0pk̄q “removes” the powers of t; thus the divisor
δpf q of non-zero eigenvalues of f extends to the bijection p˚q that
also preserves both the operations
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W0pF̄pq and the BC-algebra

Proposition (Connes, Consani)

To each F̄ˆp
σ

ãÝÑQ{Z Ă Cˆ corresponds a ring isomorphism

W0pF̄pq
σ̃
ÝÑ
„

ZrpQ{Zqppqs Ă ZrQ{Zs r
ÝÑ ZrpQ{Zqppqs

Fn and Vn on W0pF̄pq correspond to the restrictions to
ZrpQ{Zqppqs of σn and ρn given by the formulas

σ̃ ˝ Fn “ σn ˝ σ̃ , σ̃ ˝ Vn “ r ˝ ρn ˝ σ̃

Conclusion: Outside the p-component, AZ “ ZrQ{Zs ¸ρ N is
described by W0pF̄pq acted upon by Fn and Vn
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Representation of AZ

p “ prime; Xp :“ tF̄ˆp
σ

ãÝÑ Cˆ, σ injective group homomorphismu

Theorem (Connes, Consani)

Each σ P Xp, determines a representation of the integral BC-
algebra AZ as additive endomorphisms of W0pF̄pq

AZ “ ZrQ{Zs ¸ρ N
πσ
ÝÑ EndZ

`

W0pF̄pq
˘

πσpxqξ “ σ̃´1prpxqqξ, πσpµ
˚
nq “ Fn, πσpµ̃nq “ Vn

@ξ PW0pF̄pq, @x P ZrQ{Zs, @n P N

Q{Z
r
� pQ{Zqppq projection Q{Z “ pQ{Zqppq ˆ µp8

By completion of W0pF̄pq to the ring of big Witt vectors WpF̄pq
one gets p-adic representations of the BC-algebra
(these representations replace the irreducible, complex representations
πρ of AQ providing symmetry breaking at the archimedean place) 12 / 23



(M. Hazewinkel) W0pF̄pq ĂWpF̄pq dense subspace

Theorem (Connes, Consani)

The representation πσ of the integral BC-algebra AZ extends
by continuity to a representation on WpF̄pq

AZ “ ZrQ{Zs ¸ N πσ
ÝÑ EndO

zQun
p
pWpF̄pqq

πσ
`

epa{bq
˘

εm “ ρpζm
a{bqεm πσpµ̃nqεm “ εmn

πσpµ
˚
nqεk “

"

0 k R nN
εk{n k P nN

@a P Z, @b,m P Ippq, εm PWpF̄pq: εmpkq “ δm,k

Ippq Ă N set of positive integers prime to p
σ P Xp “ tF̄ˆp

σ
ãÑ Cˆu determines an embedding Qcyc,p ρ

ãÑ Cp

@x P ZrQ{Zs πσpxq “ πσprpxqq, πσpµ̃pq “ Fr´1, πσpµ
˚
pq “ Fr

Fr (on O
yQun

p
) Fr “ Fp acts componentwise as skew-linear operator
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Global Witt theory:
BC-system as universal deforming structure

- The Witt ring W0pSq

- W0pSq » ZrQ{ZsG , G “ AutpQ{Zq “ Ẑˆ

- W0pS̄q » ZrQ{Zs

‚ A. Connes, C. Consani, Absolute algebra and Segal’s Γ-rings: au

dessou de SpecpZq, J. Number Theory 162 (2016)

‚ A. Connes, C. Consani, Segal’s Γ-rings and universal arithmetic,

The Quarterly Journal of Mathematics, 72, 1-2, (2021)

‚ A. Connes, C. Consani, Algebra, geometry and analysis in the light

of RH, preprint (2021)



The invariant ring W0pSq

Γo :“
 

k` “ t0, . . . , ku, k P N
(

Ă Fin˚ Γopk`,m`q “ tk` f
Ñ m`, f p0q “ 0u

SMod :“ tΓo E
ÝÑ Sets˚ : covariant functs & nat transfsu

closed, symmetric and monoidal
natural functor: Γo S

ãÝÑ Sets˚ simplest example

SAlg Ă SMod
An S-algebra Γo A

ÝÑ Sets˚ is a monoid in pSMod,^,Sq

Γo S
ãÝÑ Sets˚ simplest example

Goal

In the non-abelian category SMod define a global Witt functor

SMod W0
ÝÑ Grp
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‚ Generalize W0pRq :“ K0
`

pEndpPRq
˘

{K0pRq
Require: additivity for exact sequences in SMod of the form:

˚ Ñ T pE q Ñ E Ñ E{T pE q Ñ ˚ @T P EndpE q

E{T pE q is defined by collapsing T pE q Ă E as follows:

Sets2,˚ :“ tpY ,X q : ˚ P Y Ă X in Sets˚u
Sets2,˚ppY ,X q, pY 1,X 1qq “ tf : X Ñ X 1 in Sets˚, f pY q Ă Y 1u

collapsing Y to ˚ in Sets˚ defines the functor:

Sets2,˚
C
ÝÑ Sets˚ CpX ,Y q “ X{Y

Definition
Let F Ă E be a submodule in SMod

Γo E{F
ÝÑ Sets˚, pE{F qpk`q :“ E pk`q{F pk`q @k P N

as composition of the pair pE ,F q with the functor C
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˚ Ñ T pE q Ñ E Ñ E{T pE q Ñ ˚

- each term is globally invariant for the action of T
- induced action of T on the rhs term is ”null” (range reduced to ˚)

Divide (as in Almkvist’s construction) by “null” endomorphisms
(thus the right term is “null”)

Definition (Connes, Consani 2020)

An additive invariant on a class C of S-modules stable under
the operation of quotients as above, is a map

EndpCq χ
ÝÑ G

to an abelian group G , that satisfies the following conditions

1 χpE ,T q “ χpT pE q,T q

2 χppE1 _ E2,T1 _ T2q “ χpE1,T1q ` χpE2,T2q
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Definition (Connes, Consani 2020)

W0pSq is the abelian group range of the additive invariant

EndpCq τ
ÝÑ ZrQ{Zs

for C :“ tSrF s “ S^ F : F P Fin˚u Ă SMod

Given F T
Ñ F in Fin˚, define:

trpT q :“ #FixpT q ´ 1

‚
 

FilnpF q :“ T npF q
(

nPN decreasing, finite filtration: T8pF q Ď F

Note: T P PermpCq, N Q n ÞÑ T n extends by periodicity to Ẑ “ lim
ÐÝn Z{nZ

(n Ñ T n short form of the corresponding map for n P Ẑ)
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Theorem (Connes, Consani 2020)

The commutative ring W0pSq is canonically isomorphic to the
invariant part of ZrQ{Zs for the action of AutpQ{Zq “ pZˆ

The additive invariant EndpCq τ
ÝÑ ZrQ{Zs

is uniquely determined by the equality of Fourier transform
{τpE ,T qpnq “ tr

`

T n
|T8pEp1`qq

˘

@n P Ẑ p‹q

Idea: Work on F :“ E p1`q P Fin˚; Ẑ » EndpQ{Zq, xγ, ny “ expp2πinγq
Ẑ Q n ÞÑ tr

`

T n
|T8pF q

˘

additive map

T|T8pF q bijection preserving the base point: it decomposes as a sum
of cyclic permutations pE ,T q “ Cpkq :“

`

pZ{kZq`, x ÞÑ x ` 1
˘

Main fact: p‹q holds by setting: τ
`

Cpkq
˘

:“
ř

kγ“0 epγq P ZrQ{Zs

{τpE ,T qpnq “
ÿ

kγ“0
xγ, ny “

ÿ

kγ“0
expp2πinγq “

"

k if n P kẐ
0 otherwise “ tr

`

Cpkqn
˘

18 / 23



Matrices over S

‚ (Extend S) Let µ be a finite (pointed) group µ of (abstract)
roots of unity

Fin˚
A:“Srµs
ÝÑ Sets˚ ApX q :“ µ^ X

‚ Let Matr
npAq be the S-algebra of n ˆ n matrices over A with only

“one entry in each column”

Fin˚
Matr

nA
ÝÑ Sets˚ pMatr

nAqpX q :“ Sets˚
`

n`, n` ^ ApX q
˘

»
ź

n

ł

n
ApX q

(Mat`npAq “ matrices with only “one entry in each row”)

‚ Let MatnpAq be the bimodule of arbitrary (square) matrices over A

Mat`npAq (resp. Matr
npAq) act from the left (resp from the right) on

MatnpAq by matrix multiplication

(the role of the bimodule MatnpAq is to create similarity relations)
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Main Fact

X P MatnpAq, α P Mat`npAq, β P Matr
npAq with: αX “ Xβ:

Then: αkX “ Xβk @k P N

α „ β ô αX “ Xβ

Assign to each one dimensional module given by multiplication by a root
of unity the invariant provided by this root
Generalize the earlier invariant τ

`

Cpkq
˘

:“
ř

kγ“0 epγq

The permutations Cp5q and ∆p5q (of Mat`,r5 pSrµ5sq) have the same
invariant: at the level set we have

Cp5q :“

¨

˚

˚

˚

˚

˝

0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

˛

‹

‹

‹

‹

‚

„

¨

˚

˚

˚

˚

˝

1 0 0 0 0
0 e 2iπ

5 0 0 0
0 0 e 4iπ

5 0 0
0 0 0 e´ 4iπ

5 0
0 0 0 0 e´ 2iπ

5

˛

‹

‹

‹

‹

‚

“: ∆p5q
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Cp5q “

¨

˚

˚

˚

˚

˝

0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

˛

‹

‹

‹

‹

‚

„

¨

˚

˚

˚

˚

˝

1 0 0 0 0
0 e 2iπ

5 0 0 0
0 0 e 4iπ

5 0 0
0 0 0 e´ 4iπ

5 0
0 0 0 0 e´ 2iπ

5

˛

‹

‹

‹

‹

‚

“ ∆p5q

„ is given by the Vandermonde matrix X “ V p5q P Mat5pSrµ5sq:
at the level set we have

V p5q “

¨

˚

˚

˚

˚

˝

1 1 1 1 1
1 e 2iπ

5 e 4iπ
5 e´ 4iπ

5 e´ 2iπ
5

1 e 4iπ
5 e´ 2iπ

5 e 2iπ
5 e´ 4iπ

5

1 e´ 4iπ
5 e 2iπ

5 e´ 2iπ
5 e 4iπ

5

1 e´ 2iπ
5 e´ 4iπ

5 e 4iπ
5 e 2iπ

5

˛

‹

‹

‹

‹

‚

∆p5qV p5q “ V p5qCp5q

In general one has:

∆pnqV pnq “ V pnqCpnq @n P N
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Main Facts

µn :“ texpp2πia{nq : a P Z{nZu, n P N

1 A :“ Srµns, Vpnq P MatnpAq: Vpnqa,b “ expp2πiab{nq

Vpnq is the matrix of the Fourier transform on Z{nZ

2 The inverse of Vpnq is (up-to the overall factor n)
Wpnq P MatnpAq Wa,bpnq :“ expp´2πiab{nq

3 ∆pnqV pnq “ V pnqCpnq, CpnqW pnq “ W pnq∆pnq

Fourier transform (implemented by the matrices Vpnq) allows for the
diagonalization of any matrix in MatnpAq that corresponds to a
permutation at the set level
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Additive invariant

Definition
A P C1 :“ tSrµs : µ Ă Q{Z, finite groupu Ă SMod
An additive invariant is a map

Mat`˚pAq
χ
Ñ G

to an abelian group G , that satisfies:

1 χpE ,T q “ χpT pE q,T q E “ finite, free A-module

2 χppE1 _ E2,T1 _ T2q “ χpE1,T1q ` χpE2,T2q

and

3 χ takes the same value on two matrices α, β related by:
αV “ Vβ or αW “ Wβ
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Theorem (Connes, Consani 2021)

‚ The additive invariant (C1 “ tSrµs : µ Ă Q{Zu)

Mat`˚pC1q
τ 1
ÝÑ ZrQ{Zs

is uniquely determined by the extension of scalars from
S̄ :“ SrQ{Zs to the cyclotomic field Qcyc : τ 1 extends

EndpCq τ
Ñ ZrQ{Zs, {τpE ,T qpnq “ tr

`

T n
|T8pEp1`qq

˘

@n P Ẑ

C “ tSrF s “ S^ F : F P Fin˚u

‚ The ring W0pSrQ{Zsq is canonically isomorphic to ZrQ{Zs

Thus: AZ “ ZrQ{Zs ¸ N is a (nc) S̄-algebra

Work in progress

De Rham-Witt theory over S
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