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Modularity

Definition:
f : H — C holomorphic is modular of weight k if for all
(2§) €SL2(2)

f ar + b
cT +d

) = (c7 + d)<f(7)
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Modularity

Definition:
f : H — C holomorphic is modular of weight k if for all
(2§) €SL2(2)

weight
b 4
ar + k
f = f
<c¢+d) (et + d)*f(7)
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Modularity

Definition:
f : H — C holomorphic is modular of weight k if for all
(2§) €SL2(2)

weight
b 4
ar + k
f = f
<C7‘+d> (et + d)*f(7)

plus growth condition

Fourier expansion (q := €2™'7, 7 € H)

f(r) =3 c(n)q”

nez
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» Dedekind n-function:

n(r)=q% [[(1-¢")
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» Dedekind n-function:

1
n(r)=q= [[(1-q")
n>1
Modularity:

0 ) =efne), 0 (=1) = Vi)
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» Dedekind n-function:

1
n(r)=q= [[(1-q")
n>1
Modularity:

0 ) =efne), 0 (=1) = Vi)

» Theta function:
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|dentity of Gauss

Write
o(r)® = Z r(n)q".

n>0
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|dentity of Gauss

Write
o(r)® = Z r(n)q".

n>0

Then
r(n) = 12(H(4n) — 2H(n))

Kathrin Bringmann False theta functions and their modularity properties



|dentity of Gauss

Write
o(r)® = Z r(n)q".
n>0
Then
r(n) = 12(H(4n) — 2H(n))
with

H(n) := #{equivalence classes of integral binary quadratic forms

of discriminant n}.
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Harmonic Maass forms

Definition:
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and
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Harmonic Maass forms

Definition:
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and

Ay(F) =0

with (7 =71 + i)

0? 0? 0 0
Api=—73 =5+ = ko | =— +i—
g K (8712 * 87’22> T <871 + I@Tg)
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Harmonic Maass forms

Definition:
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and

Ay(F) =0

with (7 =71 + i)

0? 0? 0 0
Api=—73 =5+ = ko | =— +i—
g K (8712 * 87’22> T <871 + I@Tg)

plus growth condition
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Examples

> weight 2 Eisenstein series:

Ex(7) = Ea(7) — 3

T
quasimodular
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> weight 2 Eisenstein series:

Ex(7) = Ea(7) — 3

T
quasimodular

where, with o(n) :== 34, d,
Ex(t):=1-24) o(n)q"

n>1
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> weight 2 Eisenstein series:

Ex(7) = Ea(7) — 3

T
quasimodular

where, with o(n) :== 34, d,
Ex(t):=1-24) o(n)q"

n>1

» Class number generating function:

~ n i i O(w)
H(T) = H(n)q" + sdw.
D=2 MO / (—i(r +w))?

n=0,3 (mod4)
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> weight 2 Eisenstein series:

Ex(7) = Ea(7) — 3

T
quasimodular

where, with o(n) :== 34, d,
Ex(t):=1-24) o(n)q"

n>1

» Class number generating function:

~ i e(w)
H(T) = H(n)q" + aw.
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n=0,3 (mod4)  \5ck modular
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> weight 2 Eisenstein series:

Ex(7) = Ea(7) — 3

T
quasimodular

where, with o(n) :== 34, d,
Ex(t):=1-24) o(n)q"

n>1
» Class number generating function: shadow
~ i oo O(w)
H(T) = H(n)q" + sdw.
2 8V2r Jr (i + w))?

n=0,3 (mod4)  5ck modular
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Natural splitting

F harmonic Maass form
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Natural splitting

F harmonic Maass form

Foo= F o+ F

holomorphic non-holomorphic
part part
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Natural splitting

JF harmonic Maass form

F o= F 4+ F
holomorphic non-holomorphic
part part

with

Ft(r):= Z ct(n)q"

n>>—oo

F (1) := Z c (ml'(k —1;4n|n|m2)q"

n>1
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Natural splitting

JF harmonic Maass form

F o= F 4+ F
holomorphic non-holomorphic
part part

with

Ft(r):= Z ct(n)q"

n>>—oo

F (1) := Z c (ml'(k —1;4n|n|m2)q"
n>1 +

incomplete gamma
function
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Alternative representation

The non-holomorphic part has the shape

[ st

-7
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Alternative representation

The non-holomorphic part has the shape

[ st wyrm

-7

4
modular, weight 2 — k
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Ramanujan’s last letter

"I am extremely sorry for not
writing you a single letter up to
now. | recently discovered very
interesting functions which | call
“Mock” ¥-functions. Unlike the

“False” ¥-functions they enter
into mathematics as beautifully

as the theta functions. | am
sending you with this letter some

examples.”

S. Ramanujan
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Mock theta functions

These mock theta functions are 22 peculiar g-series.
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Mock theta functions

These mock theta functions are 22 peculiar g-series.

Example:
q"
f(q) = Z RPRY)

nZO (_q’ q)n
with

n—1

(a3:q)n:= ] (1 —ag™)
m=0
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Dyson’s challenge for the future

"The mock theta-functions give
us tantalizing hints of a grand
synthesis still to be discovered.
Somehow it should be possible to
build them into a coherent
group-theoretical structure,
analogous to the structure of
modular forms which Hecke built
around the old theta functions of
Jacobi. This remains a challenge
for the future...”
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Mock modularity of f(q)

Theorem (Zwegers)
The function f(q) is a mock modular form.
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Rogers false theta functions

Wrong sgn-factors prevent modularity.
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Rogers false theta functions

Wrong sgn-factors prevent modularity.

Example:

Z(—l)"sgn (n + ;) q(nJr%)2

nez
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Quantum modular forms

Definition:

f:Q—H(QcCQ)isaquantum modular
form of weight k if for (25) € SLy(Z)

F(r) — (cr + d)~~F <j: s>

is “nice”.
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Quantum modular forms

Definition: quantum set

1
f:Q—H(QcCQ)isaquantum modular
form of weight k if for (25) € SLy(Z)

F(r) — (cr + d)~~F <j: s>

is “nice”.
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Quantum modular forms

Definition: quantum set

1
f:Q—H(QcCQ)isaquantum modular

form of weight k if for (25) € SLy(Z)

F(r) — (cr + d)*F <"”T+ b)

ct+d

is “nice”.

Examples: false theta functions
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Strange function

Let

GEEEY (%) Inlq"

neZ

M. Kontsevich
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Strange function

Let

0= -3 3 () g™

nezZ
Legendre symbol

M. Kontsevich

Kathrin Bringmann False theta functions and their modularity properties



Strange function

Let

- 1 12 n?—

n(r) = —52 (7) Inlg"z
nezZ

Legendre symbol

“Strange identity”:

m(r)" ="K(q) =1+ (3:9)n

n>1

M. Kontsevich
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Vertex algebras

Background:
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Vertex algebras

Background:

> Vertex algebras originate from physics, generalize affine
Kac-Moody algebras and the Virasoro algebra.
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Vertex algebras

Background:

> Vertex algebras originate from physics, generalize affine
Kac-Moody algebras and the Virasoro algebra.

» Feigin and Frenkel investigated affine vertex algebras.
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Vertex algebras

Background:

> Vertex algebras originate from physics, generalize affine
Kac-Moody algebras and the Virasoro algebra.

» Feigin and Frenkel investigated affine vertex algebras.

» Characters of rational vertex algebra are modular functions.
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Vertex algebras

Background:

> Vertex algebras originate from physics, generalize affine
Kac-Moody algebras and the Virasoro algebra.

» Feigin and Frenkel investigated affine vertex algebras.
» Characters of rational vertex algebra are modular functions.

> Singlet vertex algebras are non-rational, characters are
1-dimensional false theta functions.
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Vertex algebras

Background:

> Vertex algebras originate from physics, generalize affine
Kac-Moody algebras and the Virasoro algebra.

» Feigin and Frenkel investigated affine vertex algebras.
» Characters of rational vertex algebra are modular functions.

> Singlet vertex algebras are non-rational, characters are
1-dimensional false theta functions.

» Triplet algebras lead to higher-dimensional theta functions.
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Vertex algebras

Class of functions: (0 <s < N € N)

Fn—sn(NT)
n(7)

A. Milas
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Vertex algebras

Class of functions: (0 <s < N € N)

Fn—sn(NT)
n(7)

with
n2
Fin(r) = Z sgn(n)q+n
n=j (mod2N) A. Milas

Kathrin Bringmann
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False theta functions in combinatorics

Definition:
Sequence {a;};_; with

aa<a<...<ag>a>...>2as

and a; + ...+ as = nis a unimodal sequence.
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False theta functions in combinatorics

Definition:

Sequence {a;};_; with

and a; + ...+ as = nis a unimodal sequence.

Let
u(n) := #unimodal sequence of size n.

Kathrin Bringmann False theta functions and their modularity properties



False theta functions in combinatorics

Definition:

Sequence {a;};_; with

and a; + ...+ as = nis a unimodal sequence.

Let
u(n) := #unimodal sequence of size n.

Generating function:

U(q) := Z“(”)q Z )”qu

PV E
n>0 q q) n>1
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2. False theta functions

3. Modularity properties of false theta
functions

4. Applications

5. Higher-dimensional false theta functions
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Two-variable false theta function

Define

(zir) =i 3 (~1)"sgn (n + 1) g+ el

2
nez
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Two-variable false theta function

Define

W(ziT) =iy (~1)"sgn (” * ;> gilra) ¢ntd,
neZ

Remark:

Removing the sgn yields a Jacobi form. The sgn breaks the
inversion property.
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Definition:

Holomorphic Jacobi forms of weight k € Z and
index m € Ny are holomorphic functions

M. Eichler
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Definition:
Holomorphic Jacobi forms of weight k € Z and
index m € Ny are holomorphic functions

¢ : C x H — C satisfying, for (g 3) € SLy(Z)
and A\, u € Z,

2micmz?

¢>( : -"”T“’) — (o7 + d) e g(zi7),

ct+d cr+d
¢(Z + AT+ ,u;T) — ef27rim()\27'+2)\z)¢(z;7_)‘

M. Eichler
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Definition:

Holomorphic Jacobi forms of weight k € Z and
index m € Ny are holomorphic functions

¢ : C x H — C satisfying, for (g 3) € SLy(Z)
and A\, u € Z,

2micmz?

z ar+b _ K _
¢(C7+d'CT+d>_(CT+d)e o(ziT),

¢(Z + AT+ ,u;T) — ef27rim()\27'+2)\z)¢(z;7_)‘

M. Eichler
plus growth conditions
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Two-variable false theta function

Idea:

“Complete” 1 to obtain a function transforming like Jacobi forms.
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Two-variable false theta function

Idea:

“Complete” 1 to obtain a function transforming like Jacobi forms.

Completion: w € H, z :=Im(z)

Yz w) =iy erf (—im (H % +22>>

T
nez 2

% (_1)nq%(n+%)gcn+%
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Two-variable false theta function

Idea:

“Complete” 1 to obtain a function transforming like Jacobi forms.

Completion: w € H, z :=Im(z)

W(zT,w) = i%e:f (—im <n+ % + Z))

error function " (—1)”q%(”+%)gg"+%
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Two-variable false theta function

Idea:

“Complete” 1 to obtain a function transforming like Jacobi forms.

Completion: w € H, z :=Im(z)

0 1
v(z; T, w) = iZerf <_im <n+ 5 4 ZZ))
n€z 4 2
error function " (—1)”q%(”+%)gg"+%

Note that, for —% <2< % and € > 0,

T2

tILn;no J(z; T, T+ it+e)=1(z;7)
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Modularity

Theorem 1 (B.-Nazaroglu)

The function @Z transforms like a Jacobi
form.

C. Nazaroglu
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Modularity

Theorem 1 (B.-Nazaroglu)

The function @Z transforms like a Jacobi
form.

Sketch of proof:

Poisson summation.

C. Nazaroglu
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1. Modular forms and mock modular forms
2. False theta functions

3. Modularity properties of false theta
functions

4. Applications

5. Higher-dimensional false theta functions
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Applications

2 Applications:

» asymptotics for unimodal sequences
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Applications

2 Applications:
» asymptotics for unimodal sequences

» quantum modularity of F; y
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Partitions

A partition of n € Ng is a nonincreasing
sequence of positive integers whose sum is n.

L. Euler
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Partitions

A partition of n € Ng is a nonincreasing
sequence of positive integers whose sum is n.

Denote

p(n) := # of partitions of n

L. Euler
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A partition of n € Ng is a nonincreasing
sequence of positive integers whose sum is n.

Denote

p(n) := # of partitions of n

Generating function:

P(a)=>_p(ma" =] 5 _1qn

n>0 n>1

L. Euler
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Growth of p(n)

p(10) = 42
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Growth of p(n)

p(10) = 42

p(50) = 204226
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Growth of p(n)

p(10) = 42
p(50) = 204226

p(100) = 190569292
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Growth of p(n)

p(10) = 42
p(50) = 204226

p(100) = 190569292

e V3 (n — o0)
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Exact formula

Kloosterman sums:
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Exact formula

Kloosterman sums:

some multiplier

Ak(n) = Z whyke_ZLlihn

h (mod k)*
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Exact formula

Kloosterman sums:

some multiplier

Ak(n) = Z whyke_ZLlihn

h (mod k)*

Bessel function of order a:

(x) =3 miT(m i a+1) <>2<>2m+a

m>0
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Exact formula

Kloosterman sums:

some multiplier

Ak(n) = Z whyke_ZLlihn

h (mod k)*

Bessel function of order a:

(x) =3 miT(m i a+1) <>2<>2m+a

m>0

Rademacher formula:
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Unimodal sequences

Asymptotics: (Auluck, Wright)

1 7
u(n) ~ ———eV5 (0= )
8-34n4

Blw
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Unimodal sequences

Asymptotics: (Auluck, Wright)

1
u(n) ~ — V5 (n— )
8-3ins

Notation: Kx(n), Kk(n, r) Kloosterman sums
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Unimodal sequences

Theorem 2 (B.-Nazaroglu)
We have

27 Ki(n) ™
“(”)_12n—1z k /2<37< 12"_1)
k>1
Kk(n,r)
Y. g
r (mod 2k

od 2k)
x/_ll (1-x)% cot (;k (\;6 —r— ;)) Iy <3\%k\/(1 —x2)(24n+1)) dx.

_2%f 3(24n + 1) g

N[N
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Unimodal sequences

Theorem 2 (B.-Nazaroglu)

We have
27 Ki(n) ™
un) = =g D Ty (37 12"_1)
k>1
Kk(n, r)
- ﬁz Z 2
24\[ 24n+1 ¢ k>1 r (mod 2k) k

X/_11<1—x )3cot(2”k (\%—r—i))lg <3\%k (1—x2)(24n+1)) dx.

Idea of proof: Use Circle Method and modular completion.
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Quantum modular forms

Recall

Fin(r) = Z sgn(n)q%.

n=j (mod2N)
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Quantum modular forms

Recall ,

Fin(r) = Z sgn(n)gin .

n=j (mod2N)
Asymptotics

Fin </t + ) Y ank(m)t™  (t—0%),

m>0

(1) S (00

m>0
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Quantum modular forms

where

. . 1 miPm\ 2
Fin(r)= > sgn(n)r<2; 5 >q
nez
n=j (mod2N)
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Quantum modular forms

where
*
Fj7
Note that
where

2
sgn(n)l <; Trin2> q_%.

D

nez
n=j (mod2N)

sy [ fin(w)
= [ s

D S

n=j (mod2N)

dw,

Kathrin Bringmann
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False transformation properties

Theorem 3 (B.-Nazaroglu)
For M = (2 5) € SLy(Z), we have

ar+ b
Fin(T) —sgn(cry + d)(cm + d)~ Z Vjr ( Frn < )
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False transformation properties

Theorem 3 (B.-Nazaroglu)
For M = (2 5) € SLy(Z), we have

a multiplier

N—-1
+b
Fin(r) — sgn(cry + d)(cr + d) 2 S (MY Frn <” )
r=1
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False transformation properties

Theorem 3 (B.-Nazaroglu)
For M = (2 5) € SLy(Z), we have

a multiplier

N—-1
+b
Fin(r) — sgn(cry + d)(cr + d) 2 S (MY Frn <” )
r=1

Corollary 4

Fi.n are vector-valued quantum modular forms of weight % with
quantum set Q.
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1. Modular forms and mock modular forms

2. False theta functions

3. Modularity properties of false theta
functions

4. Applications

5. Higher-dimensional false theta functions
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Higher-dimensional theta functions

P Arise from triplet algebras
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Higher-dimensional theta functions

P Arise from triplet algebras
> A typical example:

Fa) = 3 cla) 3 a2 43 S sen () a2t

acs neN%—i—oz nez
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Higher-dimensional theta functions

P Arise from triplet algebras
> A typical example:

Fa) = 3 cla) 3 a2 43 S sen () a2t

acs neN%—i—oz nez

where n = (n1,mp), Q(n) = 3n% 4+ 3n1ns + n%,

S ={0l-%%) Gl-%). 0y
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Higher-dimensional theta functions

1 otherwise.

{_2 foae{(l-%7).(71-7)}
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Higher-dimensional theta functions

T N S LS
1 otherwise.
Note that
Fa)=3 Y el@) > sgn(m)(sgn(m) + sgn(n)) 9™,
aES* ncZ2+a
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Higher-dimensional theta functions

1 otherwise.

s(a)::{_2 ifac{(l-% %) (W1-%)}

Note that
Fa)=3 Y el@) > sgn(m)(sgn(m) + sgn(n)) 9™,
aES* ncZ2+a
where

S ={mi1-%)01-%) (m1-%)}
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Jacobi forms

Idea: View F as coefficient of a (meromorphic) Jacobi form.
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Idea: View F as coefficient of a (meromorphic) Jacobi form.

Classical fact: Fourier coefficients of holomorphic Jacobi forms are
modular forms.
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Idea: View F as coefficient of a (meromorphic) Jacobi form.

Classical fact: Fourier coefficients of holomorphic Jacobi forms are
modular forms.

Fourier coefficients: (z5 € C)

02 20+1 ot
he(T) = hp 2 (7) == q " 4m / é(z;7)e 22 dz

0
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Fourier coefficients of Jacobi forms

Theorem 5 (B.-Rolen-Zwegers)

Let m e —%N, ¢ : C — C meromorphic function
satisfying for A\, u € Z

Oz + AT+ p) = (_1)2mu+>\ae—27rim(>\27—+2)\z)¢(z)

#

with € € {0,1}. L. Rolen
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Fourier coefficients of Jacobi forms

We have for € Z + m

D (7 1 o\, _
b= 303 Ly l(zwa) %m(”)]_’

WESZ .+ neEN
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Fourier coefficients of Jacobi forms

We have for € Z + m

D (7 1 o\, _
b= 303 Ly l(zwa) %m(”)]_’

WESy,+ n€EN

T
set of representative of poles of ¢
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Fourier coefficients of Jacobi forms

We have for € Z + m

Laurent cofficients of ¢

d
D_ 1 9\
h n W - 2 + .
ea(7) = Z Z (n—1)! l<27ri 82) Vierm (2 7)1 ;
WESy,+ n€EN z=w

T
set of representative of poles of ¢
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Fourier coefficients of Jacobi forms

We have for € Z + m

Laurent cofficients of ¢

0

D (7 1 o\, _
b= 303 Ly l(zwa) %m(”)]_’

WESZ .+ neEN

T
set of representative of poles of ¢

with the partial theta function

2Mn—¢2
ﬁze,M(Z;T) — Z(_l)nsq7<2Mn —L

n>0
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F and Jacobi forms

Theorem 6 (B.-Kaszian-Milas-Zwegers)

We have

(q) = n(7)° Wz1; 27)9(22; 27)0(21 + 22, 27)
9= n(27) . [, Wz, ) z2; 7)H 21 + 22; 7)
constant term

J. Kaszian
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F and Jacobi forms

Theorem 6 (B.-Kaszian-Milas-Zwegers)

We have

(q) = n(7)° Wz1; 27)9(22; 27)0(21 + 22, 27)
9= n(27) . [, Wz, ) z2; 7)H 21 + 22; 7)
constant term

J. Kaszian

where (; := e?™% satisfy |q| < [(j|< 1, |q] < [¢1(2|< 1 and

Izir) = —igs¢ 2 [T —a") (1—¢a"h) (1 ¢ 1)

n>1
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More general characters

Character of vacuum vertex algebra: g simple Lie algebra
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More general characters

Character of vacuum vertex algebra: g simple Lie algebra

universal vertex operator algebra

! 1
V@G O = (s Moca (€0 o [uca. (€ a0
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More general characters

Character of vacuum vertex algebra: g simple Lie algebra

universal vertex operator algebra
1
1
ch[Vi(9)I(¢: 9)] = a —= :
3 (0:9)% [oea, (€70 @)oo [Laea, (€7 a1 @)

charge variable
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More general characters

Character of vacuum vertex algebra: g simple Lie algebra

universal vertex operator algebra
1
1
ch[Vi(9)I(¢: 9)] = a —= :
3 (0 9)% [oea, (€70 Qoo [Laea, (€7 a0 @)
T

charge variable

positive roots
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More general characters

Character of vacuum vertex algebra: g simple Lie algebra

universal vertex operator algebra
1
1
ch[Vi(9)I(¢: 9)] = a —= :
3 (0 9)% [oea, (€70 Qoo [Laea, (€7 a0 @)
T

charge variable

positive roots

Character of parafermionic vertex algebra:

(9: )2 CT¢ch[Vi(9)](<: )
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A simple example

Goal: Characterize CT for Lie algebras of type Ay, B>.
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A simple example

Goal: Characterize CT for Lie algebras of type Ay, B>.

Example: g = slo:

1 1 n(nt1)
C — - —1)g
a ((Cq; 9)oc(C1a; q)oo) (3 9)% 123 (-1

n>0
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A, parafermionic character

Let

1

G = .
(©) (€19,¢9,09,619,06a: G G g a)
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A, parafermionic character

Let

1

G = .
(©) (€19,¢9,09,619,06a: G G g a)

Relation to Jacobi forms:

GG -G - &) - Gé)

G(¢) = iq*n (21)9(22)0(z1 + 22)
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Constant terms:

Let

Go(r) =3 Inlg” —6q7% > Inlq",

neZ n€Z+3

Y(r) = Z sgn(n1) sgn(np)mq® ™. where Qa(n) := n? + nyny 4 n3.
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Constant terms:

Let

Go(r) =3 Inlg” —6q7% > Inlq",

neZ n€Z+3

Y(r) = Z sgn(n1) sgn(np)mq® ™. where Qa(n) := n? + nyny 4 n3.

Theorem 7 (B.-Kaszian-Milas-Nazaroglu)
For |q| < |C1],]¢2l, [€1é2] < 1 we have
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Regularized integrals

Let

h(w) := 95 (wa)01.1(wa) — Db (wa)d10(we2),
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Regularized integrals

Let
h(w) := 95 (wa)01.1(wa) — Db (wa)d10(we2),

where for m € Z

k
29%],(7) = |( 1_ 8) 19,,,’,,(2;’7')‘| , with 9, (2;7) Z g™ 2,

4mim Oz
z=0 n€Z+ 5~
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Regularized integrals

Regularized integral: (wy € H\ {7})

" 7)((‘”2) Wy := lim - 7f(W2) Wo iif(T)
/ (i —r)E 5 </ (D W—ﬂ)
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Regularized integrals

Regularized integral: (wy € H\ {7})

" 7)((‘”2) Wy := lim - 7f(W2) Wo iif(T)
/ (i —r)E 5 </ (D W—ﬂ)

Integral representation:

Lemma 8
We have

v(r)

T+ioco w1 h
= V3 (w) s dwodwy.

T ) Jim i — 1)
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Sign lemma

The key ingredient:
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The key ingredient:

Lemma 9
Let 01,0, € R, k € R, with (1,05 + K1) # (0,0). Then

02 02
sgn(f1)sgn(la + kl1)q? t 7
_/'r+ioo gleﬂ'iéfwl wi ngwilng
- Vilwa —7) Jr Vi(wa —7)

. .2 .2
T+i00 mle'mmlwl wi mzemmzwz
+
-
2

dW2dW1

dwrdwy

4.4
+ - arctan(k)q2 "7,

b+ Kl

Tt and mp = 2=2

where m; =
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Completion

Completion:

Define
w)

w [ L e

\TJ (ryw) = dw2dW1
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Completion

Completion:
Define
V(r,w) = / /Wl W) - dwyd
TW = Wo aw-
\/ W1—7' W2—7' 2 !
Note
U(r)= lim  U(r,w).
w—T+ioco
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Completion

Completion:
Define
V(r,w) = / /Wl W) - dwyd
TW = Wo aw-
\/ W1—7' W2—7' 2 !
Note
U(r)= lim  U(r,w).
w—T+ioco

Proposition 10
For M = (25) € SLy(Z) we have

A<a7'+b aw + b

1\ CT—l—d’CW—i—d) = v, (M)¥(cT + d)? \U('r w).
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B, parafermionic character

Let

FQ) = 1

19,¢1'9. 00,619, 06a. ¢ G N, 30, G aq)
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B, parafermionic character

Let

FQ) = 1

19,¢1'9. 00,619, 06a. ¢ G N, 30, G aq)

Relation to Jacobi forms:

GG - Q) - )1 - G) (1 - GG)
F(C) =@ 19(21)?9(22)’[9(21 + 22)19(221 + 22) '
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Constant term

Define
(1) 1= 1(7) + Po(7),
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Constant term

Define
CD(T) = q)l(T) + ¢2(7‘),

where, with Qg(n) := %n% 4 3n1np + 3n§

Oi(r) = > (=1)"75 (sgn(ne) + sgn(nm + n2)) sgn(ny)
)

3
m
N
N
+
—~
Wik
S

E
X <(n1 + 2"2)2 - - 21(8T)) qQB(")a

Oy(7) = Z (—1)”1_% sgn(ny + mo) sgn(na)ny(ny + 2n,) g™,
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Constant term

For a € 72\ {(0,0)}, let

Na(T) = Z (—1)(32“)(”1_%)sgn(nl)sgn(nl +2n2)qQB(").
nei (13 +1)
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Constant term

For a € 72\ {(0,0)}, let

Na(T) = Z (—1)(32“)(”1_%)sgn(nl)sgn(nl +2n2)qQB(").
nei (13 +1)

Moreover

o
—~~
B
~
+
N
—~ 3
—~
B
(=)}
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Constant term

with

or(7) = Z sgn(n)q3’72 and  w,(7):= Z (—1)"_5_%sgn(n)q¥.

n€Lts n€Z+45+1%
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Constant term

with
r n2
(1) = Z sgn(n)q3’72 and w,(7) = Z (—1)"‘5_%sgn(n)q37.
n€Lts n€Z+45+1%
S ative: 190 _ k
Serre derivative: Dy 1= 55~ — 15E2(7)
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Constant term

with
r nz
(1) = Z sgn(n)q3’72 and w,(7) = Z (—1)"‘5_%sgn(n)q37.
n€Lts n€Z+45+1%
ki 190 _ k
Serre derivative: Dy 1= 55~ — 15E2(7)

Theorem 11 (B.-Kaszian-Milas-Nazaroglu)
We have for |q| < |C?|, ¢, [¢3¢] < 1

g’ 9q =

207 )

g ® No,1(T) _’_q_%Al,O(T) q_%/\l,l(T)
P\ (L7 9(mn)?  9(n)°)

CTig F(¢) =
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Constant term

with
r n2
(1) = Z sgn(n)q3’72 and w,(7) = Z (—1)"‘5_% sgn(n)q%.
n€Lts n€Z+45+1%
19 _ k
Serre derivative: Dy 1= 55~ — 15E2(7)

Theorem 11 (B.-Kaszian-Milas-Nazaroglu)
We have for |q| < |C?|, ¢, [¢3¢] < 1

q% gq =
CT F(C) = n(T)gFo(T) 20 > e (1)
q = ( No,1(7) q_%/\l,O(T) _ q_‘l‘/\l,l(T)>
2 \o(5ir)’ (5 0 (Hr)
Very painfull!l
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Regularized integrals

Define
fo(w) = 8% (w055 (wa) — 9L (wa )05 (we),
go(w) := 9}, (wa )9 (wa) — 9 (w) L, ().
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Regularized integrals

Define
fo(w) := 05 (wa)95h (wa) — 955 (wa )05 (wa),
go(w) == 19[%1}1( w )0l [1] L(wo) - 19[1] (Wl)ﬁ[ll( ).
Lemma 12
We have

_1 /T*"‘X’ “o (4f(w) + go(w))
e i = 1)(i(we — 7))
( —%(WQ—T)E2(T))

i D i(we 1)

dW2dW1
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Completion

Completion:

dW2dW1

U OIS CRUE)

- I(Wl—T( (W2—7')3
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Completion

Completion:

dW2dW1

U OIS CRUE)

- I(Wl—T( (W2—7')3

Proposition 13
For M = (215) € SLo(Z) we have

~ b b ~
& (aT+ aw + ) = v (M)!(cr + d)3 B(r, w).

ct+d cw+d
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Future research
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Future research

» Understand general characters.

Kathrin Bringmann False theta functions and their modularity properties



Future research

» Understand general characters.

» Build a theory of completed false theta functions.
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Future research

» Understand general characters.
» Build a theory of completed false theta functions.

» Find different representations, e.g. as Poincaré series or theta
lifts.
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Future research

» Understand general characters.

» Build a theory of completed false theta functions.

» Find different representations, e.g. as Poincaré series or theta
lifts.

» Build a theory of Fourier coefficients of multi-variable Jacobi
forms.
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Happy Birthday Steve
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