Non-commutative rational multipliers
of the free Hardy space

Robert T.W. Martin

University of Manitoba

18/11/2021

Fields Institute. Workshop on Analytic Function Spaces & Applications, NC Function week.



NC rational functions

NC rational functions

Any valid combination, t(3) of NC variables 31, - - - 34, C, operations
+,-, L and ().

_ —1
eg (3137731  +1+3130.

o

Domt := |_| {Z € Cd 1= Cmxn g C1xd
n=1

t(Z)is defined}

Z:(Zl,-~- ,Zd), ZkECnXH




NC rational functions

NC rational functions

Any valid combination, t(3) of NC variables 31, - - - 34, C, operations
+,-, "L and ().

_ —1
eg (3137731  +1+330.
o0

Domt := |_| {Z € Cd 1= Cmxn g C1xd
n=1

t(Z) is defined}

Deep connections to: NC algebra, free real algebraic geometry and free
probability.

[Helton, Kaliuzhnyi-Verbovetskyil, Klep, McCullough, Pascoe, Vinnikov, Vol¢ic,...]




NC rational functions

Realizations

Any NC rational t, 0 = (0,---,0) € Domrt, has a realization (A, b, c¢),
AeCY, b,c e CN: Given Z € C, v(Z) = b*La(Z) e

d
La(Z) ==l ®Iy—>_ Zj®A;.  (Linear pencil)
j=1

Minimal realizations

A realization (A, b, c¢) of size N is minimal if N is as small as possible.

(A, b, c) is minimal < \/A“c =cV = \/A*wb
W=ii iy ik €{l,,d}, AY = A A

Id*

Any NC rational v with 0 € Domt has a (unique) minimal realization.




NC unit row—ball

n

Define (Cf(; = I_l cd, (Cg = C"™" @ C™9 NC universe.

n=1
Bd — Bd Bd — nxn 1xd )
a ,|:|1 d d ((C ®C )1
Z=(Z4, - ,Z4)eBiifZ:C"®C? = C" has || Z| < 1,
275 = 217 + -+ ZyZ5 < |y

finite—dimensional strict row contractions




Square-summable power series

The free Hardy space
W2 =4 )= 3 £s%| SIER <00},

31,32, ,3d; d NC variables.

F? = all words in d letters, {1,2,---,d}. Empty word = 0 (unit).

eg ifw=1221 € F2, ;¥ := 31303231, 50 =: 1.
Hardy space




Elements of Hg are NC functions on IBSI‘\’]:

(Popescu)
If Z=(Z, - ,Z4) € B and

f5) = 3 £.5% € H3

then 7(Z) converges absolutely (and locally uniformly) in operator-norm.

v

= Any f € Hf, is a non-commutative function on strict row contractions. J




Non-commutative functions

NC functions on the row-ball

Any f € H3 is a non-commutative function on BY, i.e. f
— is graded,
— preserves direct sums,

— respects joint similarities which preserve ng

locally bounded hence holomorphic.

Any free polynomial, p € C{31,--- ,34} belongs to HZ, e.g.
p(31,32) = 515132 — 53135.




NC Hardy Space
H®® = bounded holomorphic functions:

H*® = {f € 0(D) ‘ Ifllco = su]|IJD||f(z)H < oo}.
ze




NC Hardy Space
NC H®® = bounded NC holomorphic functions:

g = {F € O(BR) ‘ [Flloo = sup [[F(2)] < OO}-
ZeBg

FeHY « F(L):=ME:H% - H2, bounded left multiplier,

(MEF)(2) = F(2)f(2); Z e BE.
The left free shift

Ly = Mék . HZ — H?, isometries, pairwise orthogonal ranges.

= Li=(L, - ,Ly) :H3®C? — H3, isa row isometry.




Left vs. right

letter reversal t : F¢ — R

W o= feip > whi=ipe--iy, involution.

U, : H? — H3, 3” &% 3wt unitary involution.

Right multipliers
Ry := M3 = UM5 Uy = Ui Ly Uy, right free shifts.

Given p € C{31,--* ,3a}, p(L) = M, p(R) = M.

eg p(3)=1-33 — p'(3) =137,
If bc HP, b(R) := Ub(L)U; = M.




NC rational functions in Fock space



Fock space as an NC-RKHS

Hf, is an NC reproducing kernel Hilbert space on IB%% [Ball-Marx=Vinnikov].

L7,y
fes v f(2)v; Z,y,veBI xC"xC",

is bounded on HZ.

gzy}’:v(f) = <K{Zvya V}7f>]1-]l27 K{Z,y, V} GH(%

NC Szego kernel vectors

K{Z,y,v} = Zy‘*zav;,a Z e BY,
K{Z,y, v}, f = Z% f=Y f3° eH?
(K{Z,y,v}, F)me Zy (3%3"); Z 3 d

—504 w

:yz Yv=y"f(Z)v.




NC kernels are rational

Any NC Szego kernel, K{W, x, u} € H2, W e ]ng is given by:
K{W, x,u}(Z Zx*wwuzw ZcBd

= ZY*W uzv; x, W, := entry-wise conjugation
k

00 d
= Y*®I,,Z ZWJ@ZJ TR In; spr (1) <1

_ y*@l,,(/m®/,,—ZWj®Zj)‘lﬁ®/,,

= |X*Ly(Z) 1|, NC rational!




NC rational functions in HZ are NC kernels

If v € HZ NC rational with minimal realization (A, b, c) of size N,

W(Z) = ) t.Z¥ ZeBj

= I,®b* (/,,®/N—ZZJ-®AJ-)_II,,®C

= Zb*{\wc 7%= K{A,b,c}(Z),

=Tw

i.e. ¢ formally resembles an NC Szego kernel.




NC rational functions in HZ are NC kernels

Definition (Joint spectral radius — Popescu)

Given A= (A,--- ,Aq) € CY,

spr(A) == lim 1. H dgki‘*(/,\,)H Adga-(P) = AP ® Iy)A*.

Multi-variable Rota—Strang Theorem (Popescu)

A= (A1, ,Aq) € C‘,{, has spr(A) < 1 if and only if A is jointly similar to
a strict row contraction W € BY,.

v

If NC rational ¢ € HZ with minimal (A, b, ¢) can show spr(A) < 1.
Multi-variable Rota Theorem = t = K{Z,b,&} for Z € B¢ similar to A.

v




Theorem (Jury—M.-Shamovich)

Let v be an NC rational function with 0 € Domt and minimal realization
(A, b, c) of size N. The following are equivalent:

d=1

This recovers (obvious) facts for rational functions in one variable.




Observe:

If 0 € Domt, NC rational with minimal (A, b, ¢), A € C¢ we can re-scale,
t/(Z) :=(rZ), r > 0, to obtain B¢ C Domct,,

r1 > ||Allrow > spr(A) =t € HY.

= We can assume any t which is regular at 0 belongs to [Hg’];.

Hardy space techniques can be applied to NC rational function theory.

J




Finite NC Blaschke products



Any h € H* has a unique inner—outer factorization,
h=20-f, 0,f € H,

where
— @ is inner, i.e. My : H> — H? is isometric.

— f is outer, i.e. My has dense range.

Rational v € H* is inner if and only if ¢ is a finite Blaschke product:

CH 7% 4 eD, ¢ e aD.

1—Zzz

Blaschke products are completely determined by their zeroes in the disk.




Inner and Outer

Definition
h € Hg is:
Q innerif h(L) = MF : H3 — H? is an isometry.
inner = isometric

Q outer if h(L) = ML : H% — H? has dense range.
outer = dense range

Theorem (Popescu, Davidson—Pitts)

Any h € HF (or Hg) has a unique inner—outer factorization, h=© - F.

v




Inner—Quter factorization

Theorem (Jury—M.—Shamovich)

If v € Hg is NC rational with inner—outer factorization t = © - F, then
both ©, F € Hy are NC rational.

Proof.
Recall: If his a multiplier of an RKHS H(k), My k, = k,h(z).

Similarly, if h € Hy’, h(L)*K{Z,y,v} = K{Z,h(Z)"y,v}.
Ift=0-F e HY then vt = K{Z,y, v},

K{Z,0(Z)"y,v} = O(L)*t = ©(L)*O(L) F.
=]

= F is an NC kernel (NC rational) and so is © = tF 1.




Finite NC Blaschke products

Definition (Jury—M.—Shamovich)
Given h € H?, the NC variety of h is

zh) = || {(Z,y)eng(C”\{O}‘ y*h(Z):O}.

NU{co}
An inner b € HY is NC Blaschke if Ran b(L) = 2(b),

2(6) == {heHj| (Z,y) € Z(b) = (Z,y) € Z(h)}.

i.e. NC Blaschke inners are completely determined by their ‘NC zeroes'.

Theorem (Jury—M.-Shamovich)
Any NC rational inner b € Hg is NC Blaschke.




Definition
An NC rational inner, b, is an NC Blaschke factor, if it is irreducible: |f
b = by - by, by NC rational inner, then {bl, 52} = {[J, 1}.

d =1: bis irreducible < b(z) = ——

lv , a single Blaschke factor.
1—wz

Theorem (M.)

Any NC rational inner b € H is a finite NC Blaschke product,
b ="b71---b,, with each b, an NC rational Blaschke factor.

Proof idea:
If b = by - by where by are inner, then the minimal realization size of b is
greater than that of b;.

Q: Can we characterize NC Blaschke factors in terms of their minimal
realizations a la Helton—-Klep—Vol&i&?



NC Clark Theory



Clark Theory

A bijection (d = 1)

i H, R by
>0 ReHu(z) >0 |bu(2)] <1
Finite, positive, Herglotz function contractive multiplier

regular Borel measure _
1 H -1
Mo = [ ERae0  ne= i

If 4w <> b then p = pyp is the Aleksandrov—Clark measure of b.



NC measures

Riesz—Markov: Meas(dD); <> %(8]1)))1 = (A(D) + A(D)*)i

p < fi, A(D) = Alg{/,S} Il Disk Algebra.
S =M, : H*> = H?, the shift.

Ag = Alg{l,L1,- -, Ly} Il Free Disk Algebra.
Definition

A (positive) NC measure, 11 € (%j)+, is a positive linear functional on the
Free Disk System, /g := (Aqg + AZ)—IH\_




Given any positive NC measure, i : &7y — C, consider:
NC Herglotz Function
Hu(Z) = idy@u((1+ 2L =27,
Zl* = Z1QLi+..+2Z40LY, ZeBY
ReH,(Z) >0; ZeBg,

bu(Z) = (Hu(Z) + In) " (Hu(Z) = In) € [HF )1

A bijection
TR H, < b,

20 ReH, >0 1bu(2)]] < 1

If 4 <> b then p = pp is the NC Clark measure of b.



NC measure spaces

H2(p) == C {31, 30} "1 (p,q), == p(p(L)*q(L)).
——

€y
Gelfand-Naimark-Segal row isometry
My, p(3) + Nu = 36p(3) + Ni | My = M,
N, :=ideal of ‘0—length vectors'. M, = (My;1,--- ,M,.x) row isometry.

Extends to x—representation of C*{/, L} =: €4, Cuntz-Toeplitz algebra.

v

lfd=1

HE (1) =\/¢"C P My = Mc|pe(y = mult. by ¢
n>0




NC rational Clark measures



Finitely—correlated Cuntz-Toeplitz functionals

IS (ﬂj)Jr is finitely—correlated if the subspace
A=\ T 1+ N, C H (1),

is finite—dimensional.

Dilation of finite row contractions

If 1 is finitely—correlated then I1, is the minimal row isometric dilation of
the finite—dimensional row contraction T, := (I},|.z,)".

— Finitely—correlated states on the Cuntz algebra were introduced and
studied by Bratteli and Jgrgensen.

— Row isometric dilations of finite row contractions were completely
classified by Davidson—Kribs—Shpigel.



If pe (dj)+ is finitely correlated, then,

idy@p ((1 = ZL)™Y) = (L4 N)*(1 = ZT75) N1+ Ny)
= ZH2) + Su() = Gu(2)

Recall: ZL* =21 @ L]+ -+ Zy ® L.

Let x :=1+4 N, and T, := (M}|,)", dim 7, < +oc.

(T;,x,x) is a finite-dimensional (and minimal) realization of G,,.

= H, and b,=(H,—N(H,+1)7"! are NC rational.




Theorem (M.)

A contractive b € [H]1 is NC rational if and only if u, € (szfj)Jr is
finitely—correlated.




NC rational extreme points of [H ]



de Branges—Rovnyak realizations

Any b € [H]1 has a de Branges—Rovnyak realization:
(right) Free de Branges—Rovnyak space

HY(b) := Ran /I — b(R)b(R)*, an NC-RKHS contained (contractively)
in HZ with CPNC kernel:

K(Z, W] = K(Z, W)[] - K(Z, W)[b'(Z)(-)b"(W)], K =NC Szegs.

de Branges—Rovnyak realization

b(Z) = D+ Cllh®! =) ZioA) ") Z B,
k

A= L pvpy, B:=L"b", C:=(Kg)* and D :=b(0).

v



Column-extreme multipliers of Fock space

b € [HZ]1 is column-extreme (CE), if a € HY® and
c:=(b) € [HY ® C?y implies a = 0.

Note: ¢ := (%) is contractive if and only if:
I — b(R)"b(R) > a(R)"a(R) > 0.
c is inner if and only if
I — b(R)*b(R) = a(R)"a(R),

T =1—b(R)*b(R) is factorizable.



Sarason's outer function

— In one variable, b € [H*]; is column-extreme < it is an extreme point.
—If bis NOT extreme, there is a unique outer, a € [H*]; so that ¢ = (2)

is inner (isometric).

Sarason function
c := (b) is defined by the colligation, U, : s#(b) @ C* — #(b) © C*:

L A B . b(z)\ ._ _1
Ue = (c D), (X3)=p+cu-za)"z8B,

H(b) = Ran+/I—b(S)b(S)* de Branges-Rovnyak space
] S:=M,: H* 5 H? \ the shift, a(0)* :=1— |b(0)|* — [|S*b||%¢() > O

. c* _ c* — (K5)" . (b0
A = Slww, Bi=5b Ci=(_ @ ) p:=(1).




Theorem (Jury-M.)
Given any b € [H]1, let a € [HT]1 be its NC Sarason function.

(i) If b is non-CE then a is outer, a(R)*a(R) is the maximal factorizable
minorant of | — b(R)*b(R).
(it) c:= (%) is column-extreme.

(i) c is inner if and only if b is non-CE and

Z ||L*“’bt||ift(b) —0 weak purity *). (1)

jwl=n

(iv) b is inner if and only if it is CE and (1) holds.

&) T:35®C! — His pureif > || T*“h|3; — 0 for any h € 3.
|wl=n

X* = (L*| st(s))™ pure < b inner (Ball-Bolotnikov—Fang).



Corollary (Jury-M.)

If b € [Hy]1 is NC rational, then b is either non-CE or inner.

If b is non-CE, then the Sarason a is NC rational and ¢ := (%) is inner.




Corollary (Jury-M.)

Ifb € [HY]1 is NC rational, then b is either non-CE or inner.

If b is non-CE, then the Sarason a is NC rational and ¢ := (%) is inner.

Proof idea:
If b € HY is NC rational, so is b* = K{Z,y, v}.

A= \] 6" = \] K{Z,Z"y,v} C #*(b).
w0 w#0
‘Restrict’ the de Branges—Rovnyak realization of b to ./#:
A:=L*,y, B=B=1L" ¢=(PyK{)* and D =D =0b(0),
6(2) =D -l +1h®C(h® =) Z %) > Z®%B;

Restricting the realization for Sarason function a gives a finite-dimensional

Fornasini-Marchesini (FM) realization for a. = a is also NC rational.

~



Corollary (Jury-M.)

Ifb € [HY]1 is NC rational, then b is either non-CE or inner.

If b is non-CE, then the Sarason a is NC rational and ¢ := (%) is inner.

Proof idea:
If b € HY is NC rational, so is b* = K{Z,y, v}.

M= \] U = \] K{Z,Z"y,v} C #*(b).
w0 w#0

‘Restrict’ the de Branges—Rovnyak realization of b to ./#:
A:=L*,y, B=B=1L" ¢=(PyK{)* and D =D =0b(0).
If (A, b, c) is a minimal descriptor realization spr(A) < 1 = spr(2) < 1.

= the weak purity condition (1) of the previous theorem holds.




Theorem (Fejér—Riesz)

Let Rep(S) > 0, p € C|z], ‘positive trigonometric polynomial’. Then
Rep(S) = q(5)*q(S) for some q € C|z].

Here, S := M, : H> — H?, the shift.

Theorem (NC Fejér—Riesz. Popescu, McCullough)

Suppose p € C{31,--- ,34} and Rep(R) > 0. Then there is a free
polynomial q so that Re p(R) = q(R)*q(R).

Theorem (NC rational Fejér—Riesz)

Let T :=Ret(R) > 0, wheret € Hy is NC rational. Then T factors as
T =t(R)*t(R) for some NC rational outer v € HF .




Proof idea:
Classically, given |f| > 0, |f| € L*, consider y := |f| - m, m =Lebesgue.

pe(d) _ 1 [b(O)?
m(dC) ~ 1 Q)2

w=pp, be[H®1 = |f(Q)| = a.e. (Fatou)

Let pur(L*) := (1, TL1)pp, put € (ﬁ/j)+ with ‘NC Radon—Nikodym
derivative’ T = Ret(R) > 0.
By the NC Fatou Theorem (Jury-M.), if 1 = g,

Re¥(R) = (I = b(R)")~'(/ = b(R)*b(R))(/ — b(R)) ™,

for some NC rational b € [H]; = | — b(R)*6(R) = a(R)*a(R).




d=1

If v(z) = Zgzg € H™, then

4(S)"Ret(S)q(S) = p(S)"a(S)+4(S)"p(S) = Red(S) >0,  §e Clz].

In one variable the rational Fejér—Riesz theorem is trivial.

= any rational b € [H*]; is either inner or not an extreme point.




Theorem (M.)

Given NC rational b € [HZ’]1, the following are equivalent:
Q b is inner.

@ M, is a Cuntz (onto) row isometry (of dilation-type, Kennedy).
Q@ 7,= (I'IZ]%)* 1 = p, is a finite row co-isometry.
Q 1 is a singular NC measure (Jury-M.)

d=1

b € H is rational inner = b is a finite Blaschke product:

z, € D.

b is a finite, positive sum of point masses on 9.
= up is singular and Md/.ﬂ(ub) is unitary.




Theorem (M.—Shamovich)

An NC rational function b with 0 € Dom b belongs to [HZ|; if and only it

has a minimal Fornasini—-Marchesini realization U = (é g):

B(Z)=D hh+h®Cllhe!-> Z®A) ™) ZeB-,.

Every NC rational b with 0 € Dom b has a minimal FM realization.

minimal FM realizations (2 B) < minimal descriptor (A', b, c).




Theorem (M.—Shamovich)
An NC rational function b with 0 € Dom b belongs to [HZ|; if and only it

has a minimal Fornasini—-Marchesini realization U = (é g):

. T (1-16(0))T*x
V= ((1 CB(0)(Prgx. Jxe B(0) > ’

T is a finite row contraction on H, x € H is cyclic for T* and its minimal
row isometric dilation, V,

To:=T7 (I — (1 —=16(0))(x, >X> . Ho := \/ T*“x
0 w0
l|x||? + it — 1
el R.
and b(0) Xttt te

b is inner if and only if T is also a row co-isometry.




An example

01 0 0
Tl = (0 0)’ and T2 = <1 0>,

T is an irreducible row co-isometry, every x € C? is cyclic for V+ and T*.

v

Consider x = e; = (}). Then,

. [0 0\ /0 0\ ., (0 1\/0 0\ (0 1
To:l_(1 o) (o 1)_02’ T°;2_<0 0> (o 1>_<0 0>'

br.(Z) = (I, 0) ((l) le> <§1>

= 2ILZ.

This is clearly inner. Taking x = e gives Z; Z5.




= \ﬁ_l(%). In this case, (| — Z ® Tg)™*

1 12 zZ\ !
S S 5 (/+ 2)

ZN\"1'z z\' 1 ZN\ " z\ |’
|+ —= — / ] Y E— Z Zo | |+ —
(-1-2) 25 +2 +4 +2 1S (3 —|—2

where )
1 21\
S=1—-2(+— /1.
2 2( + 2) 1
_1 *\—1 ZZ
:>b7-7X(Z)—§(I, I)(/—Z® Ts) (Z1>'

This must be an NC rational inner.




Mutual singularity of Clark measures

Given any a € 9D, let o := ppg NC Clark measures, b € [H™];.

Theorem (Aronszajn—Donoghue)
The singular parts of the Clark family {j.} are mutually singular. J

Let Uy := M on [2(ptass) = H?*(ftass) unitary. fia;s L pgis < Ua L Ug,
i.e. have no unitarily equivalent restrictions to reducing subspaces.

Theorem (NC rational Aronszajn—Donoghue, M.—Shamovich)
Let b € [Hg’]1 be NC rational. Then for any a # € oD, My, LT, . J




Thank you!






Decomposition of row isometries

M:H®CY — H row isometry, .7 (M) := Alg{/,NM}~"OT free semigroup
algebra.

Kennedy—-Lebesgue—von Neumann-Wold decomposition
M=N & MNc_p &Ny & Nyn.
Each of Mc_;, Mgis, Myn is Cuntz (surjective).

o [1, is pure, i.e. unitarily equivalent to L ® /.
o S(Nc_y) =S (L) Cuntz type—L.
o (M) is self-adjoint von Neumann type.

@ [lgy no direct summand of previous types.

Maip =~ (L @l ;k-) ; T row co-isometry.




Theorem (M.)

If b € [H]1 is NC rational with finitely—correlated NC Clark measure
W= pp then




NC reproducing kernel Hilbert space

Let Q = |_| Q, C C¢ be an NC set (closed under @), Q, = QN CY.

n=1

NC-RKHS

A Hilbert space, H, of NC functions on € is an NC reproducing kernel
Hilbert space if for any Z,y,v € Q, x C" x C",

lzyv
S y*f(Z)v,
is bounded on H.

Ezv.yvv(f): <K{Zvya V}7f>]HI27 K{Zvy7 V}Ej{'




NC Szego kernel

Given Z ¢ BY, W € BY and P € C™™,

AdZ7W*[P] = le:)Wik + - -ZdPW;.

HZ = Hne(K),
K(Z,W)IP] = (idpxm — Adzw+) "o P
= Y Aadl),.[Pl,
k=0
= Y zvPw.
Compare:
k(z,w) = z,w €D = (C);. Szegd kernel for H* = F(k).

1—zw'




NC reproducing kernel

Completely positive NC kernel
For Z € Q,, W € Q, K(Z, W)[-] : C™™ — C™™ completely bounded,

y'K(Z,W)[w|x = (K{Z,y,v}, K{W,x,u})s; y,veC" x,ueC™

K(Z,Z)[]: C™" — C™" is completely positive. H =: H,c(K).

Theorem (Ball-Marx—Vinnikov)
CPNC kernels K +» NC-RKHS Hnc(K).




Fornasini—Marchesini realizations

Any NC rational v, 0 € Domt, has an FM realization (A, B, C, D),
AeC, BeCVNeC?, ceC™N and D =1(0) € C: Given Z € C¢,

W(Z)=D+C(h®in=) Z®A) ') Z® B

=La(2)

Minimal FM realizations

An FM realization is minimal if N is as small as possible. Given minimal
(A, b, c) for t,

Aic
A= Aly, g Aves B"( | ) C':=b" and D:=r(0),

AdC

is a minimal FM realization.




Weak purity condition = inner (d = 1)
Given b € [H]1, X := §%| (»), b is extreme if and only if
X*X =1 — Kb(Kb), K& = point evaluation at 0.

Equivalently [|S*b|1%,(,) = 1 — [b(0)[*.
Weak purity: HX"S*bH?%p(b) —0
IX?b||> = (S*b,X*XS*b)p
= (S"b,S*b)p — |(Kg, S*b)|> =1 — |By|* — [b(0)?
n
LXTSTBP = 1= |BP =0 = bl =1.

Jj=0

Fact: A contractive b € H* has unit H>—norm if and only if it is inner
(Davidson—Pitts).




