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Functional calculus

‘H separable Hilbert space, T' € B(#) contraction
von Neumann’s inequality: the map

fe= f(T),  feAD)
is completely contractive

Lemma
The following conditions are equivalent.

@ The functional calculus extends to a weak-x continuous homomorphism
H* (D) — B(H). (Here, we consider A(D) C C(T) C L>=(T,\) and
H* (D) C L>=(T, \).)

@ If (fn) is a bounded sequence in A(D) converging pointwise to 0 on D, then

Jim (fu(T)€,m) =0, &neH.

Sz.-Nagy—Foias: this is automatically true if T is completely non-unitary.

Writing T' = Teny D U reduces to a problem about measures on the unit circle.
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Henkin and analytic measures for A(D)

1 regular Borel measure on T

Definition
@ u is analytic if fT fdu =0 for every f € A(D).

o u is Henkin for A(D) if whenever (f,) is a bounded sequence in A(D) converging

pointwise to 0 on D, we have lim, fT frndu = 0.
v

Theorem (Henkin 1968, Valskii 1971)
The following assertions hold.

o A measure is Henkin if and only if it is absolutely continuous with respect to
some analytic measure. (Henkin 1968, Valskii 1971)

o A measure is Henkin if and only if it is absolutely continuous with respect to arc
length. (the F.&M. Riesz mir cle)

Corollary

A contraction on a separable Hilbert space admits a weak-* continuous
H*(D)-functional calculus if and only if the spectral measure of its unitary part is
absolutely continuous with respect to arc length.

v
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Multivariate versions

d > 2, By C C? open unit ball, S; C C% unit sphere

o4 surface measure on Sy

A(Bg) ball algebra

A(Bd) C C(Sd) C Loo(Sd,O'd) and Hoo(Bd) C Loo(Sd,O'd)

Definition
Let u be a regular Borel measure on Sg.
e u is analytic if de fdu =0 for every f € A(Bg).

o p is Henkin for A(Bg) if whenever (f,) is a bounded sequence in A (Bg)
converging pointwise to 0 on By, we have lim,,_ o de fndp = 0.
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Henkin measures for A(By)

Theorem (Valskii 1971)

The measure u is Henkin if and only if there is g € L'(Sq, 04) and an analytic
measure v on Sq such that p = v + goq.

Theorem (Henkin 1968)

The set of Henkin measures for A(Bq) is a band: if p is Henkin and v < u, then v is
Henkin.

v

Corollary

A measure is Henkin for A(Bq) if and only if it is absolutely continuous with respect
to a convexr combination of total variations of analytic measures.

Proof.

(«<=): Use Henkin’s theorem.
(=): Using Valskii’s theorem, it suffices to deal with 4. The measure zx04 is
analytic for every 1 < k < d, and o4 is mutually absolutely continuous with

ZZ:l %|2k|0'd~ D

No mir cle here?
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Representing measures

Ro — set of states p on C(S4) such that
[ fdu=10. fe A,
Sq
Note: it follows from the F. & M. Riesz theorem that %o = {A} when d = 1.

AC(Zo) — set of u € C(Sq)*™ that are absolutely continuous with respect to some
measure in %o

Theorem (For 1li 1963, Cole-Range 1972)
The set of Henkin measures for A(Bg) is AC(%o). J
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Back to the functional calculus: multivariate operator theory

‘H separable Hilbert space, T1,...,T4 € B(H) commuting such that E?=1 ;1) <1

M4 — multiplier algebra of the Drury—Arveson space on By (= H*(Bg))
Aq C Mg norm closure of the polynomials (= A(Bg))
We always have

max [f(z)] < |[fll, [ € Aa
z€By

Caution! J

The inequality is strict in general. Aq is NOT a uniform algebra.

What is the replacement for C(Sq)?

Tq = C*(Aa) C B(HJ)

R C Ty and T4/8 = C(Sq) (= the dual space T does not consist entirely of
measures)

Theorem (Arveson 1998)
The map f — f(T1,...,Tq) is completely contractive on Aq. J
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Another problem about measures

Lemma

Let T = (T1,...,Tq) be a commuting row contraction. The following conditions are
equivalent.

@ The functional calculus extends to a weak-x continuous homomorphism on Mg.
(Here, we consider Aq C Mq C B(H3).)

@ If (fn) is a bounded sequence in Aq converging pointwise to 0 on Ba, then

Jim (fo(T),m) =0, &neH.

o Automatically true if 7' = (T4, ...,Tq4) is completely non-unitary. (C.—Davidson
2016)

@ There is a spherical unitary U = (Ui, ...,Uqg) such that T = Tep, @ U
(Eschmeier)

Thus, this becomes a problem about measures on the sphere.
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Henkin functionals for Ay

Definition

A regular Borel measure p on Sy is Henkin for A4 if whenever (f,) is a bounded
sequence in A4 converging pointwise to 0 on By, we have lim,—, oo de fndp = 0.

Definition

A functional ¢ € T}; is Henkin for A4 if whenever (f,,) is a bounded sequence in Ayg
converging pointwise to 0 on By, we have lim,—, o ©(fr) = 0.

Fact: Henkin measures for A(By) are necessarily Henkin measures for Aq4.

Is the converse true?

Yes? (C.—Davidson 2016) No! (Hartz 2018)

In particular, this means that AC(%,) is strictly contained in the set of Henkin
measures for Ayg.

Question J

Can we give a description of the set of Henkin functionals for Aq?

Strategy: adapt the classical approach for the ball algebra, using non-commutative
measure theoretic ideas.
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The general setting
2 von Neumann algebra, ¥ C 20 unital C*-subalgebra, A C ¥ unital subalgebra

Definition

A functional ¢ € A" is said to be Henkin (relative to 20) if whenever (a;) is a
bounded net in A converging to 0 in the weak-* topology of 20, we also have that
(¢(as)) converges to 0. We denote the set of those functionals by Hengy(A).

We are interested in the set

PB={peT":plac Henyw(A)}
Define

A=co{ly] v € AL |l =1}
Recall:
Theorem (Henkin, Valskii)

A measure i € C(Sa)™ satisfies p|as,) € Henpoo(s,,0,)(A(Ba)) if and only if there is
v € A such that p < v.

Goal
Given ¢ € T, show that ¢ € Z if and only if there is ¢» € A such that ¢ < 1.
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Analytic triples

Let ¢, 9 € T*. We write ¢ < ¢ if |¢|(£7¢) = 0 for every £ € T** satisfying
[h|(€7€) = 0.

Definition

The triple A C ¥ C 2 is said to be analytic if a bounded net (a;) in A converges to 0
in the weak-* topology of 20 whenever

limp(a;) =0, ¢ € AC(A)

where A =co{|y| : ¢ € A, ||9]| =1}

Example

The following triples are analytic.
e A(By) C C(Sq) C L*°(Sa,04)
e A; C %y C B(Hﬁ)
e Ay C C*(Ay) C B(F2)
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The main result

2 be a von Neumann algebra, T C 20 unital C*-subalgebra, A C ¥ unital
norm-closed subalgebra

A =coflp|: 9 € AL, |ly]| = 1}
% ={p €T :p|la € Hengy(A)}.

Theorem (C.—Timko 2021)
Then, the following statements hold.

@ The triple A C ¥ C W is analytic if and only if B C AC(A).

@ Assume that the triple A C T C 2 is analytic. Then, B = AC(A) if and only if
A is a left band.

A subset 8 C T* is called a left band if given ¢ € T* and 8 € & with p < 3, we
must necessarily have that o € A.

Example

e For the triple A(Bg) C C(Sq) C L*°(Sq4,04), the set £ is a left band.
e For the triple Aq C Tq C B(H3), the set 4 is a left band.

o For the triple Aq C C*(Aq) C B(F3), the set B is not a left band.
(C.-Martin—Timko 2021)
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A familiar question on the Drury—Arveson space

Corollary
For Aqg C Tq = C*(Aq) C B(H3), we have B = AC(A).

Ho — set of states 1 on T4 such that ¥ (f) = f(0), [ € Aqg.

Question
Do we have 8 = AC(%o)?

Yes ford=1. d > 27

Theorem (Hartz 2018)

There exists a regular Borel probability measure u on Sgq which is Henkin for Aq yet
singular with respect to all representing measures for the origin.

T, € B\ AC(%o)?
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Thank you!




