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Abstract Problem

H C L2(X,u) reproducing kernel Hilbert space with kernel k:

f(x) = (f, ky) /f Ke(y) du(y /f k(x,y)du(y)

Goal ': investigate, construct sampling sets for #, i.e.,
A C X is a sampling set for H, if 3A, B > 0, such that

AlfIE< D IFNP < BIfE  VieH
AEN
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Simpler (?) Goal

Study finite-dimensional approximations to sampling sets.
e Let
PiCPoC--CPrCPpyr C...

be a sequence of finite-dimensional subspaces of H with
intrinsic reproducing kernel kp, i.e.,

p(x) = (p,knx) VP € Pn
and Knx(y) = Kn(y, X)
e Kn(y,x) is kernel of orthogonal projection from H onto P,
and kn’x - Pnkx.

e Hope: perhaps finite-dimensional sampling problem in P, is
easier (is it?)
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Marcinkiewicz-Zygmund families

Sampling sets: Ap = {\px :k=1,...,Lp} C X.

Definition

An array {A,} is called Marcinkiewicz-Zygmund family for P in
H, if there exist constants A, B > 0 such that

2
Allplig < kp(A)A) <Blpl}  forallpeP,.
AEN

Why normalization with kp(A, \)?

e Intrinsic to subspace P, (Shapiro, Shields)

o p(Xx) = (p, knx) and ||knx||3 = Kn(x, x) therefore
I Hlli:iH |, = 1. Sampling inequality for P, < frame
inequality with norm-1-frame.
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Polynomials

Basic situation:

e XCRorC

e P, polynomials of degree nin L2(X, p)

e ForXCC = Uy, Pnis space of analytic functions:
Bergman space A?(X).
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2. Bergman Space on D
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Bergman space on the disc

A?(DD) analytic functions on D = {z € C : |z| < 1} with norm
1712, = & [ 1o+ i) oy
A D

e {Vk+1zK:k=0,1,...}is orthonormal basis
e reproducing kernel for P, is

n

Kn(z,w) = (k+1)(zw)" =

1+ (n+1)(2w)"2 — (n+ 2)(zw)"""

prs (1 —zw)?2
e kernel for A2(D) is
. 1
k(Z, W):nll—>r20kn(z7 W)—m Z,WE]D)
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Bergman space: from sampling to Marcinkiewicz-Zygmund
families

Bi_yn={zeD:|z|<1-]}=B(0,1-17)

Theorem

Assume that A C D is a sampling set for A2(D). Then for~ > 0
small enough, the sets

A=ANBi_yp={AeN: |\ <17}

form a Marcinkiewicz-Zygmund family for Py, in A?(DD).

PV

< 2 .
N S Blp||5 for all p € Py

2
Allpllz <
AEN,
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Bergman space: from Marcinkiewicz-Zygmund families to
sampling

Sequence of sets A, C D converges weakly to A C D, if for all
compact disks B C D?

lim d((AnNB)UIB,(ANB)UOB) =0.

n—oo

Conversely, if (\n) is a Marcinkiewicz-Zygmund family for the
polynomials Py in A%(D), then every weak limit of (\p) is a
sampling set for A?(ID).

2d Hausdorff metric between compact sets in D w.r.t. pseudohyperbolic
metric on D
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Insights

e Prove of sampling theorems via finite-dimensional versions
(=Marcinkiewicz-Zygmund families). For bandlimited functions in K.G. 1999

e Constructions of Marcinkiewicz-Zygmund families and of
sampling sets are equally difficult

e Characterization of sampling sets for Bergman space by
K. Seip (1995) = Marcinkiewicz-Zygmund families in
A2(D)
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3. Elements of the proof
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Localization of energy

For p(z) = Y j_o @z € Pn,normon a disk B,, p < 1, is 3

/( 2)2dz = — Zaka,/ 7+7! dz

kIO

p
:12w21ak12/ rk rdr
T k=0 0

n
:Z|a ’2 2k+2 1
pr: k+1

> p?"2|p)1% -

Similar for AP(D), p # 2.

SATTN: {z*} is orthogonal on all L?(B,)
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Localization of energy

For p(z) = Y f_o @z € Pn, normon a disk B,, p < 1, is

1 1T i}
7r/ p(2)? dz = - > aka,/B Z*z! dz

Bon k,1=0 on
1, N~ [k
:27TZ|ak|/ r?Krdr
T k=0 0

4 1
2  2k+2
= a —
k§_0| k|“pn k11

> P 2Pl

Need
P22 >C >0

Ok. for pp=1—12,sincee® <(1-2)"< e
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Localization of energy Il

s~

bulk

H* (D)

=2
o
S
—
o
=
=
N
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Comparison of kernels

Recall kn(z, w) = 1HOHEM™—(ni2)(2m)™ e

_ 1
=z k(2 W) = Gy

For~ >0
Cyk(2,2) < kn(z,2) < k(z,2) for|z| <1 — Z
kn(z,2) =< n? for|z| > 1 — Z
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Tail estimates

Subharmonicity of |f(z)|? yields

’
VP < — (2)[? dz
o~ JB,(N)

Consequently for p € P, and A being §-separated and ~ large
enough:

lp(V)[? </ 2 2
E Z)cdz < e
KA A) ™ Jiz21—(y+6)/n P(2)] < cllpliz

Karlheinz Gréchenig Marcinkiewicz-Zygmund Inequalities



“Proof”

Assumption:
Allf|[% < Z < B|f|% forall f e A%.
Ae/\ A A
For p € Pn

PP _ 2y
Z k()‘a )‘) ~ /|w|>1—7’/n |p(W)| v

AEAA[>1—/n

< ellplZ -

~ small enough, v = ~(1 + ), ¢ separation of A w.r.t. d.
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Consequently,

2 2
[P(A)| > [P(A)|
2 Ko\, \) 2 KO\ N)
AEAIN[<T—~/n AEAIN<T—/n

AEAN  XeA:A|>1—v/n

p(A)?
Al - Y
AEN:N|>1—v/n ’

> (A= €)llpl% -
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4. Fock space
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Fock space

F2 entire functions with norm

. 1/2
Iflze = ( [ 2R e az) .

. {(”")1/22” ‘ne No} isONB. = Reproducing kernel

at
for P, is

nzw)k ~T(n+1,mzw
oz )= 32 T _ e (0 1omz)
k=0 ' '

e Reproducing kernel for 72 is

k(z,w) = lim_ kn(z, w) = ™?

Incomplete Gamma function '(n+1,a) = [, t"e ! dtforac C.
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Fock space

Theorem

(i) Assume that A C C is a sampling set for F2. Fort > 0 set
pn, such that 7p2 = n -+ +/nr. Then for > 0 large enough,
An = AN B, form a Marcinkiewicz-Zygmund family for Py, in F2.

(i) Assume that (N\n) is a Marcinkiewicz-Zygmund family for the
polynomials P, in F2. Let \ be a weak limit of (A,) or some
subsequence (An, ). Then A is a sampling set for F2.

e Similar proof, lots of asymptotics of incomplete Gamma
function

e Correspondence Marcinkiewicz-Zygmund families <
sampling theorems in F2.
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Cardinalities of Marcinkiewicz-Zygmund families

For every € > 0 there exist Marcinkiewicz-Zygmund families
(An) for Pp in F2 with #M\, < (1 + €)(n+ 1) points.

Proof: Choose a sampling set A for F2 of density
1<D(A) <1+e Then#(ANB,,) <(1+e€)(n+1). [ |

Proposition

There is no Marcinkiewicz-Zygmund family (M) for Py, in F2
with #N\, = n+ 1.

Proof: Weak limit would be sampling and interpolating for 72 in
contradiction to existing results. |
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Consequence for Gabor frames

Apply inverse Bargman transform B~ : 72 — [?(R). Then

B~'"P,=span{hx: k=0,...,n}
B~ (kz) = m(2)ho
[hk(t) = cke™ L‘jtk(e*ZW’z) k-th Hermite function
m(x + iy)ho(t) = e 2™ ¥ e=(t=0)*  time-frequency shift of
Gaussian.]

If \ is sampling for F2 (equivalently, G(ho, \) is Gabor frame in
L2(R)), then {m(\)ho : 7|\|? < n+ v/n7} is a frame for
V, =span{hx : kK =0,...,n} with bounds independent of n.
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5. Hardy space
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Hardy space

Hardy space H?(ID) C L?(T) analytic functions on D with norm

Il = / ey ar)”

e {ZF:k c Ny} is ONB. Reproducing kernel for Py, is

n —
_ 1 — (zw)"+1
_ n __
kn(z,w) = g (zw)" = T w
k=0
e Reproducing kernel for H? is

1

k(z,w) = 1—zw

Basic fact (P. Thomas): a function f € H?(D) satisfying
Allfl12, < S sen lFA) KA, X) T < B||f||2, must be identical
zero.

= No analogue of results for Bergman and Fock spaces
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Marcinkiewicz-Zygmund families in Hardy space

Theorem

Assume that the family (A,) = ({€"n« : k=1,...,L,}) C Tis
a Marcinkiewicz-Zygmund family for P, on the torus, i.e.,

|
/N
N———

; &, p(ens) P ;
AHPH/_z(T) < Z — < BHpHLZ(’H‘)
k=1

for all polynomials p of degree n.
Fix ~ > O arbitrary, choose p,x € [1 — L, 1) arbitrary, and set

An = {pnk€r* : k =1,..., Ly} forn e N. Then (A,) is a
Marcinkiewicz-Zygmund family for Py, in H?(T).
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Localization of energy Il

s~

bulk

H* (D)

=2
o
S
—
o
=
=
N
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From T to D
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For Hardy space

Marcinkiewicz-Zygmund families for L2(T): KG (1999),
Ortega-Cerda-Saludes (2007), etc.

Localization: Set p,(z) = p(pz). Then

n

2 2k < 20| (2
IPl%e = 1P liFe =D lak?p® = p*"llplZe .
k=0

For p2" > C choose pp =1 —v/n.
n
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Outlook

e Construction of Marcinkiewicz-Zygmund families is
alternative method to study sampling theorems in infinite
dimensions.

e Marcinkiewicz-Zygmund families for multivariate Bergman
spaces A(B,) in n complex variables on unit ball in C"
(attention: different notions of degree)

e Marcinkiewicz-Zygmund families for polynomials on other
domains, e.g., for Bergman space on ellipse (attention:
monomials no longer simultaneous orthogonal basis)

e Marcinkiewicz-Zygmund families for polynomials in Fock
spaces with more general weight e~ (),

e Marcinkiewicz-Zygmund families for general reproducing
kernel Hilbert spaces

([ ]
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