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Mobius invariant function spaces

generated by Dirichlet spaces




Classical spaces

D={zeC:|z| <1}
A=Area measure

Definition (Dirichlet space D)

feD / 1f'(2)|?dA(2) < +oo0.
D

N

Definition (Hardy space H?)

2 1
f € H> <= ||f|2. = |f(0)]* + 7T/ |f'(2)|? log B dA(z) < +oo.
D

v

Definition (BMOA)

1
f € BMOA <— sup/ If'(2)|? log ﬂdA(z) < +o0.
weD JD |Z - W|

\
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Dirichlet spaces with superharmonic weights (A. Aleman, 1993)

e w: D (0,400], positive superharmonic function

w(2) = [ rog| =2 dutw) + Ll LAY

p ¢ — 2z
= Un(2) +  Pu(2),

/D (1= |zl)du(z) < 400,  and  v(OD) < +ox.

Definition (Weighted Dirichlet space D)

feD, = /D If'(2)]Pw(2)dA(z) < +oo.
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@ Dirichlet spaces D,, with harmonic weights, w = P,,
(S. Richter, 1991)

We will concentrate on

@ Dirichlet spaces D,
w(z) = Uu(z) = Jplog dp(w).

@ lim,1 U,(r¢) = 0 for almost every ¢ € JD.

l1-wz
z—w

2
116, = 112 + = [ 1F()PU)IAG).

Examples (D, spaces with radial superharmonic weights)
° wp(z) = (1—|z*)?, p€(0,1),
o dup = —A((1 — |2[?)P)dA(2),
o (1p(D) = +o0.
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Definition (Carleson measures)

For every arc | C 0D with length |/],
/
S(/):{r{e]D):l—|27|T<r<1,Cel}.

w is Carleson measure (for H?) if

#(S(1))

< 00

Theorem (JAMS, with G. Bao, J. Mashreghi and H. Wulan)

e D, C H?, Y,
o if u(D) < +oo, BMOA C D, C H?,
o if (1 —|z|*)du(z) is a Carleson measure, D S D,,.
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Definition (The Mobius invariant function space M(D,,))

The Mébius invariant function space M(D,,) generated by D, is
the class of holomorphic functions f on D, with

M, = SUPD)WO(/’— f(¢(0))[lp,, < oc.

ut

BSS
m
>

\

Examples
o M(H?) = BMOA,
o M(D) =D,

o M(D,) = Qp, p€(0,1).

J. Xiao, Geometric Q, Functions, Birkhauser Verlag, 2006.

H. Wulan and K. Zhu, Mdobius invariant Qg spaces, Springer,
2017.
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Theorem (JAMS, with G. Bao, J. Mashreghi and H. Wulan)

o If u(D) < +o0, M(D,,) = BMOA.

o If u(D) = +oo, the following are equivalent:
(1) M(D,) is not trivial,
(2) Dc M(D,),
(3) (1 —|z|*)du(z) is a Carleson measure.

Which inner functions are contained in M(D,,) ((ID) = +00)?

Definition
¢ € H? is called inner if |¢(¢)| = 1 for almost every ¢ € OD.
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Definition (Carleson-Newman Blaschke products)
A Blaschke product

H |a| aw—z
- ak 1—akz

is called Carleson-Newman Blaschke product if Y72 1 (1 — |ax|?)da
is a Carleson measure.
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Theorem (JAMS, with G. Bao, J. Mashreghi and H. Wulan)

Suppose that (D) = +o0o0 and let | be an inner function.
@ Ifl € M(D,), | is a Blaschke product.

@Q Suppose that | is a Carleson-Newman Blaschke product with
zeros {ax}2 . Then | € M(D,,) if and only if

ak—

d .
qsezsxlfl?(m ) i 1/ ( 1—ak¢(w) > w(w) < oo
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Proof. Let 0,(z) = =, a € D.
v=1td, t >0,

5,(2) = exp <t1 “)

—Z

o2
ra&nzapﬁwhjjg
5, & M(D,)
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Fix ¢ > 0. Consider the horodisk

1—|z|?
DC:{ZGD:|1_Z|2>C},

note that
IS,| < et on D,

and let

La = L O O, aeD.




[ 15 0@ UG = [ (1= IS toulz)P)dn(z)
D D
1—|S,(0.(2)|P)du(z
> /(,Q(DC)( 1,(0a(2))2)du(2)
- / (1 - 15.(2)P)dpa(2)

> (1- eiztc)ﬂ(aa(DC))-
Let ¢,(z) = —o,(z) and note that ¢,(D.) /D as r — 1. Then
lim (1,063, > lim (1-~2)u(6,(Dc)) = (1-~ (D) = +oc.

Sv & M(D,).
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Part |l

Isometric composition operators on

BMOA
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Let D C C be a domain and let y € D.

Definition
The Green function Gp(-,y) : D — (0, +oc], with pole at y € D,

e is harmonic on D\ {y},
® x =+ Gp(x,y) — log A

, Is harmonic on D,

lim Gp(x,y) =0,
x—(¢

for every ¢ € OD except on a subset of zero logarithmic

capacity

D={xeC:|x| <1},

1—xy
-y

Gp(x,y) = log ‘ .

Dirichlet spaces

Tech University
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Green function of a rectangle with pole at 0.

m
ZO: l’,”””"‘\\\\\\\\\
a5 .




Theorem (Strict monotonicity)

Suppose that D and 2 are Greenian domains such that D C Q and
Q\ D has positive logarithmic capacity. Then

Gp(z,w) < Go(z,w).
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Theorem (Subordination Principle for Green function)

Let f : D — Q be a holomorphic function and suppose that D and
Q are Greenian domains. Then

Gp(z,w) < Gq(f(z), f(w))

Equality holds for two distinct points zg, wo € D if and only if f is
injective and Q \ f(D) has zero logarithmic capacity.
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Theorem (Lindelof Principle)

Let f : D — € be a holomorphic function and suppose that D and
Q are Greenian domains. Then

GQ(UO7 Z GD a X
f(a)=uo

where x € D and ugy € Q.

Essentially, equality holds only for universal covering maps and
inner functions (Betsakos, CMFT 2014).
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When D =Q =D and ¢ : D — D, we obtain the

Theorem (Littlewood inequality)

1— wo(z)
Ny(w, z glog‘ , z,w e D,
o(w,2) W= o(2)
where .
Ny(w, z) := Z log a—_azz , w e D,

p(a)=w

is the Nevanlinna counting function of ¢ with respect to z € D.
Equality holds if and only if ¢ is an inner function.
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Definition
For p > 0, the Hardy space HP contains the holomorphic functions
on D satisfying

1 o 1/p

Ifllp:={ sup = |f(re’®)|Pd < +o0.
re(o,1)27r 0
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Definition
BMOA = M(HP), p > 1, and

Ifllamon, == [F(0)] + e [f 002 —f(a)lp < +o0,
ac

where -
0a(z) = T 5 zeD,

are equivalent norms on BMOA.
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Definition

Let ¢ : D +— D be a holomorphic function. The composition
operator Cy is defined by

Cy(f) =f oo,

for every holomorphic function f on D.

Isometric composition operators:

o Hardy spaces: F. Forelli, M. J. Martin and D. Vukotic.
Dirichlet space: M. J. Martin and D. Vukotic.
Bergman spaces: M. J. Martin and D. Vukotic.

Bloch space: F. Colonna, M. J. Martin and D. Vukoti¢.
Bloch type spaces: N. Zorboska.
Besov type spaces: M. A. Shabazz and M. Tjani.

General Banach spaces of analytic functions: A. Mas and D.
Vukotié.

e BMOA: J. Laitila.
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e J. Laitila, Isometric composition operators on BMOA, Math.
Nachr. 283, No. 11, 1646-1653 (2010).

Theorem (J. Laitila, 2010)
Suppose that ¢(0) = 0. The following are equivalent:
o [|Cy(f)llBMmOA, = ||fllBMOA,, for every f € BMOA.

o For every w € D, there exists a sequence (a,) C D such that
¢(an) — w and

|04(an) © @0 Tayll2 — 1.

Problem (J. Laitila, 2010)

Let p > 1. Characterize all holomorphic functions ¢ : D — D for
which

HCqS(f)HBMOAp = HfHBMOAp’ for every f € BMOA.
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Theorem (BLMS (2021), S.P.)
Suppose that $(0) = 0. For p € [1,2], the following are equivalent:

° ||C¢(f)”BMOAP = ||fHBMOAp, for every f € BMOA.

o For every w € D, there exists a sequence (a,) C D such that
¢(an) — w and

1 — Z¢(an)

Ly <'°g Z— d(an)

for almost every z € .

— Ny(z, an)> =0,

A\

Theorem (BLMS (2021), S.P.)

Let p > 1. If Cy is an isometry with respect to the norm
| - [IBMOA,, then the set D\ ¢(ID) has zero logarithmic capacity.

v
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From the Hardy-Stein Identity,

1-3z

dA(z)

Ifoos—f@)E = /|f 2)P~2|F(2)P log

Let

Ba() = sup((F.2))' /7
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Lemma
Let p € [1,2). For every w € D and for every a € D\ {w},

Bo(0w) = 1 = (p(0w, W) P > (Io(0w, 2)) /7.

Also,
lim I,(ow,a) =0.
la|—1
Denote
— wo(2)
Hy(w, z Iog‘ — Ny(w, z), w,z €D,
¢( ) ¢(Z) ¢>( )

Hg >0 on D x D with equality if and only if ¢ is an inner function.
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/g g);a)
gﬂ/g
gjr/g
/g
/g
—/Ig w) — g(

(g, (a —/m (6(2))[P~21g’ (w) [2Hy (w, 3)dA(w).

— 8(6()IP(g 0 9) ()] log | -

¢@rpﬂg<unuw&ngaj

2))|P21g’ (w)[* Ng(w, a)dA(w)

2 2 1 —w¢(a)
a)IP2lg/ () Prog | 0

)P’ (w)|*Hy(w, 2)dA(w)

dA(w)




(=) Suppose that C, is an isometry with respect to the norm

| - lBm0A, -
We will consider two cases depending on whether the supremum in

B, is attained in D or in the boundary of D.
Case 1: For every g € BMOA,

Bo(Cs(g)) = lim (Io(Cy(g), an))"/P = lim |an| = 1.

n—o0

Let b€ D. Let g = 05 and let (a,) be a sequence in D for which

Bo(Colos)) = Jim, (1 Colo). 20))*
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(Bo(Co(o0)))”
= lim Ip(C¢(ab),a,,)

n—o00

= lim (/p(O'b, #(an))

n—o00

_;r/D!ab(w)—ab(¢(an))‘p—2,gg(w)|2H¢(W,an)dA(W))

limsup I,(op, ¢(an))

n—o0

(Bp(0b))?
= (Bp(Cp(op)))?

IN

IN
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(Bo(0))” = lim Ip(ob, é(an)) = lim é(an) = b (Lemma)

and

im /D ou(w) = rb(6(an)) P2l (w)PHy(w, an)dA(w) ) = 0.

n—o0

= lim Hy(w,a,) =0,

n—oo

for almost every w € .
Case 2: There exist g € BMOA and a € D such that

Bo(Cs(g)) = (Ip(Co(g), 2)) ™"

Similarly, Hy = 0 = ¢ is inner.
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(<=) Since By(Cy(f)) < By(f), it remains to prove that
B,(Cy(f)) > By(f) for every f € BMOA.
Let g € BMOA and ¢ > 0. There exists b € D such that

(Bp(£))"/? < Ip(g, b) + .

Let (a,) be a sequence in D such that
Jim oo = b

and
lim Hy(w,ap) =0,

n—o00

for almost every w € D.
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Then
lim | 1e(w) — (002,218 (w)Holow, 2,)dA(w) = 0

and
lim 15(Co(g) an) = lim Ip(g, ¢(an)) = lo(g; b).

We conclude that
(Bp(g))l/p < Iy(g,b)te= nl'_fgo I,(Cy(g), an)+e < (Bp(C¢(g)))1/p+€.

Since € > 0 was arbitrary, B,(Cy(g)) > Bp(g).
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Theorem (BLMS (2021), S.P.)

Let p > 1. If Cy is an isometry with respect to the norm
| - llBmOA,. then the set D\ ¢(ID) has zero logarithmic capacity.

Suppose that the set D\ ¢(ID) has positive logarithmic capacity.
Then
U(w, z) := Gp(w, z) — Gg(p)(w, z) >0, (1)

Let (a,) be a sequence in D such that
By(Cs(00)) = lim (Ip(Cy(00), an))"?

and (¢(an)) converges.
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From the Lindelof Principle,

I—MW

Ng(w, an) < Gymy(w, ¢(an)) = log o(an) — w

- U(W7 Qb(an)),

for all w € D and n € N.
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IN

(Bp(Cy(00)))°
Iim 1o(Cy(00), an)

lim /|W d(an) P2 Ny(w, a,,)dA(w))

- )P~ 2|og (a_)vvv" dA(w)
lim /|W o(an)| ¢( »

P=2U(w, 6(a))dA(w) )

2 [ 1w otan)

im_(1p(o0, 9(an))

v [ 1w @) P2 U(w. 6(an)dA(w) ).
2m Jp




Assuming that

nli_>m (Z)(an) =1,

it follows from the Lemma that B,(Cy(00)) < 0, which implies
that ¢ is constant, contradicting our assumption. Therefore the
sequence (¢(an)) converges to a point b € D.

(Bp(Cp(00)))°
2
< hloo.b) = 5= [ jw = b7 20w, B)dAw)
2
< (Bp(ao))p—;r/D|W—b|p2U(W, b)dA(w)

< (Bp(00))”,

so Cy is not an isometry of BMOA for || - || gmoa, -
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Thank you!
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