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Air quality sensing

Fires caused serious air quality issues in the SF bay area in the
summer and fall of 2020.

EPA AirNow sensors (green) and PurpleAir sensors (purple).
All measure particulate matter, but give vastly di!erent
quality instruments.
Data analysis, event detection, or prediction is typically
performed using one type or the other.

ÒThe Bay Area Just Turned Orange. All Eyes Are on PurpleAirÓ 9/9/2020
https://www.wired.com/story/bay-area-just-turned-orange-all-eyes-on-purpleair/
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Modern data are heteroscedastic

Modern data are often corrupted byheteroscedastic noise.

varying radiation levels varying atmosphere varying sensor quality

We want to be able to use the predictive power of these data combined,
instead of doing analysis on each dataset separately.

http://www.medicalnewstoday.com/articles/153201.php
https://www.nasa.gov/multimedia/imagegallery/iotd.html
http://www.livescience.com/27992-portable-pollution-sensors-improve-data-nsf-ria.html
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What happens when we apply PCA?

Suppose we seek the Þrst principal component of these data,
blue and red combined. How will it look?
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What happens when we apply PCA?

PCA is not robust, but our methods
can handle the high variance data.
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Model and Notation
Model samplesy1, . . . , yn ! Cd as

Y = [ y1 á á áyn]

= U"Z H + [ ! 1"1 á á á! n"n]

components
[u1 á á áuk ]

amplitudes
diag(#1, . . . , #k )

IID random scores
(mean 0, var. 1)

noise std. dev.

n1 samples have! j = $1
n2 samples have! j = $2

...
nL samples have! j = $L

IID noise
(mean 0, var. 1)

Samples have heteroscedasticnoise.
Membership of samples to group

%= 1 , . . . , L is known.

÷U

80% ! 2
j = 0 .1,

20% ! 2
j = 1 .9
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PCA degrades with heteroscedasticity
Setup: n1 = 200 samples with! i = 1, n2 = 800 samples with! i = $.

yi " N (0, !F!F! + ! 2
i I100), !F = (÷u1, . . . , ÷u3) diag(4, 2, 1)1/ 2,

PPCA: Full data

PPCA: Group 1 PPCA: Group 2
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ũ
1
|2

0 1 2 3

�

0

1/4

1/2

3/4

1

1
�

|û
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|û
0 3
ũ
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Two Approaches
Weighted PCA

min
U,z

n"

j =1

&2
j #yj $ Uzj #2

2

&j ! { w1, . . . , wL}

Use vanilla SVD algorithm

Amenable to analysis:

asymptotic recovery results
optimal weights to maximize
asymptotic recovery

But is it the ÒrightÓ thing to do?

Requires knowledge or estimate of
unknown parameters

Heterosced Probabilistic PCA

yj = U" zj + ! j ' j ,

zj " N (0, Ik ), ' j " N (0, Id )

Maximum Likelihood can
incorporate estimates of all
parameters

Non-concave but probably ÒniceÓ

Algorithms donÕt have guarantees
(yet)

No analysis (yet)

Makes distributional assumptions

L. Balzano U-M
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Existing asymptotic recovery results for vanilla PCA

Homoscedastic noise

100%$2 = 1
2004(-2009): Johnstone and Lu
2007: Paul
2008: Nadler
2012: Benaych-Georges and Nadakuditi

Take n, d ! 1, n
d ! c, then

|höu, ui|2 a.s.�!
c � (�/✓)4

c + ( �/✓)2

Heteroscedastic noise

50% $2
1 = 0 .1, 50% $2

2 = 1 .9
2018: Hong, Balzano and Fessler

|höu, ui|2 a.s.�!
A(�)

�B 0(�)

where A, B are rational functions
and � is the largest real root of B .
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Weighted PCA

minU,z
# n1

j =1 w2
1 #yj $ Uzj #2

2+
# n2

j =1 w2
2 #yj $ Uzj #2

2

How should we choose these weights?

÷U

80% ! 2
j = 0 .1,

20% ! 2
j = 1 .9
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Weighted PCA: How should we choose the weights?

min
U,z

n"

j =1

&2
j #yj $ Uzj #2

2 &j ! { w1, . . . , wL}

Common choices:
binary, w` = 0 or 1 Òthrow away the noisier dataÓ

inverse noise var.,w2
` % 1/$ 2

` ÒwhiteningÓ

is there an optimal choice?
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Optimal in what sense?

Heteroscedastic noise

50% $2
1 = 0 .1, 50% $2

2 = 1 .9
2018: Hong, Balzano and Fessler

|höu, ui|2 a.s.�!
A(�)

�B 0(�)

where A, B are rational functions
and � is the largest real root of B .

LetÕs choose weights to optimize
asymptotic recovery.

A(x) := 1 $ c
L"

! =1

n!

n
w4

! $4
!

(x $ w2
! $2

! )2
,

Bi (x) := 1 $ c#2
i

L"

! =1

n!

n
w2

!

x $ w2
! $2

!
.

Our theory requiresA(( i ) > 0, and
( i is the largest real root ofBi (x).
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Asymptotically Optimal Weights

Theorem 1 (Weight Design [HFB18])

The asymptotic recovery of thei th component is maximized by
weights

w2
` =

1
$2

`

1
#2

i + $2
`

The optimal weights:

do not depend on samples per dimension or on proportions

do depend on subspace amplitudes - the weights are di!erent
for components with di!erent amplitudes

do depend on additive noise variance

L. Balzano U-M
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Asymptotically Optimal Weights
Theorem 1 (Weight Design [HFB18])

The asymptotic recovery of thei th component is maximized by
weights

w2
` =

1
$2

`

1
#2

i + $2
`

10�2 10�1 100 101 102
1/ 4

1/ 2

square inverse noise variance

inverse noise variance

optimal

#2
i /$ 2

j

w
2 `
/w

2 j

Inverse noise variance is notoptimal!
Optimal weights downweight noisy samples more.
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Optimal weighting
c = 1 sample per dim

#2
1 = 25, #2

2 = 16 amplitudes
p1 = 20% noise var.$2

1 = 1

p2 = 80% noise var.$2
2 = 4

Asymptotic recovery Mean Interquartile interval

0 1/ 4 1/ 2 3/ 4 1
0.7

0.8

0.9
unif inv

opt:1 opt:2

i = 1

i = 2

w2
1 = 1 $ w2

2

|&
öu i

,u
i'|

2

0 1/ 4 1/ 2 3/ 4 1
0.7

0.8

0.9
unif inv

opt:1 opt:2

i = 1

i = 2

w2
1 = 1 $ w2

2

|&
öu i

,u
i'|

2
n = 103 samples
d = 103 dims.

1000 trials

increasingn, d

with n/d = c

n = 104 samples
d = 104 dims.

500 trials
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Alternate approach: Probabilistic PCA

yi = U" zH
i + ! i " i

Probabilistic PCA imposes a distributional model onzi and " i

(here, iid normal) and seeks the maximum likelihood estimator for

F = U" .

L. Balzano U-M
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Review: Probabilistic PCA for homoscedastic noise
Model: yi = F zi + !" i ! Rd with zi " N (0, Ik ) and " i " N (0, Id )

Equivalently,yi " N (0, FF0 + ! 2Id ).

Likelihood:

L (F) =
n
2

$

ln det(FF0 + ! 2Id )�1 $ Tr

%
1
n

n"

i=1

yi y 0
i (FF0 + ! 2Id )�1

&'

.

Fact (Tipping & Bishop 1999):The likelihood is maximized by

F = V diag
( )

) 1 $ ø), . . . ,
*

) k $ ø)
+

,
V ! Rd⇥k contains thek principal eigenvectors,
) 1, . . . , ) k are thek principal eigenvalues, and
ø) is the average of the remaining eigenvalues

of the sample correlation matrix.
L. Balzano U-M

PCA for High-Dimensional Heteroscedastic Data



Introduction Model Weighted PCA Probabilistic Heteroscedastic PCA

Deriving a heterocedastic PPCA

Challenge:Likelihood does not separate so nicely anymore...

L (F) =
1
2

n"

i=1

,
ln det(FF0 + ! 2

i Id )�1 $ y 0
i (FF0 + ! 2

i Id )�1yi

-

Approach: Instead, in [HBF19] we derive an Expectation
Maximization (EM) algorithm using the complete data likelihood
with complete data{ (yi , zi , ! i )}

L c(F) := $
n"

i=1

.
#yi $ Fzi #2

2

2! 2
i

+
#zi #2

2

2

/
.

L. Balzano U-M
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Joint log-likelihood

Joint log-likelihood for factors F and variances! 2:

L (F, ! ) , 1
2

L"

`=1

0
n` ln det(FF0 + ! 2

` Id )�1 $ Tr
1

Y0
`(FF0 + ! 2

` Id )�1Y`

23
,

Y` , [y`,1, . . . , y`,n`
] ! Rd⇥n` for %! { 1, . . . , L} :

data matrices for each of theL groups.

Apparently no closed form ML estimates for F and!
No closed-form ML estimate of F given!
No closed-form ML estimate of! given F
=( Alternating ascent algorithms

L. Balzano U-M
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Heteroscedastic PPCA e!ectively uses all data
Setup: n1 = 200 samples with! i = 1, n2 = 800 samples with! i = $.

yi " N (0, !F!F! + ! 2
i I100), !F = (÷u1, . . . , ÷u3) diag(4, 2, 1)1/ 2,

PPCA: Full data PPCA: Group 1 PPCA: Group 2 HeteroPPCA
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E!ect of block size on variance estimates

1 200 1000
Sample indexi

1

4

öv i

blocks of size 1

blocks of size 10

blocks of size 100

Figure: Estimated noise variances for various block sizes.
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Air quality sensing

Figure: EPA AirNow sensors (green) and PurpleAir sensors (purple). We
used 46 AirNow sensors and 460 PurpleAir sensors withd = 108 hourly
time points as the dimension of the vectors.
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Air quality sensing

Figure: Box plots showing Normalized RMSE for the 30-dimensional
subspace learned over each of 200 train/test splits of the data.
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Conclusion

In summary, this research develops:

Weighted PCA for heteroscedastic data

Probabilistic PCA for heteroscedastic data

Ongoing/future:

optimization landscape and algorithm convergence properties

analysis of asymptotic performance of maximum likelihood
approach
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