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Overparametrized models

large” class of functions to optimize over min Z Ioss( fw (X)7 Y )
e.g., large neural networks Y (x.y)in D

~ all continuous functions
- multiple minimizers of the objective

-» most functions fitting observed data will perform
poorly on new examples

Common in deep learning practice
very large neural networks
+ large scale datasets

+ |loss minimization using variations of
(stochastic) gradient descent (GD)



Norm based capacity control

“The size [magnitude] of the weights is more important than the size [number of
parameters] of the network.” (Bartlett, ‘97)

1996: Sigmoid networks 2017: Deep RelLU networks
easing the Ny rk Size

Weight norm based capacity control is ubiquitous Ce— I
« Explicit regularization

£, norm (related to weight decay) is perhaps the most common tool
« Implicit regularization

e.g., Lyu and Li 20, Nacson et al. '19, etc.

Aside from norm, other forms of capacity control are also common
(e.g., combinatorial rank/sparsity constraints) but today we will focus on £, norm



Q. What is the function space view of controlling £, norm of parameters
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different for different network
architectures forcn(W,.)

~ different parametrizations of
functions over inputs
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Q. What is the function space view of controlling £, norm of parameters

different for different network
architectures forcn(W,.)

~ different parametrizations of
functions over inpufts

INDUCED REGULARIZER

representational cost in units of weight norm min ||wlf3 + L( { farch (W, Xn)}n)
R(f) i=inf i3 st., ¥, f(x) = farch (W, %)  =min () + £( {70x)),)



Induced regularizer in function space

Linear fully connected networks with single output
F(W) :W1W2W3...‘IULE,6€Rd R(/B) — HBH2

Gunasekar, Woodworth, et al. 2017; Gunasekar, Lee,
Soudry, Srebro (2018)x2; Ji & Telgarsky (2018)x2;

Matrix factorization e.g., matrix completion,
multitask learning, matrix sensing, ...

F(w) = W Wy = W € RinXdous R(W) = [[W].

Gunasekar, Woodworth, et al. 2017;

Linear fully width convolutional network
F(w) = wy +wy = § € R R(B) = |DFT(B)| 2

Gunasekar, Lee, Soudry, Srebro 2018; Edgar and
Pilanchi 2020; Yun, Krishnan, Mobahi 2020

2-layer infinite (large) width RelLU network ,
F(w)(z) =o(aw, +b) wo = {f:R—R}  R(f)="[|f (z)|dz

O(Z) — max{x, O} related to Radon transform for D > 1

Savarese, Soudry, Srebro 2019; Ongie, Willet, Soudry,
Srebro 2020; Edgar and Pilanchi (2020)x3;




R(f) = inf [wll3 st V. £(x) = faren(W, %)

influence of H#channels & kernel size
in linear convolutional network




Linear Convolutional Network

x = hi(x) =xxu— v hi(x)
f((u,v),x) —v' (x % u)
- <X7/BU,V>

u e RK veRP where B, v = u* v

R(B)= inf [luf3+v]3

B=uxv+



Fourier trick & full-dimensional filter

x = hi(x) =x*xu—v' hi(x)
Buyv = uxv'
2

WERS  VERP Rk(8) = inf s+ [v]

Fourier domain: z = F,(z) € CP
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Fourier trick & full-dimensional filter

: x = hi(x) =xxu— v hi(x)
‘ Buv = U * vV
WERC  VER? Ri(B) = inf Juflz 4 |v|

Fourier domain: z = F,(z) € CP

Ri(B8)= _ inf [laf3 + [V
B=u@Gv,ucRX

Rp(B) = 2[5




Small filter sizes

Rk(B) = inf [allz + [[v1]3

A

B=ua@Ov,uceRX veRP

But not all i are allowed as u € RXI

e ForK=1,1= 3—%[1,1,1, LT



Small filter sizes

Rk(B) = inf [z + [[¥1]3

~

B=ua@Ov,uceRX veRP
But not all 4 are allowed as u € RX!
. —1 =22 T
ForK =1, 1 ﬁ[l,l,l, ]

731(5) — Q@HBHQ VS RD(B) — 2”3”1




Small filter sizes

Rk(B) = inf [z + [[¥1]3

~

f=0OV,ucRE veRP
But not all i are allowed as u € RXI
s Fork =1,0=2[111,..]"
731(5) - Q@HBHQ VS RD(B) - 2”3”1

e FOrK =2,

D—1

Ra(B) = Q\F mln ‘5 i

11]\ — 1 — acos( D)

o,

L_q

D

\ 2|3 ; - 2|3,
=2V D min Z il +2|Bo]? + Z 1551

2mg 27y
ae[—l,l]\ = 1— (,y| coq( DJ)| 1+(M|COS( J)‘

j=L+1




MNIST linear model for K = 1,5,16,28




SDP relaxation

Rk(B) = inf [allz + [[v1]3

A:ﬁ@\?,uERK,VERD . .
& Define the optimization over

objective  ||u||3 + ||v]|3 = trace(uu') + trace(vv ') Mo 11— [uuT uvT]
W_lv] [u™ vT]= vuT w7
constraints UGV = 3 =diag (Fxuv'F})) = N
, 0 Fye;e/ F)
withA; = -+ L+



SDP relaxation

Rik(p)= _~  inof |l + [1¥]3
B=00OV,ucRx veRP : o
Define the optimization over

u uu' uvT]
— T oT] =
w lV] [T vl [vuT \a'dl

objective  |lul|3 + ||v]|3 = trace(uu') + trace(vv ')
constraints UGV = 3 = diag (Fruv'Fj)) = B

0 Fle.e'F
withAi=[ k=t=t D]

*T T

Ri(B) = $1>1% trace(W)

s.t., <AZ, W> = /éz
rank(W) =1



SDP relaxation

Rik(p)= _~  inof |l + [1¥]3
B=00OV,ucRx veRP : o
Define the optimization over

u uu' uvT]
— T oT] =
w lV] [T vl [vuT \a'dl

objective  [|u||3 + ||v]|3 = trace(uu') + trace(vv ')

constraints 1OV = 3 = diag (Fxuv'Fj) = B

. B 0 F,T{e-e-TFD]
with A; = [F;‘,Teie,TF; o
Ri(8) = %1;% trace(W) Rj’fgp(ﬁ) = I];IVH>% trace(W)

A

S.t., <AZ, W> = 61

IV

s.t., <A@, W> = Bz
rank(W) =1



Mulfi-output channel linear ConvNet

KxCoyy Cout XD
UER X t,VER t X

X—)hl[ Cout]_X*U[ Cout}

— Z cout cout]>

R, Cou () = min trace(W) R3(8) = min trace(WV)

IV

S.t., (A@, W> . B@
rank(W) < Cout

S.t., <AZ, W> o Bz



Mulfi-output channel linear ConvNet

RE,Cou(B) = lllnh'l]trace(ﬂ-') ’Rji',p(.f‘) — 11‘1‘111[1 trace(W)
> >0

st., (A, W)= Bi 2 s.tt., (A4;, W)= Bi
rank(W) < Cout



Mulfi-output channel linear ConvNet

Theorem.  For any K, Coyt, B
sdp st, (A, W)= =
7?“K (B) — RK,Cout(B) rank(W) < Cou

 Induced regularizer is independent of # output channels

* Induced regularizer is a norm interpolating between

Ric..(8) =2VD|B|l2 (basis independent), and
Rp.c...(8) =2\l (sparsity inducing in Fourier space)

sdp

Ry (B) = g.]lji\){ljtrace(i-i"j

st., (A, W) =4



Mulfi-output channel linear ConvNet

Theorem.  For any K, Coyt, B
sdp st, (A, W)= =
7?“K (B) — RK,Cout(B) rank(W) < Cou

 Induced regularizer is independent of # output channels

* Induced regularizer is a norm interpolating between

Ric..(8) =2VD|B|l2 (basis independent), and
Rp.c...(8) =2\l (sparsity inducing in Fourier space)

2\/%6”2 < R, () < 2V D52

. D1 .
23l < Raccnn(8) <2 | 1 | 1311

sdp

Ry (B) = g.]lji\){ljtrace(i-i"j

st., (A, W) =4



Invariance to # output channels
Linear convNets trained with gradient descent on on MNIST




Invariance to # oufput channels: estimated Ry ¢
gradient descent on linearly separable MNIST data

Induced regularizer for linear CNNs:

C|K:(L,1) | K:(3,3)| K:(9,9) | K:(28,28)
1 10.38 4.60 2.33 2.52
2 10.38 4.60 2.91 2.51
4 10.39 4.62 2.93 2.41
3 10.43 4.66 2.99 2.42

Induced regularizer with a ReLU nonlinearity:

C|K:(1,1) | K:(3,3) | K:(9,9) | K:(28,28)

1 11.26 5.27 3.63 2.97
2 11.27 5.25 3.69 3.08
4 11.29 5.31 3.70 3.29
3 11.36 5.35 3.75 3.29



Mulfi-output channel linear ConvNet

Theorem FOI’ any k , Cout R Cou(B) = min trace(WW) R3P(8) = min trace(WW)
i : :
Sdp s.t., ('\.EL'. H':} = ;), 2 st {\‘-1i ”} _ .3;
RK (6) — RK,Cout (B) rank(W) < Cou

Comments on proof:

* Looking at KKT conditions easy to show that all solutions of SDP are of rank < K

* Showing tightness of Cyy¢t is trickier: we implicitly show existence of rank-1 optimum

e Given an SDP solution, we argue about existence a rank-1 solution with same objective value and
satisfies constraints —we don’t construct this rank-1 solution explicitly

Key lemma: for any a, b € RX there exists c € R¥ suchthataxa+bxb =c*c



Multi-input channel linear ConvNet in K=D

XeRDXCm’UERKXC’mXCOut’VERCOUtxD II
X — H, [ COUt Z X[:? Cin] * U[:a Cin, Cout} U € RIXCunxCont V e RCoutxD
Cin
— Z COUt] Hl Cout]) = 6[:7 C’in] — Z U[I, Cin, Cout] ©O) V[;7 Cout]
Cout Cout

Note: V is shared for all input-channels

Analyses based on slightly different SDP relaxation
« Not always tight — multiple output channels may be required to even realize all linear functions



Multi-input channel linear ConvNet in K=D

DxCin KXCipnxCoy Cout XD
X € R¥*%in U e R *&inXtout '\ g R¥out X

X — Hl[i, Cout] = Z X[Z, Cin] * U[:a Cin, Cout}

Cin

— Z<V[’ Cout]a Hl [:7 Cout]> = 8[:7 C’in] — Z IAJ[:) Cin, Cout] O) V[:7 Cout]

Cout Cout

Note: V is shared for all input-channels

Analyses based on slightly different SDP relaxation
« Not always tight — multiple output channels may be required to even realize all linear functions
» Tightness can be shown in some cases for large enough C,y¢

for K=1 R(B) =2VD|B|, (again basis independent)

for K=D R(f) = ZHBA]g,l =2 Z Z 1B8[:, ¢inlll2 (group sparsity in Fourier space)
de[D] cin



Summary of results on linear convNets

* For single input channels
* Induced regularizer is independent of # output channels

* Kernel sizes on the other hand dramatically change the nature of induced biases
* Smallfilter sizes = ¥, regularization = noise tolerance?
» Large filter sizes = £, regularization in Fourier domain = invariances?

(we can quantify “large” and “small” asymptotically)

* For multiple input channel networks
* Multiple output channels might be necessary to even realize all linear models
e For large-enough # output channels, the induced regularizer is again unaffected
* Interesting group structures are observed for linear maps along the multiple-input channels

* Experiments on linear and non-linear networks validate the theoretical findings



