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Lambert–Beer’s law

− log(Ii/I0) =
∫
li

µ(x) ds

bi ≈ aTi u

b = Au+ e
I0

Ii

Parallel beam measurement geometry

Detector

Source
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Reconstruction methods

• Analytic methods (inverse Radon transform, FBP, gridrec)
• Algebraic methods (Kaczmarz, ART, Cimmino, SIRT, CGLS, ...)

Au ≈ b

• Variational methods (ML, MAP, ...)

minimize 1
2‖Au− b‖

2
W + γ h(u)
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Noisy X-ray images (low dose / fast acquisition)
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Noisy X-ray images (low dose / fast acquisition)
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Ring artifacts
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Ring artifacts
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Ring artifacts
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Ring artifacts
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Flat-field errors

A flat-field estimation error shows up as a ring in the reconstruction
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Related work

• preprocessing (stripe-removal)
[Kow78, Rav98, MTMS09, RLH12, KBH14, VAD18]
• post-reconstruction processing (ring-removal) [SP04, PKK09, YWZZ16]
• part of reconstruction [PM15, MVG+15, AARS18, SWG+19]

minimize 1
2‖Au− b+ 1⊗ z‖2

2 + γ h(z) + δ g(u)

motivated by measurement model y ∼ Poisson (I0 diag(1⊗ ν) exp(−Au))

Au ' − log(y) + 1⊗ log(ν̂) = b̄+ e+ 1⊗ z = b, zi ∼ N (0, 1/(sI0νi))

• acquisition: time-delay integration [DE97], object/detector shifts [ZZLZ13]

• this talk: joint estimation of intensity, detector response and attenuation image
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Motivation

Neutron tomography: low signal-to-noise ratio, time-varying intensity
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Connection to matrix completion
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Extended model

Model uncertainty: detector response and time-varying intensity

Ii(tj , θj) = I0 νi ωj exp
(
−δj

∫
`i(θj)

µ(x) dx
)
, i = 1, . . . , r,

Y (U, I0, ν, ω) = I0(νωT ) ◦ exp (−A(U))

Change of variables

I0ν = diag(ν̂) exp(−v), ω = diag(ω̂) exp(−w),

yields

ȳ(u, v, w; ν̂, ω̂) = diag(ω̂ ⊗ ν̂) exp(−Au− 1⊗ v − w ⊗ 1),
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Measurement model

Poisson measurements (photon counts)

y|u, v, w, ν̂, ω̂ ∼ Poisson(ȳ)

• ν̂ (and sometimes also ω̂) can be estimated from flat-field images
• negative log-likelihood

− log(π(y|u, v, w)) = 1T ȳ − yT log(ȳ) + 1T log(y!)

• maximum a posteriori estimation

π(u, v, w|y) ∝ π(y|u, v, w)π(u, v, w)

• quadratic approximation

1
2‖Au+ 1⊗ v + w ⊗ 1− b‖2

W + γ h(u, v, w), b = log(ω̂ ⊗ ν̂)− log(y)
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Methodology

1 Compute ν̂ from flat-field samples f

ν̂ = argmax
ν
{π(f |ν, ω = 1)}

2 Compute ω̂ = ω(α̂)
α̂ = argmax

α
{π(f |ν̂, ω(α)}

3 Compute point estimates, credible intervals, etc., from posterior distribution

π(u, v, w, η|y, ν̂, ω̂) ∝ π(y|u, v, w)π(u, v, w|η)π(η)
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Numerical results (I)
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Numerical results (II)
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Numerical results (II)
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Extensions

• low-rank source-detector model

ȳ = diag(vec(Z)) exp(−Au), Z ≈ VWT

• spectral CT

Ii,k(θ, t) =
∫ E

0
I0(e)νi,k(e)ω(t) exp

(
−
∫
li(θ)

µ(x, e) dx
)
de

• estimate ω̂ via smoothing spline regression [AC20]

ω(α) = Σα where Σ = ΣT , tril(Σ) = tril(ABT )
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Summary

• new extended reconstruction model that includes source-detector uncertainty
• joint estimation of rank-1 matrix and attenuation image
• useful for low-intensity experiments (e.g., low dose / fast acquisition)

16 June 10, 2021



Thank you for listening!
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