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Background

Single Source localization problem

Given n sensors (towers) and source (cellphone) in dimension r space,
assume the locations of the sensors are known and given by

PT =
[
p1 p2 . . . pn

]T ∈ Rn×r .

and the distance between the source and sensors are contaminated with
noise.

di := d̄i + εi , i = 1, . . . , n,

where d̄i is the true distance and εi is a perturbation, or noise.

Three models

1 Fix the the distance between sensors.
2 Allow the sensors to move but can be translated into its original

position by an invertible matrix.
3 Allow the sensors to move completely free.



Source Localization Problem

Given n sensors (towers) and source (cellphone) in dimension r space,
assume the locations of the sensors are known and given by

PT =
[
p1 p2 . . . pn

]T ∈ Rn×r .

and the distance between the source and sensors are contaminated with
noise.

di := d̄i + εi , i = 1, . . . , n,

where d̄i is the true distance and εi is a perturbation, or noise.

Assumption

The following holds throughout:
1 n ≥ r + 1;

2 int conv(p1, . . . , pn) 6= ∅;
3
∑n

i=1 p
i = 0.



The LS formulation

Using the Euclidean norm as a metric, we obtain the least squares
problem

p∗LS := min
x∈Rr

n∑
i=1

(
‖x − pi‖ − di

)2
. (1)

• Iolution is the maximum likelihood estimator when the noise is assumed
to be normal and the covariance matrix a multiple of the identity.

• Non-convex and Non-differentiable.

The SLS formulation

The main problem we consider instead is the optimization problem with
squared distances

(SLS) p∗SLS := min
x∈Rr

∑n
i=1

(
‖x − pi‖2 − d2

i

)2
. (2)



GTRS , generalized trust region subproblem

Substitute using ‖x‖2 = α,

p∗SLS = min
x,α

{
n∑

i=1

(
α− 2xTpi + ‖pi‖2 − d2

i

)2
: ‖x‖2 − α = 0, x ∈ Rr

}
.

Standard trust region subproblem. Strong duality is proved in [33, 29]
(T.K. Pong, R. Stern and H. Wolkowicz).

Attainment, finiteness and Strong duality

1 The problem SLS is equivalent to

(GTRS) p∗SLS = min{‖Ay − b‖2 : yT Ĩ y + 2b̃T y = 0, y ∈ Rr+1}.

2 rank(A) = r + 1 and the optimum of GTRS is finite and attained.
3 Strong duality holds for GTRS , dual value is attained:

p∗SLS = d∗SLS := max
λ

min
y
{‖Ay − b‖2 + λ(yT Ĩ y + 2b̃T y)}. (3)



Note (3) is a dual-form SDP corresponding to the primal SDP problem,

(SDR)

p∗SDR := min 〈Ā,X 〉
s.t. 〈B̄,X 〉 = 0

Xr+2,r+2 = 1, X ∈ Sr+2
+ .

(4)

Define the map ρ : Rr+1 → Sr+2 as,

ρ(y) =

(
y
1

)(
y
1

)T

. (5)

Let Ω denote the optimal set of solutions of SDR.

The following holds:

1 The optimal values of GTRS, SDR are all equal, finite, and
attained.

2 The matrix X ∗ is an extreme point of Ω if, and only if,
y∗ = ρ−1(X ∗) for some minimizer, y∗, of GTRS.

3 If GTRS has a unique minimizer, say y∗, then the optimal set of
SDR is the singleton ρ(y∗).

4 If the optimal set of SDR is a singleton, say X ∗, then rank(X ∗) = 1
and ρ−1(X ∗) is the unique minimizer of GTRS.



A Purification Algorithm

Suppose the optimal solution of (4) is X̄ and rank(X̄ ) = r̄ where r̄ > 1.

X̄ := UDUT , D ∈ S r̄++.

B̄ ← UT B̄U, Ā← UT ĀU, Ē ← UT ĒU, (6)

where Ē := er+2e
T
r+2.

Define the linear map A : S r̄ → R3 and b ∈ R3 as,

AS(S) :=

〈B̄,S〉〈Ā,S〉
〈Ē ,S〉

 , bS :=

(
0

p∗SDR
1

)
, (7)

Choose C ∈ Null(AS) \ {0}, the rank reducing program is

min 〈C ,S〉
s.t. AS(S) = bS

S ∈ S r̄+.
(8)



A purificatin algorithm

Lemma 1

Let k ≥ 1 be an integer and suppose that C k , Ak
S , and bkS are as in

Algorithm 1. Then

Sk+1 � 0 ⇐⇒ Fk :=
{
S � 0 : Ak

S(S) = bkS
}

=
{
Sk+1

}
.

Suppose Sk+1 � 0. Then

X k+1 := U0 · · ·UkSk+1(U0 · · ·Uk)T ∈ Ω. (9)

is an extreme point of Ω.



A Purification Algorithm

Algorithm 1 Purification Algorithm

INPUT: AS and X̄ ∈ Ω.
initialize: k = 1, A1

S := AS , S1 := X̄ , U0 = I .
while rank(Sk) ≥ 2 do

Compute Sk = UkDk(Uk)T , with Dk ∈ Srk++.
Redefine Ak

S and bkS using Uk and ensure that it is full rank.
Choose C k ∈ Null(Ak

S) \ {0}.
Obtain Sk+1 ∈ arg min{〈C k ,S〉 : Ak

S(S) = bkS , S � 0}.
Update k ← k + 1.

end while
OUTPUT: X ∗ := U0 · · ·Uk−1Sk(U0 · · ·Uk−1)T .



Theorem 2

Let X̄ ∈ Sr+2
+ be an optimal solution to SDR . If X̄ is an input to

Algorithm 1, then the algorithm terminates with at most
rank(X̄ )− 1 ≤ r + 1 calls to the while loop and the output, X ∗, is a rank
1 optimal solution of SDR.

Compare with the approach used by Beck et al [3].

(AAT + λĨ )y = ATb − λb̃,
yT Ĩ y + 2b̃T y = 0,

ATA + λĨ � 0.

(10)

1 The so-called hard case results in ATA + λ∗ Ĩ being singular for the
optimal λ∗ and this can cause numerical difficulties.

2 In our SDP relaxation, we need not differentiate between the ‘hard
case’ and ‘easy case’.



EDM formulation

The corresponding EDM restricted to the towers is denoted DT and is
defined by

(DT )ij := ‖pi − pj‖2, ∀1 ≤ i , j ≤ n.

Then the approximate EDM for the sensors and the source is

DTc :=

[
DT d ◦ d

(d ◦ d)T 0

]
∈ §n+1.

The nearest EDM problem with fixed sensors is

min
x∈Rr

1

2

∥∥∥∥∥K
([

PT

xT

] [
PT

xT

]T)
− DTc

∥∥∥∥∥
2

. (11)



Relaxation:

(NEDM)

min
1

2
|| K(X )− DTc ||2

s.t. rank(X ) ≤ r

X � 0.

(12)

X � 0 in NEDM is refined to X ∈ face(FT ,Sn+1
+ ):

(NEDMP )

min
1

2
|| K(X )− DTc ||2

s.t. rank(X ) ≤ r

X ∈ face(FT ,Sn+1
+ ).

(13)

The true Gram matrix, K†(D), belongs to the set,

FT := {X ∈ Sn+1
c,+ : K(X )1:n,1:n = DT}. (14)



Closed form expression for face(FT ,Sn+1
+ ).

GT =:
[
U 1√

n
e WT

] [
Λ 0
0 0

] [
U 1√

n
e WT

]T
,UTU = Ir , U

T e = 0, Λ ∈ Sr++.

WTW
T
T is an exposing vector for face(GT ,Snc,+) since the following hold:

〈GT ,WTW
T
T 〉 = 0, rank(GT + WTW

T
T ) = n − 1 = max

X∈Sn
c,+

rank(X ).

Extend WTW
T
T to an exposing vector for face(FT ,Sn+1

+ ).

Lemma 3

Let W T := [W T
T 0]T and let W := W TW

T

T + eeT . Then,

1 W TW
T

T exposes face(FT ,Sn+1
c,+ ),

2 W exposes face(FT ,Sn+1
+ ).



Define the composite map KV := K(V · V T ) and introduce a weight
matrix to the objective,

(FNEDM )

Vα := min
1

2
||Hα ◦ (KV (R)− DTc )||2, (=: f (R, α))

s.t. rankR ≤ r ,

R � 0.

(15)

Here Hα := αHT + Hc and α is positive.

Theorem 4

Let PT be as above, V = Null(W ), and let P be a centered matrix with,

P =

[
T
cT

]
, T ∈ Rn×r , c ∈ Rr .

Then there exists a matrix Q ∈ Rr×r such that PTQ = JnT if, and only
if,

PPT ∈ VSr+1
+ V T .



The solution to the least squares problem is,

RLS := (Hα ◦ KV )†(Hα ◦ DTc ) ∈ argmin f (R). (16)

Three cases regarding the eigenvalues of RLS ,
1 Case I: RLS � 0 and rank(RLS) ≤ r .

2 Case II: RLS /∈ Sr+1
+ .

3 Case III: RLS � 0.

Case I and II and be solved by simply dropping out the rank constraint.



In Case III motivated by the primal-dual and penalty approach H.D.Qi,
X.M. Yuan, G. Sun and D.F. Sun [19, 30, 31].

(PNEDM )
min

1

2
||Hα ◦ (KV (R))− DTc )||2 + γp(R),

s.t. R � 0.
(17)

Algorithm 2 Majorization Algorithm

1: INPUT: R0 � 0, γ >> 0, 1 > ε > 0
2: initialize: k = 0, err = 1
3: while err > ε do
4: Choose Uk ∈ ∂p(Rk)
5: Obtain Rk+1,

Rk+1 ∈ argmin
R�0

1

2
||Hα◦(KV (R))−DTc )||2+γ(p(Rk)+〈Uk ,R−Rk〉)

(18)
6: Update err ← ‖Rk+1 − Rk‖, k ← k + 1
7: end while



Theorem 5

Suppose Algorithm 2 converges to a stationary point R̄, and that
rank(R̄) = r . Then R̄ is a global minimizer of FNEDM restricted to
face(R̄).

Identifying Outliers using l1 Minimization and Facial Reduction

Using a new notation, problem (15) is equivalent to,

min ‖δ‖
s.t Az − b = δ

s2Mat(z) � 0

(19)

Consider the popular l1 norm minimization problem,

min ‖δ‖1

s.t Az − b = δ

s2Mat(z) � 0.

(20)



Removing outliers by facial reduction and l1 norm minimization

Algorithm 3 Removing Outliers

1: INPUT: Matrix of sensor locations, PT , and vector of noisy distances,
d , from sensors to the source.

2: Solve the following l1 norm minimization problem

min ‖KV (R)− DTc‖1,

s.t. R � 0.
(21)

3: Obtain δ := (KV (R)− DTc )1:n,n+1.

4: Normalize: δ ← 1
‖δ‖2

δ.

5: Remove pi from PT and di from d for all i satisfying δi ≥ 1√
n

.

6: OUTPUT: Sensor matrix PT and distance vector d with outliers re-
moved.



Recovering Source Position from Gram Matrix

Suppose that the, appropriately partitioned, final EDM, corresponding
Gram matrix and points are,

Df =

[
D̄f df
dT
f 0

]
, Gf = Pf P

T
f ∈ Sn+1, Pf =

[
P̄f

pTf

]
∈ RN+1,r .

Assuming P̄f and the original data PT are both centered, we have two
approaches.

Aproach 1: the Procrustes approach

Solve the following Procrustes problem

minQ ‖PT − P̄fQ‖2
F

s.t. QTQ = Ir .
(22)

If P̄T
f PT =: Uf Σf V

T
f , the optimal solution to (22) is Q∗ := Uf V

T
f . The

recovered position of the source is then pTc = pTf Q
∗ .



Recovering Source Position from Gram Matrix

Approach 2: the least square approach

The second approach is to solve the least square problem

minQ ‖PT − P̄fQ‖2
F

s.t. Q ∈ Rr×r .
(23)

The least square solution is Q̄ = P̄†f PT . The recovered position of the

source is then pTc = pTf Q̄ .



Numerical Results

Use randomly generated data with an error proportional to the distance
to each tower. The proportionality is given by η.

Dn+1,i = Di,n+1 =
[
d̄i (1 + εi )

]2
, (24)

where D is the generated EDM and ε ∈ U(−η, η).

Error η η = 0.002 η= 0.02 η = 0.2

# Sensors 5 10 15 5 10 15 5 10 15
L-NEDM 0.0045 0.0014 0.0010 0.0408 0.0140 0.0120 0.3550 0.1466 0.1153
P-NEDM 0.0025 0.0013 0.0010 0.0231 0.0133 0.0117 0.2813 0.1385 0.1171

SDR 0.0024 0.0014 0.0010 0.0223 0.0137 0.0119 0.2739 0.1373 0.1164
L-FNEDM 0.0042 0.0013 0.0010 0.0356 0.0141 0.0119 0.2910 0.1395 0.1061
P-FNEDM 0.0024 0.0013 0.0010 0.0237 0.0134 0.0118 0.2623 0.1360 0.1088

Table: The mean relative error cMre of 100 simulations for varying amount of sensors
and error factors with no outliers for dimension r = 3.



Numerical Results

Error η η = 0.005 η= 0.05 η = 0.15

# Sensors 5 10 15 5 10 15 5 10 15
L-NEDM 0.0101 0.0033 0.0027 0.0970 0.0328 0.0262 0.2473 0.1037 0.0786
P-NEDM 0.0070 0.0031 0.0027 0.0610 0.0320 0.0262 0.1925 0.1041 0.0760

SDR 0.0071 0.0031 0.0027 0.0576 0.0322 0.0261 0.1933 0.1030 0.0779
L-FNEDM 0.0090 0.0032 0.0026 0.0800 0.0311 0.0255 0.2151 0.1001 0.0769
P-FNEDM 0.0069 0.0031 0.0027 0.0536 0.0310 0.0258 0.1914 0.1000 0.0772

Table: The mean relative error cMre of 100 simulations for varying amount of sensors
and error factors with no outliers for dimension r = 3.

For each pair (n, η) and one hundred solved instances, calculate the mean of the
relative error cMre for method M.

cn,η,M = mean over 100 instances, for n towers, with error factor η and method M.

Compute the performance ratio,

rn,η,M =
cn,η,M

min{cn,η,M : M ∈M}
,

and the function,

ψM(τ) =
|
{

(n, η) : rn,η,M ≤ τ
}
|

|M|
.

The performance profile is a plot of ψM(τ) for τ ∈ (1,+∞) and all choices of M ∈M.



Performance Profile

(a) η = (0.002, 0.02, 0.2) (b) η = (0.0005, 0.001, 0.005, 0.01, 0.05, 0.15)

Figure: Performance Profiles for ψM(τ) with n = [5, 10, 15], r = 3, no
outliers.



Thank you for your attention!
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